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ADVERTISEMENT. 


The Committee appointed by the Royal Society to direct the publication of the 
Philosophical Transactions take this opportunity to acquaint the public that it fully 
appears, as well from the Council-books and Journals of the Society as from repeated 
declarations which have been made in several former Transactions , that the printing of 
them was always, from time to time, the single act of the respective Secretaries till 
the Forty-seventh Volume ; the Society, as a Body, never interesting themselves any 
further in their publication than by occasionally recommending the revival of them to 
some of their Secretaries, when, from the particular circumstances of theii affairs, the 
Transactions had happened for any length of time to be intermitted. And this seems 
principally to have been clone with a view to satisfy the public that-their usual 
meetings were then continued, for the improvement of knowledge and benefit of 
mankind : the great ends of their first institution by the Boyal Charters, and which 
they have ever since steadily pursued. 

But the Society being of late years greatly enlarged, and their communications more 
numerous, it was thought advisable that a Committee of their members should be 
appointed to reconsider the papers read before them, and select out of them such as 
they should judge most proper for publication in the future Transactions ; which was 
accordmgly done upon the 26th of March, 1752. And the grounds of their choice are, 
and will contmue to be, the importance and singularity of the subjects, or the 
advantageous manner of treating them; without pretending to answer for the 
certainty of the facts, or propriety of the reasonings contained m the several papers 
so pubhshed, which must still rest on the credit or judgment of their respective 
authors. 

It is likewise necessary on this occasion to remark, that it is an established rule of 
the Society, to which they will always adhere, never to give their opinion, as a Body, 

a 2 




upon any subject, either of Nature or Art, that comes before them. Anti therefore the 
thanks,'which are frequently proposed from tlu5 (fhair, to be given to the authors of 
such papers as are read at their accustomed meetings, or to the persons through whose 
hands they leceived them, are to he considered in no other light than as n matter of* 
civility, in return for the respect shown to the Society by those oommuiuuations The 
like also is to be said with regaid to the several projects, inventions, and mmuHtlies of 
various kinds, winch are often exhibited to the Society; the authors whereof, or those 


who exhibit them, frequently take the liberty to report, and oven to certify in the 
public newspapers, that they have mot with the highest applause and approbation. 
And therefore it is hoped that no regard will hereafter be paid to such reports and 
public notices; which in some instances have been too lightly credited, fit the 
dishonour of the Society. 
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Ltkt of Institutions entitled to beget ye the Philosophical Transact roNS or 

Proceedings of the Royal Society. 


]rwtit,utiniw uuikccl a. aic entitled to lcceive Philosophical Tianaaotions, Senes A, and l’locecdmgs 
„ „ b „ , „ „ Senes B, and Pioccedmgs 

„ ., An „ „ „ „ Senes A and B, and Pioteedings 

„ „ p , „ Pioceedmgs only 


America (Central). 

Mexico, 

p Sociedad Ciontifica “ Antonio Alzate ” 
America (North). (See United States and Canada.) 
America (South). 

Buenos Ayres. 

ab Museo Naoional. 

Caracas. 

b University Library 
Cordova. 

ah. Acadonua Naoional do Cioncias 
Demoiam 

p, Royal Agricultural and Commercial 
Society, British Guiana. 

La Plata. 

b Museo do La Plata 
Rio do Janono 
p, Obsorvatoiio 

Australia. 

Adelaide. 

p Royal Society of South Australia 
Brisbane. 

p. Royal Society of Queensland 
Melbourno. 
p. Observatory. 
p, Royal Society of Yictona. 

AB. University Library, 

Sydney, 

p. Australian Museum. 
p. Geological Survey. 
p, Lmnean Society of New South Wales 
ab. Royal Society of New South Wales 
ab. University Library. 

Austria. 

Agram. 

p. Jugoslavonslca Akademija Znanosti i Um- 
jetnosti. 

p. Soeietas Historico-Naturalis Croatioa 


Austria (continued) 

Brunn 

ab Naturfoischender Yerem 
Giatz. 

ab Naturwissenschaftlichor Yerem fur Steier- 
mark 
Hermannstadb 

p Siebenburgi seller Yoiom fur dio Natur- 
wisseubchafteu 
Innsbruck 

ah Das Forduiandeum 
p Naturwisfionschatthcb - McdioiuiHchor 
Yoiem. 

Klausonburg 

ab. Az Krdolyi Muzoum. Das Siobonburgiselio 
Museum 

Prague 

ab Komglioho Bolmusche Gosollschaft dor 
Wisseuschaften 

Trieste 

b. Museo di Stona Naturalo 
p Society Adnatica di Sctonzc Naturali 
Vienna. 

p Antbropologische Gesellscbaffc 
ab. Kaiserliche Akademio dor Wissenschaften 
p K.K Qeographisohe Q esellscliaft. 
ab K.K Geolog’iscbo Reichsanstalt 
b, K K Naturlustorisclios llof-Mnsoum. 
b. K K. Zoologisch-Botamscbe Gesellscbaft 
p CEsterreichischo Gesellschaft fur Metooro 
logie 

a Yon Kuffner’sche Sternwarfce 

Belgium. 

Brussels 

b Academie Royale de Medecme, 
ab. Academie Royale des Scieneos 
b. Musee Royal d’Histoire Nafcurelle d< 
Belgique. 

p Observatoirc Royal. 



Belgium (continued) 

Brussels (continued) 
p Soci6id Makoologiquo do Belgique 
Ghent. 

ah. University 
Liege, 

All. Socu'de (lofl Science's 
p Soci6t6 Gdologiquo do Belgique, 

Louvain. 

ii Laborutoiro do Microscopic of. do Biolngie 
Oollulaire 
ah University 

Canada. 

Hamilton. 

p Hamilton ANSOciation 
Montreal. 

AH McGill University. 
p. Natural History Society, 

Ottawa 

ah. Geological Survey of Canada. 
ah Royal Socioty of Canada. 

Toronto. 

p Astronomical ami Physical Society. 
p. Canadian Institute. 
ab. Univcmnty. 

Cape of Good Hope. 

a, Observatory. 

ab. South African Library. 

Ceylon. 

Colombo. 

b. Museum, 

China. 

Shanghai. 

p, China Branch of the Royal Asiatic Society. 

Denmark. 

Copenhagen 

ab. Kongelige Danske Videnskabornes Selskah. 

Egypt, 

Alexandria. 

ab. Biblioth&quo Municipal©, 

England and Wales. 

Aherystwith, 

, Ab.' University College, 

Bangor. 

ab. University College of North Wales. 
Birmingham. 

AB*. Eras Central Library. 

.Mason College, 

/ IhiloBop^ical Society* 




England and Wales ft-rmfiimmli 

('iimbl idge, 

All IMnlttsupliinil S.u‘it'11 
p Unmn Society 

Coopei \ Hill, 

\u Royal Indian Huyineei'ing Holing* 
Dudley, 

}>, Dudley and Midland (ieidoifieu! 
Scientific Socief s 

v 

Mshi’n, 

p Kmhc\ Kmld Club 

(iucmi ich. 

A. Royal OlmiM'Vittorj 
Ki*vv. 

ii. Royal Oardi'tiH 
Leeds. 

p, PhiloHophuntl Society, 

Ait. Vorkhlnro Col logo 

Livorputil. 

aii Free Publit* Library. 
p Lifeiaiy and Philosopbiriti Society, 
a Obnemitnry. 
au Univeruify College, 

Lnndon, 

An, Admiralty. 

p, AttUirojmlogiral tuHtitufe, 

aii. RritiKh Mumtw (Nul, I lint.). 

aii, Chumh'al Society. 

a. City ami (Juildn of London fiwtiiute 

p, “ Klretrim«, M Editor of tin*. 

it, Entomological Homely. 

ah, Geological Homely. 

ah, Geological Survey of (St oaf Britain, 

p. Geologists’ Association. 

ah. (liukUmll Library, 

a. Institution of Oivii Engineers. 

p. Institution of Electrical Engineers. 

a. Institution of Mechanical Engineers, 

a, Institution of Naval Aridutucts. 
p, iron and Stool Institute. 

ah. King's College. 

b. Lirmean Society. 
ab, London Institution, 
p. London Library. 

a, Mathematical Society, 
p. Meteorological Office, 
p. Odontologies! Society, 
p. Pharmaceutical Society, 
p. Physical Society, 
p, Quskett Microscopical Club, 
p. Royal AgHottlteil Society, 
p. Royal Asiatic Society, 
a, Royal Astronomical Society, 
n, Royal College of Physicians. 
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England and Wales (continued) 

London (continued) 

b Royal College of Surgeons 
p Royal Engmeeis (for Libraries abroad, six 
copies) 

ah Royal Engineers Head Quarters Library 
p Royal Qoograplucal Society 
p Royal Horticultural Society 
p Royal Institute of British Aichitects 
AB Royal Institution of Great Butam 
b Royal Medical and Chnurgical Socioty 

p Royal Meteorological Society 

p Royal Microscopical Society 

p. Royal Statistical Society 

ah Royal Unitod Sorvico Institution 
ab Society of Arts 
p Society oi Biblical Archaeology 
p Society of Chemical Industry (London 
Section) 

p Standaid Woights and Measures Depart¬ 
ment 

An The Queen’s Library, 
ab The War Office 
AB, University College 
p. Victoria Institute 
H Zoological Socioty. 

Manchester, 

AB. Free Library 

ab. Literary and Philosophical Society. 
p. Geological Socioty. 

AB Owens Collogo. 

Netlcy. 

p. Royal Victoria Hospital 
Newcastle 
ab Free Library 

p North of England Institute of Mining and 
Mechanical Engineers 

p Society of Chemical Industry (Newcastle 
Section) 

Norwich 

p, Norfolk and Norwich Literary Institution 
Nottingham. 
ab Free Public Library 
0 xford 

p, Ashmolean Society. 
ab, Radcbffe Library 
a Radoliffe Observatoiy 
Penzance, 

p. Geological Society of Cornwall 
Plymouth, 

b. Marine Biological Association 
p, Plymouth Institution 
Richmond. 

a “ Kew” Observatory, 
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England and Wales (continued) 

Saif oid 

p. Royal Museum and Lihraiy 
Stonyhuist 
p The College 
Swansea 

ab Royal Institution 
Woolwich 

ab Royal Aitrllery Libiary 
Finland 
Helsingfors 

p Societas pro Fauna ot Flora Formica 
ab Societe des Sciences 
France. 

Bordeaux 

p Academie des Sciences 
p Faculty des Sciences 
p Societe de Medecine ot de Chuurgie 
p Societe des Sciences Physiques et 
Naturelles 
Cherbourg 

p. Societe des Sciences Naturelles. 

Dijon 

p Academie des Sciences 
Lille 

p. Faculty des Sciences 
Lyons 

a n Academie des Scioncos, Belles-Lettres et Arts. 
ab University. 

Mai seilles, 

p Faculty dos Sciences 
Montpellier. 

ab. Academio des Scioncos et Lettros 
b Facuitd de M^docme 
Paris. 

ah Academie des Sciences de l’lnstitut. 
p Association Franpaise pour l’Avancoment 
dos Sciences. 

p Bureau des Longitudes. 
a Buieau International des Poids ot Mosures. 
P Commission des Annalos dos Ponts et 
Chaussees 

p Conservatoire des Arts et Metiers. 

p Cosmos (M l’Abb^ Valbttk) 

ab Depot de la Marine. 

ab. Nicole des Mines, 

ab. Poole Normale Sup6nenre 

ab Ecole Polytechnique 

ab. Faculty des Sciences de la Sorbonne, 

ab. Jardm des Plantes 

p L’Pleotncien. 

a L’Observatoire. 

p. Revue Scientifique (Mons H, Di Vabicnt). 
p. Society de Biologie, 
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France (continued) 

Paris (continued). 

ah iSoeidtd d’Mncouragoinonl pour I’lndustiie 
Rationale 

Ait Soeidte do Gdogiaphie 
p Hocidtd do Pliysiquo 
B Ron die Kniomologiquo 
ab Soeidtd Gdologn|uo. 
p Socidid Mathdmatiqno 
•)> Socidid Mdtdornlogiqun do France 
Toulowio 

mi Academic ties Sciences 
A Faeultd dcs Sciences 
Germany. 

Berlin 

a Deutsche ChcmiRclic Goscllsilinfi. 
a Dio Storuwarto. 
p Gesollschaft fur Erdkundo 
An Kdmghcho Proussischo Akadouiui dor 
Wissonschaffon. 
a Pliysikalischo Gesellscliafi 
Bonn. 

ab IXmvorsifcat 
Bromon. 

p. NfttnvwiHHonHiihaftlieiiov Vcvoin. 

Breslau. 

p. Scldcsisclio Gosollsahuft fur ViderlUndiHclio I 
Kultur, | 

Brunswick. j 

p Voroin fur Nat/urwissenselmfL. I 

Carlsruho, Soo Karlsruhe. ! 

Charlottcmlrarg | 

a. Pliysikalisch-Toclinisclio KuicJisansiali. 
Danzig. 

ab Naturforschendo Gosollschaft, 

Dresden 

p Verem frir Erdkundo, 

Emden, 

p, Naturforschende Gosollschaft 
Erlangen j 

ab PhysikaliBch-Medicimscho Societal j 

Frankfurt-am-Main. j 

ab. Senckenbergischo Naturforschonde Gesoll- j 
schaft 

p. Zoologische Gesollsohaft 
F rankf urt-am-0 dor 
p Katurwissenscliaftlicher Voroin. 
Freiburg-im-Breisgau 
AB Emversitat. 

Ab. Grossherzoghcho Universitat. 

Gdrlitz 

p Naturforeckende Gosellscbaft. 


Germany (continued) 

Gottingen 

An KotHgln'hofh'MdNi hull drr\\ I'ison n 

Hullo 

aii Kinscilithe Leopoldum - tlitulint-ohi' 
DoiiKolio Akmloniio dor N.tftiifoisrhot 
p Nut iinussiutselwi it holier Vcnin fur Such 
sou mid Thllnior»'u. 

Hamburg. 

p Nuiuvlustm inoIios Mu rum 
Mi Nuiurw mNoiivoh.tlilii lot \ own 
Heidelberg 

p Nalurltr (m im luModi/tuiM'hoJ Votoin 
ah. Dm smut id 
dona 

ah ModtcimHch-NuiurwmM'tiMduifHioho f!o> i U- 
aehuFt 
Karlsruhe 

A. (irosHhtuvngln ho Stn m\m to 
p Tooluusoho f lorhsi tuilo 
Kiel. 

•p, Nuf unviusoimohiiftliohrr Voiotu tin 
SoIiIohu ig-ilnluiem. 

A Stern wurte. 

Ut Univorsifuf. 

Kimigshcrg 

All. Kotiigliolni 1 *1^8 tilth,Midi - GkunoMiHrhe 

GcsollholmFi. 

p, Amadou dor I'hysili uud ritctniu 
AKtrunmuischi' GiwlUt halt 
AB Konigltrlm SiioliHiMoho GoHolHrhaff dor 
W tHsorischafiim. 

Magdeburg. 

p. NaiumviKHcnHchaniiohor Vorciu 
Marburg 

AB. Uni\orsitiii. 

Munich. 

AH. ICuutgliohu ischo Akiuhnnio dm 

Ww itsidmllon 
p Zrifsclirift flir Biologic, 

MUnslor. 

ab. Kiiniglichc Tlioulogmchu uutl Philo- 
sophiflcho Akadcmio. 

Potsdam. 

A. AHirophysikalischcs OliHcrvaitorium. 
Rostock, 
ab. U nivornitat, 

Strasburg, 

AB Hnivarsittii, 

Tubingen, 
ab, Univei’sitat, 

W Urzburg, 

ab, .PhysikaliRch-AlodioiuiKcho Gcsollscliaft, 
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Greece. 

Athens 

A National Obsoivatoiy 
Holland (Soe Netherlands ) 

Hungary. 

Posth 

P Konigl Ungansclie Gcologisclie Anstalt 
ad A Magyar Tudos Tdrsasag DicUnganschc 
Akadomio dcr Wissenschaften 
Schenvmtz 

p K Ungavischo Boig- and Forst-Akadcmio 

India. 

Bombay 

An llllplnnstono College 
p. Royal Asiatic Socioty (Bombay Branch) 
Calcutta. 

ab Asiatic Society of Bengal 
aii Geological Museum 
p Gxoat Trigonometrical Survoy of India 
ab Indian Museum 

p The Mcteoiological Reporter to the 
Government of India. 

Madias. 

a Central Museum 
A Observatory. 

Jtomkoo, 

p Roorkeo College. 

Ireland. 

Armagh 

a. Observatoiy. 

Belfast. 

ab Queen’s College 
Colic 

p Philosophical Socioty 
ab Queen’s College 
Dublin. 

A Observatory 
AB National Libi ary of Ti eland 
B Royal Collogo of Surgeons in Ireland. 
ab Royal Dublin Society. 
ab Royal Irish Academy 
Galway 

ab Qnoen’s College. 

Italy. 

Acircale 

p Society Italiana dei Microseopisti 
Bologna 

ab Accademia dello Scienzc dell’ Istituto 
Oatama. 

aii. Accademia Gioonia di Scienze Natural! 
Floroneo, 

j m. Bibliotoca Nazionalo Contrale. 

ab, Musco Botanico. 
p Real© Istituto di Studi Superiors 
MDCCOXCIV.—A. b 


Italy (continued) 

Genoa 

p Sociota Ligustica di Scionzo Natuiali c 
Geograficlio 

Milan 

ab Reale Istituto Lombaido di Scionzo, 
Letteie od Aiti 

ab Sociota Italiana di Scionzo Natmali 
Modena 

p Lc Stazioni Spenmentali Agianc Italiano 
Naples 

p Sociota di Naturalisti 

ab Sociota Roalo, Accademia dollo Scionzo 

b Staziono Zoologica (Dr Dohrn) 

Padua 

p University 
Palermo 

a Cucolo Matematico 

All Consiglio di Peifezionamento (Sociota di 
Scionzo Naturali cd Bcouonnelio) 

A Reale Ossoivatono 
Pisa 

p Nuovo Cnnonto 

p Sociota Toscana di Scionzo Naturali 

Rome 

p. Accademia Pontilieia do’ Nuovi Lmora 
p Rassegna dello Scionzo Goologiolio m 1 talm 
A, Roalo Uffieio Coniialo di Motooiologia o di 
Geodmamica, Collogio Romano 
Ait Realo Accademia dei Lincoi, 
p. R Comitato Goologico d’ Ttaha, 
a Specula Yaticana, 
ab Society Ilahana dollo Seienzo 
Siena. 

p Reale Aceadomxa dei Fisiocntici, 

Turin 

p Laboratono di Pisiologia 
ab Roalo Accademia delle Scionze 
Venice 

p Atoneo Yenoto. 

ab. Realo Istituto Yenoto di Scionzo, Lettoro 
od Arti. 

Japan. 

Toki6 

ab Impeual University 
p. Asiatic Society of Japan 
Java 

Buitenzorg 

p Jardm Botaniquo 

Luxembourg. 

Luxembourg. 

p. Socidtd des Sciences Naturollcs. 

Malta, 

p. Public Library 



Mauritius 

2> Eoy.il Sotuul.y oi Arli .mil Soionees 

Netherlands. 

Amsterdam, 

Mi Ko mulch] kc Akudimno van Wotonseliiippon 
p K Zoologiselt Ciouootsolmp ‘Natara Aill*. 
Mugistiu ’ 

Dolffc 

p fieolo Folyteehniquu 
Haailom, 

An Hollaudsohe Muntschappij dor Woten- 
schappcn 
p Musoo Toy lor 

Leyden 

An University 
Bottoiclani 

An. Bntnafsoh Gonoolaclmp dor Proofomli r- 
vindohiko Wiisbogoorfco. 

Utrecht. 

An, Provmnaal Oouoofcschap van Kunston on 
Wulonseluippon 
New Brunswick. 

St. John 

p, Natural History Society. 

New Zealand. 

Wellington, 

ah. Now Zealand Institute. 

Norway. 

Bergen. 

ah. Borgensko Museum. 

Christiania, 

An. Kongoligo Norsko Nredorika Univornitut. 
Tromsoe. 

p Museum 
Trondhjom 

AB. Kongoligo Norsko Yidonskabura Solsktib. 
Nova Scotia. 

Halifax. 

p, Nora Scotian Institute ol Science, 

Windsor 

p. King’s College Library. 

Portugal. 

Coimbra 

ab. Universidade. 

Lisbon, 

AB. Academia Beal daB Sciencias. 
p. Sec^o dosTrabalhos Goologioos de Portugal, 
Oporto. 

p, Annaes de Scienoias Naturaes. 

Bussia. 

Uorpat 

ab, University 

t 


Russia (eontmtiod) 
ll klll.sk 

p Some Id tinpon.do Hum* do t too M apbic 

(Set turn dc U Siln’i u’ Gi n at.do) 

Kazan 

An Impemlotsky Ku/nnsky UimoiMtof, 
Klliukoff 

p Section Mddtoulo do la Sooiotd di Science 
Hxjtdrutiotilalo 1 ,1 ! nil or iifd do KImjJiuw 

K io(V 

p So< idle do*. Nuiui.di Uou 
Moscow. 

All 1(0 Mihi’o Public. 

11 Sooiotd Itiipdii.tlo di s N Hnialt h > 

(hlossu 

p Sooiotd dos Natnmlisli'f. do In Noim Hi 
Hiihmio 

Pulkuwa 

A Nikolai llaupt-Stomwaito 
St. lVfoi sbunj 

Alt. Ai addiiiio liupi rude d* 1 Son m < *. 
n, A) oluvo 1 »U s Son noi ** llioli**'i<|in 
All. (lomilo (Idolngnpie. 
p, Cnmpww Uhuorvotorj, 

A, GIhoi vnfmre Pltywpio Conti,d 

Scotland. 

Ahordoou. 

aii. Utmot'Mt). 

Kdiuburglt. 

p, (h nlogienl Society, 

p, Royal College of Pity umnu 1 (Itraeaieh 
Lnborntmy), 

p. Royal Modioul Society, 
a Royal Observatory, 
p. Royal Physio,d Soonty, 
p. Royal Scottish Sooioly of Attn 
AU Royal Society, 

Glasgow, 

aii, Miloholl Proe Liluary 
p, Pliiltisopluonl Hot it iy 
Servia. 

Belgrade. 

p Academic liny ale do Herbie, 

Sicily. (Sou 1 1 Am ,) 

Spain. 

Cadiz. 

A. liiBbituloy ObBcrvatorio du Marina d" Sun 
Fernando. 

Madrid. 

p. Oomiaidn del Mapa OeoMgtee tie Kspfhm, 
ad, Beal Academia de Cienamm 
Sweden, 

Gottenlrarg. 

ad. Kongl. Yetenekapsoch YittorhatH Siunhdile, 
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Sweden, (continued) 

Lund 

An Umversitet 
Stockholm 

A Acta M.ithcmation 

An Kongliga Sven,ska Votonskaps-Akademie 
ah Svongos Geologiska Undoisolanng 
Upsala 

An Umveisiicl 

Switzerland 

Basel 

p Fatal forsch ende GeH'llscliaft 

Born 

ad. Allg Sehwcizoi i.sche Gesellsuhafb 
p Falurfoischcnde GcsollHchaft 
Genova 

ad Societe de Physique et d’lli,stone Faturolle 
AD. Institnt Fat tonal G enovois 
Lausanne 

p Societe Vaudoise des Sciences Faturellos 
Neuch&tel 

p, Societe dcs Sciences Faturelle.s 
Zurich 

AD Das SehwoiEOiischo Polytechmkum 
p, Fatui forschondo Geselhschaft 
p. Stornwarto 

Tasmania. 

Hobart. 

p Royal Society of Tasmania, 

United States. 

Albany 

ad Few York Stato Library 
Annapolis. 

ab Faval Academy. 

Austin 

p Texas Acadomy of Sciences 
Baltimore, 

ab Johns Hopkins University. 

Borkeley. 

p, Umvorsity of California. 

Boston 

ab. American Academy of Sciences. 
b Boston Society of Fatural History 
a Technological Institute 
Brooklyn. 

ah, Brooklyn Library 
Cambridge, 

ad. Harvard University 
d, Musoum of Comparative Zoology 
Chapel Hill (N.C.) 

p, Elisha Mitchell Scientific Society. 

b Z 


i 

United States (continued) 

Cliaileston 

p Elliott Society of Science and Ait of South 
Carolina 

Chicago 

ad Academy of Sciences 
p Journal of Comparative Neurology 
Davenpoib (Iowa) 

p Academy of Fatuial Sciences. 

Ithaca (F Y ) 

P Physical Itoview (Cornell University) 
Madison 

p 'Wisconsin Acadomy of Scionees 
Mount Hamilton (California) 
a Lick Obscivatoiy 
Few Haven (Conn) 
ab. American Journal of Scieneo 
ad Connecticut Academy of Arts and Sciences 
Few Yoik 

p American Geographical Society. 

p American Museum of Fatural History 

p Few York Academy of Sciences 
p Few Yoik Medical Joui nal 
p School of Mines, Columbia College 
Philadelphia 

ab Academy of Fatm al Sciences 
ad Amorican Philosophical Society 
p Franklin Institute). 
p Wagner Free Institute of Science 
Rochester (FY.) 

p Acadomy of Science 
St Loms 

p Acadomy of Seionoo 
Salem (Mass ) 

p American Association for tho Advance¬ 
ment of Science 
ad Essex Institute 
San Francisco 

ad California Academy of Sciences. 
Washington 
AD Patent Offico 
ad Smithsonian Institution. 
ad United States Coast Survey. 
d United States Commission of Fish and 
FiBhones 

ad United States Geological Survey 
ad United States Faval Observatory 
p. United States Department of Agriculture, 
a United States Depaitment of Agriculture 
(Weather Bureau). 

West Point (NY) 

ad. United States Military Academy 




CONTENTS. 

(A) 

VOL. 185.—PART I. 


L On the Ratio of the Specific Heats of the Paraffins , and their Monohalogen 
Derivatives. By J. W, Caps wok, M.Se. (1 'Bet,), B.A. ( Camb), Scholar and 
(Jo nits-Trotter Student of Trinity College, Cambridge. Communicated by 
Professor J. J. Thomson, P.JR.S. . . page i 

U. On a Special Form of the General Equation of a Cubic Surface and on a 

Diagram B,epresentmg the Twenty-seven Lines on the Surface. By II. M 
Taylor, MA., Fellow of Trinity College, Cambridge. Communicated by 
A. 11. Forsyth, Sc.D , F.B.S. . ... . 37 

III. Contributions to the Mathematical Theory of Evolution. By Karl Pearson, 
University College, London. Communicated by Professor Henrici, E.R S. 71 

1Y. A Certain Class of Generating Functions in the Theory of Numbers. By Major 
P. A. MaoMahon, R.A., F.B.S . . . .Ill 

V. Flame Spectra at High Temperatures. —Part I Oxy-hydrogen Blow-pipe Spectra. 

By W, N. Hartley, F.B.S . .... .161 

VJ. On a Sphencal Vortex. By M. J. M. Hill, M.A., D.Sc., Professor of Mathe¬ 
matics at University College, London. Communicated by Professor Henrici, 
F.B.S .213 





VII, On Plane Cubic* Pi/ Charlotte Ami ah Scott. (JumnauitCided by /M A. li. 

FOKBYTIT, F. R S J u\»o “ 1 7 

VIII. On the Whirling and Vibiatton of Hhajh fit/ Stam,e\ 1 )i*.\kKi;i,K\, .l/*St , 
Berleley Fellow of the ()wen* Col It ye, Mr(nehc'ifei\ Conuunnh /(fed hi/ Put 


fessor Osborne "Reynolds, F. R.H. . 


°7‘) 

*4* f 


IX. Experimental InveUnjution* on the Ejjetfire Tom/icrufim oj the Pun, tuadt at 
Uaramona, Streete , Go Westmeath lh( William K, Wilson, M.R.f l,, ami 
P. L, Gray, B He., A R.O H > Leetuier In /Vo/.s/rs', Mason (Wbuy, Btrmiuli- 
ham. Communicated hy (J, Johnstone Ktoney, F R.H. . , :u\ \ 


Index to Part I , 


, aim \ 



LIST OF ILLUSTRATIONS 

Platen 1 to 5.—Professor K Pea.rhqn on the Mathematical Theory of Evolution. 

Platon 6 and 7 , — Professor W. N I Taut lev on Flame Spectra at High Temperatures. 
-—Part 1. Oxy-hydrogen Blow-pipe Spectra. 




PHILOSOPHICAL TRANSACTIONS. 


T On the Ratio of the Specific Heats of the Paraffins, and their Monohalogen 

Derivatives 

By J W. Capstick, M Sc (Viet), B A. (Camh.), Scholar and Coutts-Ti otter Student 

of Trinity College , Cambridge. 

Communicated by Professor J. J. Thomson, F.R.S. 

Received May 25,—Read June 15,—Revised October 21, 1898 


Table of Contents. 

' Pago 

§ 1. Introduction , . . L 

§ 2 The Kundt apparatus . . 7 

§ 8. The vapour density apparatus . . . 11 

§ 4. Marsh gas . .... . 14 

§ 5. Methyl chloride . 18 

§ 6 Methyl bromide . 21 

§ 7 Methyl iodide . . 22 

§ 8 Ethane . .23 

§ 9. Ethyl chloride . . ..... . . . ,25 

§ 10 Ethyl bromide . . 28 

§ 11 Propane .... . . . 20 

§12 Normal propyl chloride ... . .... 31 

§ 13 Isopropyl chloride ... . . . 32 

§ 14 Isopropyl bromide . ... .82 

§ 15 Discussion of the rosults... .34 


§ 1. Introduction. 

The experiments to be described m the present paper were undertaken in the hope 
of obtaining data which would throw light on one of the most obscure points of the 
kinetic theory of gases, namely, the distribution of energy in the molecule. 

The properties of gases on which the kinetic theory gained its reputation were the 
constancy of the product of pressure and volume, and the uniformity of the coefficient 
MDCCCXCIV.'—A, B 15,2,94 
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of expansion. For tho explanation of those in the case of tlio hypothetical perfect 
gas, no knowledge of the special constitution of the molecule is requited, hut for most 
other properties, and especially thermal properties, tho kinetic theory fails to explain 
the facts from want of information concerning the dynamical peculiarities of the 
molecules of different gases. 

From the ratio of the two specific heats of a gas wo can calculate ilrn relative rates 
of increase per degree rise of temperature of tho energy of translation of the molecule 
as a whole, and the energy due to the motion of the atoms relatively to the eent.ro of 
gravity of tho molecule. 

If ft is the ratio of the rate of increase of the internal energy to that of the trans¬ 
lational energy, we have the well-known equation— 

/3 + 1 = 2/{3 (y — 1)}, 


where y is the ratio of the specific heats of the gas. 

Thus the constant y has a high theoretical value as leading directly to a funda¬ 
mental dynamical property of the molecule, and a knowledge of its value for a large 
number of gases suitably chosen would not improbably afford material on which to 
base a theory of the configuration and motions of tho atoms in a molecule, or would 
at least give valuable data by winch to test theories based on other considerations. 

Stated briefly tho following is the present state of our experimental knowledge of 
the ratio of the specific heats. 

Almost all the older work was rendered valueless by Hoxtuknh showing 
(Poggendouff’s ‘Amialon/ vol. 141, p. 552 and vol. 148, p, 580) how great 
an effect the size of the apparatus has on tho results. IIis own values for air and 
carbonic acid are probably near the truth, but tho difficulty ho experienced in finding 
a suitable pressure gauge, and the largo size of tho apparatus, have caused his method 
to be put out of the field by Ktjndt’s Dust Figure method (Pouu. ‘Ann./ vol. 127, 
p. 497, and vol. 135, pp. 337 and 527). 

The earliest experiments by this latter method are those of Ku»i/r and WABBUiio 
(Pogg. ‘Ann./ vol, 157, p. 353) on Mercury Vapour, by which it was shown that $ is 
zero for the mercury molecule, and hence tho molecule has no power of absorbing 
internal energy, thus confirming the chemical view that tins molecule is monatomic. 

Next we have the work on Carbon Monoxide, Carbon Dioxide, Citrous Oxide, 
Ethylene, and Ammonia, by WIIllner (Wiejd. ‘Ann./ vol. 4, p. 321), who, using 
Kundt’s earliest single-ended form of apparatus, found that with the exception 
of air these gases all have ratios of the specific heats that fall considerably with rise 
of temperature. 

Dp to this time it was thought that all diatomic gases have y equal to 1*4, To 
test the point further Stbeokeb (Wied, ‘Ann,/ vol IS, p, 20, and vol 17, p. 85) 
investigated the halogens and their hydracids. He found that hydrochloric, hydro- 
bromic, and hydriodio acids have the value 1*4, but that the simple halogens and 
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iodine chloiide have values near 1 3 The ratios of the specific heats of all seven gases 
were found to he unaffected by change of temperature over a wide range. 

Beyme (‘ Beiblatter/ vol. 9, p 503) made some experiments on the saturated 
vapouis of ether, carbon bisulphide, chloroform, benzene, and watei, by a modification 
of Kundt’s method, but as he made no attempt to deteimine the densities of the 
vapours, his work does little more than show that sound is conducted fieely through 
saturated vapours. 

P. A. Muller (Wied, ‘Ann./ vol. 18, p 94) investigated the ratios of the specific 
heats of a large number of gases by a method devised by Assmann (Pogg ‘ Ann./ 
vol. 85, p. 1). Muller assumes that alternate compressions and rarefactions, with a 
penod of half-a-second in a globe holding about a litre of gas, are adiabatic. In the 
light of the work of Eontgen and Kundt on the effect of the size of the apparatus, 
it is evident that this cannot be the case, and we might expect Muller’s results to 
be too low. In almost every case where comparison is possible his result is lower than 
that obtained by methods recognized as trustworthy. 

The experiments of Jager (Wied ‘Ann./ vol. 36, p 165) were intended to test 
the question whether y depends on the degree of saturation of the gas or not. He 
concludes that for the vapours of ether, alcohol, and water the degree of saturation 
has no effect on y, but the experiments are hardly accuiate enough to be conclusive. 

Other papers on single gases are those of Kayser (Wied. ‘Ann./ vol 2, p. 218), on 
Air, of Martini (‘Bevist. Scient. Ind./ vol. 13, p. 146), on Chlorine, and of 
E. and L. Natanson, on Nitrogen Peroxide. 

It appears that the gases hitherto investigated have not been chosen with a view 
to elucidating the constitution of the molecule, and are not suitable for this purpose. 
Almost all are inorganic gases which, it is true, are easily piepared fairly pure, but 
are too irregular m their properties to lead to much of theoretical value. Each gas 
has peculiarities of its own which are not shared with others, and we have nothing 
corresponding to the homologous series of organic chemistry. It can hardly be 
doubted that the success of physico-chemical methods of late years would have been 
much less striking if inorganic bodies only had been available. 

Amongst the carbon compounds we have many senes of gases or volatile liquids 
proceeding by regular increments of CH 3 to the molecule, the members of any one 
series showing such striking similarities in their properties as to point to similarity 
of constitution of the molecule. We have, too, the advantage of accurately deter¬ 
mined graphic formulae, and though we are not justified in regarding these as concrete 
representations of the molecule, yet the consistency with which the system of notation 
has been applied to thousands of compounds shows that it has its basis in some 
physical fact, and makes it well suited to serve as the “ independent variable ” in 
expressing other properties as functions of the complexity of the molecule. 

Eor these reasons I have chosen the paraffins and their monohalogen derivatives as 
being simply l elated to each other, easily volatile, and Btable. 

b 2 
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The method adopted for the determination of the ratio of the specific heats was 
Kundt’s velocity of sound method. It has the disadvantage of requiring the density 
of the gas to he known, and hence being very sensitive to impurities; but this is 
probably counterbalanced by our knowing from Kundt’s investigations all the con¬ 
ditions on which accuracy depends. 

Most of the gases used diverge considerably from agreement with Boyle’s law, and 
have not had their vapoui densities determined except by the rough methods used in 
fixing molecular formulae, and even if they had, it would be unsafe to trust the 
results, for the usual test of the purity of organic liquids, constancy of boiling point, 
may easily lead to erroneous conclusions, as will be seen by the work on ethyl bromide 
described below. To avoid error from this source a direct experimental determi¬ 
nation has been made on the compounds as they were used in the velocity of sound 
experiment 

The formula that has been used by most investigators for calculating the ratio 
of the specific heats from the velocity of sound is 

r = yp Wf 

where 

y = the ratio of the specific heats of an, 

p = the specific gravity of the gas referred to air at the same temperature 
and pressure, 

l = the wave-length m the gas, 

V =3 the wave-length in air. 

This formula is only true for a perfect gas, for the square of the velocity of sound 
is yp'u only ifyw is a constant at any one temperature. 

In the present work I have used a formula obtained as follows *— 

The equation u 2 = ( dp/dp)$, where the symbols have their usual meanings, is true 
for any homogeneous substance. (Rayleigh’s Sound, § 244.) 

From tbis we have 

u 2 = — yv 2 (dj)/dv) £ . 

But 

dpv/dv = p -f vdp/dv , 

the differentiation being at constant temperature. 

Hence 




and 


U Q ;= yv (p — dpv/dv) 

= ypv (1 — 1/p . dpv/dv) . 
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Hence, neglecting the square of 1/p . dpvjdv, we have 

7 = yp (/') ( X + l IP ^/cZv) . • • (2) 

Equation (1) is quite general, but the assumption that 1/p . dpvjdv is small, limits 
(2) to gases 

To find the value of the last factor, I have determined expenmentally the vapour 
densities of the gases at various pressures, and plotted a curve connecting pv and v 3 
the slope of which, at any point, gives the value of dpvjdv at that point. 

It is, of course, of no consequence what units are used, as the dimensions of 
1 Ip . dpvjdv are those of a number. 

The formula can be put m various forms, but that given above seems to lead most 
directly to the required result. It is not, however, easy to determine the correction 
very accurately, for the variation of pv is not rapid, and a small error in the density 
observations, or in the drawing of the curve, may make a considerable change in the 
slope of the curve. For most of the gases that I have used, the correction is from 
one to two per cent, of the whole value of y 

Wullner, Strecker, and otheis used the uncorrected formula, and, though they 
worked on gases with low boiling points, their results would be quite appreciably 
raised by the correction. 

If there is any impurity present m the gas, p will be the specific gravity of the 
mixture. In the case of Marsh Gas and Ethane, this was got by calculation from the 
analysis of the gas, and in the case of the rest of the compounds by direct 
experiment. 

The result is the ratio of the specific heats of the mixture, and requires a further 
correction if the y of the impurity is not the same as that of the gas under 
investigation 

A formula for effecting this may be obtained in the following way, the gas being 
assumed perfect as the correction is small — 

Let 

T = the total kinetic energy of translation of all the molecules in unit mass of 
the gas. 

T l9 T 2 , &c., the same for each of the components. 

P, the pressure of the mixture. 

jPi> bhe partial pressures of the components. 

ST, the increment of T ; for a rise of temperature, SO 

/38T, the increment of the internal energy of the molecules, for a rise of tem¬ 
perature, SO. 

C p> the specific heat of the mixture at constant pressure, 

C„ „ „ „ „ „ volume. 
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Then 


C„80 = 8T + 08T + pdto, 

= +h&lx+Pido), 


dv being the same for each component. 

But 

= |t 15 

for unit mass of a gas. 

Therefore 

Pi$v = f ST^ 

Therefoie 

SO = % (1 + fii + f) STj. 


But, since the average kinetic energy of a molecule is the same for each of the 
constituents, and the pressure is proportional to the number of molecules, 


Therefore 

Similarly 

Therefore 


Tj/pi = Tj/p, = . . = T/P, 

ST, = (p L ST)/ P, ST s = (p, ST)/P, &o. 

Q p 80 = 2 (1 ~h $i Pi/P + $) ST. 

as0 = ^(r+?iiVP) st. 

cya = r = i + t/s (f+ft.#). 


and since, for a single gas, 
the above reduces to 


1 + fi — 2 /{ 3 (y — 


B/(r-i) = ^ 1 /( ri -i) . 

This equation is equivalent to 

P (1 + fi) = (1 + ft), 



and merely expresses the fact that the total increment of energy per degree rise of 
temperature is equal to the sum of the increments for each of the components. 

Analyses of the marsh gas and ethane used showed that there was always a little 
air present. The correction for this, calculated from (3) was only one or two parts 
in a thousand, which is within the errors of observation, so that for the other gases, 
where nothing was known, as to the nature or amount of the possible impurities, no 
appreciable error is likely to have resulted from omitting it. 
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A point requiring some consideration was the question at what temperature the 
experiments should be made According to Wullner carbonic acid, carbon monoxide, 
nitrous oxide, and ammonia have values of the ratio of the specific heats which change 
in some cases by as much as 4 per cent, between 0° and 100°, and if this were so in 
all cases, it might well be asked at what temperature the results would be compaiable. 
There are many gases, however, for which y is constant; oxygen and nitrogen are 
such, and Strecker showed that over a long lange of temperature the change, if it 
existed at all, was very small for the halogens and halogen acids. Muller, too, 
found no indications of change in the gases investigated by him. His assumption 
that the compressions and rarefactions in his apparatus are adiabatic is so improbable 
that we are bound to suppose his results are too low, but the method should be capable 
of showing relative changes. 

In fact, no observer but W ullner has ever found any appieciable change of y with 
the temperature, and it is possible that the arrangement of his apparatus at least 
exaggerated the change he found. 

Hence, so far as previous observations go, there is a presumption in favour of the 
constancy of y. 

Independently of this, there is something to "be said m favour of choosing some 
constant tempeiature, for as the chief interest of y arises from its relation to the 
internal energy, it seems desirable to secure that either the internal, the translational, 
or the total energy should be constant, and we can make the translational energy 
constant by working at a constant temperature. Consequently it was decided to 
work at the temperature of the room. 


§ 2. The Kundt Apparatus. 

The apparatus used for the determination of the velocity of sound m the gases was 
in all essential features the same as that described by Kundt in £ Poggendorff’s 
Annalen/ vol. 135. The double apparatus was used, as it makes accurate temperature 
observations unnecessary, the tubes con taming air and the gas under investigation 
lying side by side. It also ensures the figures m air and m the other gas corre¬ 
sponding to exactly the same note, so that change of pitch in the vibiating tube from 
change of temperature or any other cause has no effect 

It will be sufficient to describe one end, as the two are almost identical m arrange¬ 
ment. 

The vibrator, AB (see fig. 1), is a closed glass tube 150 centims. long and 35 millims. 
in diameter, and was chosen from a considerable number tried as giving the best 
figures. It is not desirable that it should give a very loud tone, for this scatters the 
dust too much, but it should speak readily, so that the intensity can be adjusted. 
An important point is to choose one that gives a note as free from overtones as 
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possible, for these injure the sharpness of the figures very much, and make them 
difficult to measure. 

Covering one quarter the length of this tube is a slightly wider one, EC. The 
joint at C was first made according to Kundt’s directions, by wrapping a strip of 
thui india-iubber many times round, and wiring it down, but this proved very 
unreliable. It requires a great deal of care to make such a joint even approximately 
tight, and it is continually getting leaky and requiring to be patched up with india- 
rubber solution, so, finally, I had made a wide tube with thick walls of the best soft 
rubber, and on slipping this on and wiring it down a peifectly tight joint was made. 

The same rubber tube was used for connecting CE with the semi-circular copper 
tube EF, thus making a flexible joint and pieventing the conduction of the sound 
through the walls of the tube 


Fig 1. 



To gras 
holder 


The tube FG, m which the dust figures are made, is 125 centims. long, and 
26 millims. in internal diameter At the end, F, a brass union is fixed on with 
sealing-wax, and by screwing up tightly the two brass faces with a lead washer 
between, a joint is made that is air-tight, but can easily be taken apart to measure 
the figures and put in fresh dust. At the other end, G, is a similarly detachable cap 
hearing a stuffing box. Through this passes a narrow braes tube with a disc on the 
end, G, by means of which the vibrating length of the column of air can be varied, so 
as to give the best figures 

For apparatus such as this, lead glass seems to be much better than soft German, 
It is impossible to put on the caps without some strain, and with the German glass 
much trouble was caused by the tubes breaking at awkward times and wasting 
precious gas. Since lead glass has been put in, there have been no breakages, 
Through the tube H connection can he made with either a Topler mercury pump 
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for exhausting the apparatus, a Sprengel for extracting a sample of the gas for 
analysis, or a water pump for regulating the pressure of the contents. 

At K is a side tube connected through a pressure gauge with the gas holder and 
drying apparatus 

With the connections made as thus described, there was found to be very little 
leakage m the apparatus When it was exhausted as completely as possible the rise 
of pressure was only a very small fraction of a millimetre per hour. 

Different methods of filling were adopted according to the material used In the 
earlier experiments a water pump only was used By means of this, the apparatus 
was exhausted to from 15 to 20 millims, and the gas admitted slowly through the 
purifying tram, the process being repeated several times; hut the method was too 
extravagant for the moie costly materials, and took too much time, so, m the 
later experiments, a Top lee pump was used This has a large reservoir, and with an 
hour’s pumping the pressuie was reduced so low that it was often difficult to see 
whether the gauge or the barometer by the side of it stood the higher. 

When the gas was admitted through purifying and drying apparatus, this 
apparatus was usually exhausted with the rest, but as in most cases Geissler bulbs 
were used, the vacuum got gradually woise in the successive bulbs from the pressure 
of the contained liquid, so they were first filled with the gas by exhausting them two 
or three times and allowing it to sti earn m. 

When a volatile liquid was used, it was contained m a small bottle with a tight 
cork, through which passed a glass tube, and wired on the end of this was a piece of 
thick-walled india-rubber tube. Before attaching it to the Kundt apparatus, the 
liquid was made to volatilize freely by warming it, or by connecting the bottle to a 
water pump, and when the air was driven out the india-rubber tube was closed with a 
clamp, and joined to the dust tube, so that when the exhaustion had been completed, 
by opening the clamp, the vapour could be admitted free from air. 

Bor the hydrocarbons and methyl and ethyl chlorides, lycopodium powder was used 
in the dust tube, as it gave decidedly better figures than silica, but with the dense 
gases it was found to become sticky, so that it could not be made to move, and for 
these silica was used. 

A preliminary experiment was always neecled to fix the position of the piston, 
for though with the denser gases figures of some sort could he got with it m any 
position, yet they were generally unsymmetrical unless it was carefully placed. The 
position which gave the strongest agitation gave the most symmetrical figures, hut 
they were seldom perfect in this respect, and for this reason the proper distubution 
of the dust in the tube is a matter of importance. There is usually a tendency 
for the powder to encroach on the node from one side more than from the other, 
and this is more marked the greater the quantity of dust used, so that if the 
quantity per centimetre varies from end to end of the tube, the result is an 
apparent shifting of the nodes to an extent that is not the same at different points. 
mdoocxciv —a. c 
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If the dust is uniformly spread, this want of symmetry has no influonco on the 
measurements 

The method I employed for putting in the dust was to diaw through the tube a 
dry cloth which cleaned out what was left from the previous experiment and slightly 
electrified the glass. The tube was then placed in a sloping position, and the powdoi 
poured m at the end through a small funnel, and allowed to run though gently in a 
narrow stream. It was then turned end for end, and the dust poured through in the 
opposite direction, the lesult of which was that the small electrification caused as 
much to adhere to the glass in a narrow uniform strip as served for tho purpose ol 
the experiment. 

When it was placed in position and the figures were to he made tho tube was 
turned round, so that the dust did not he along the bottom but was a little way up 
the side; then, on rubbing the vibrator with a piece of wet flannel, tho powder ran 
down to the lowest point everywhere but at the nodes, which weie left as clear 
spaces, narrow and sharply bounded, separating rectangular patches of dust of gieat 
regularity. 

Fig 2 shows part of a set of figures obtained with isopropyl bromide. 




2 . 



For the measurement of the figures two parallel platinum wires were carried 
on a framework sliding along a steel scale divided to millimetres (fig. 2). These 
wires were placed so that the tube lay between them, and their plane passed through 
the centre of the clear space at the node, and the position of the framework was read 
on the scale, tenths of a millimetre being estimated with the help of a lens. When 
the figures were of average quality the setting could be repeated so that the positions 
did not vary by more than two or three tenths of a millimetre. 

Table I. gives a typical set of measurements. They were made in one of the 
methyl bromide experiments, and are chosen as being neither the best nor the worst 
of the sets, hut a fair average. 

The first column gives the scale-readings, and the second column the half-wave¬ 
lengths got by subtracting the consecutive readings from each other. The first half- 
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dozen figures next the vrbiatmg tube aie omitted. This was generally done, as 
they were almost always found to be irregular and less distinct than the rest. 


Table I 


Scale 

leading 

Half ■wave¬ 
length 

Scale 

reading 

Half wave¬ 
length 

Scale 

reading 

Half wave¬ 
length 

155 5 

« « 

486 0 

251 

815 9 

25 1 

180 6 

25 1 

5112 

25 2 

8413 

25 4 

205 6 

25 0 

536 9 

25 7 

866 6 

25 3 

2314 

25 8 

562 2 

25 3 

892 2 

25 6 

257 0 

25 6 

587 3 

251 

917 6 

25 4 

282 4 

25 4 

612 8 

25 5 

943 0 

25 4 

308 3 

25 9 

638 2 

25 4 

968 3 

25 3 

333 4 

251 

663 6 

25 4 

993 4 

25 1 

358 7 

25 3 

688 8 

25 2 

1019 0 

25 6 

384 2 

25 5 

714 0 

25 2 

1044 6 

25 6 

409 8 

25 6 

739 7 

25 7 

1070 2 

25 6 

434 9 

251 

765 5 

25 8 

1095 4 

25 2 

460 9 

26 0 

790 8 

25 3 




The mean value for the half wave-length is 25'399, and it will be seen that no 
single measurement differs from this by more than six-tenths of a millimetie In two 
or three sets where the figures were poor the divergence from the mean leached 
as much as a millimetre, but was never greater. In some of the propyl chloride 
expemnents it was not more than a quarter of a millimetie. 

The method of calculation of the mean was to divide the readings of the nodes 
into two equal sections, subtract each reading in the first section from the corre¬ 
sponding one in the second, take the mean of these differences and divide by the 
number of half wave-lengths between the first readings of the two sections. 


§ 3. The Vapour Density Apparatus. 

The ordinary methods for determining vapour densities are not very suitable for an 
investigation such as this Hoemann's, Victor Meyer’s and Dumas’ are scarcely 
accuiate enough, and the two latter are not applicable without modification to 
pressures other than that of the atmosphere Regnault’s, though very accurate, 
would take too much time when so many determinations have to be made. 

As the vapour densities are only required at the temperature of the room, the 
conditions are much simplified, and I have devised a form of apparatus, usmg 
Hofmann’s principle, which gives results concordant to per cent without any 
great expenditure of time Doubtless with greater precautions for securing uniformity 
of temperature higher accuracy might be obtamed, but an error of one part in a 
thousand is well within the experimental eriors of the rest of the work. 

c 2 
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AB is a glass tube 60 centims. long and 35 raillims. in diameter (see %. 3), closed 
at A and sealed at B to the curved tube OB, the middle pat t of winch is straight 
and horizontal Befoie sealing this to the tube CD, the latter is calibrated, and the 
volume determined between the end D and a file mark at K, near the upper end. 
CD is then attached to AC, and the volume of the whole determined by filling with 
water and weighing Subtracting from this the volume of DK we get the volume of 
AK, and as the tube CD has been aheady calibrated the volume to any other point 

is known if required 

[Tic? 3 



Next the side tube, EF, of the same bore as CD, is sealed on, and the three-way 
tap, G, making connection with an air pump or with the mercury reservoir, H, 

L is a thermometer graduated to fifths of a degree. 

A small quantity of the liquid whose vapour density is required is sealed up in a 
small tube with capillary ends and weighed. This is introduced at D, and made 
to rest at M, by inverting the apparatus for a moment 

Next, D is closed with an india-rubber stopper, E being also closed, whilst the 
apparatus is exhausted through the three-way tap, G, after which operation G is 
turned so as to allow the mercury to flow in from the reservoir, and E is opened. 

The difference of the levels of the mercury in the two tubes is read by means of a 
eathetometer, and this difference subtracted from the height of the barometer gives 
tbe pressure of any air left m the apparatus. 

The small tube is then broken, by tilting the apparatus a little and allowing it to 
slide over mto AB, where the capillary end breaks off and allows the liquid to 
evaporate 

By reading the levels a second time we get the pressure of the vapour, and 
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knowing its weight, volume, and temperature, we have all the materials required for 
calculating its specific gravity 

It is not advisable to exhaust the apparatus very completely in the first instance, 
for then the evaporation of the liquid is so violent that fragments of glass, and 
sometimes even the whole tube, get blown over the bend at the top on to the surface 
of the mercury, making it difficult to read the position of the surface If 15 or 
20 millnns of air is left m this seldom happens, but time must of course be given to 
allow the gases to diffuse into each other. 

To avoid draughts and inequalities of temperature, the whole apparatus, with the 
exception of the reservoir, H, is enclosed m a box, with vertical openings at the front 
and back, through which the levels can be lead with the cathetometer. 

The calculations are simplified if the reservoir is always adjusted so that the level 
of the mercury m CD stands at the same point This makes the pressure of the 
residual air the same m the two measurements, provided the temperature is constant. 
In my experiments I always brought the level to the file mark, K. 

To empty the apparatus the reservoir is lowered till the mercury in CD sinks to 
the level of G—E being of course closed—and air is allowed to enter through the 
three-way tap. 

Fig 4 



The vapour densities were generally required m the neighbourhood of certain 
deter mi nate pressures. To secure this the liquid was always sealed m a tube of the 
same diameter, and a preliminary filling and weighing being made with water, a 
simple calculation gave the length required in any case It was then easy to draw 
off a piece of such a length as would hold within 5 or 10 per cent of the lequired 
amount 

When the liquid ha.s a very low boiling point special arrangements are needed for 
filling and sealmg the tubes The following method has been found to be quite 
satisfactory, but requires careful manipulation to avoid bieaking the capillaries 

A piece of glass tube is drawn out into the form ABCDE (fig. 4), with a capillary 

part at B, and a capillary end, DE, and weighed. 

The end, A, is then connected with a water pump, by means of a piece of india- 
rubber tube closed with a spring clamp. The part C, which_ is that which is. to 
be filled, rests in a lead tray, slightly inclined, and filled with a suitable freezing 
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‘mixture, and the capillary end, DE, dips below the level of the liquefied g.is, which 
is contained in a tube surrounded by a freezing mixture. By opening the clamp foi 
a moment the liquid is drawn into 0, and the capillaries sealed off by a small blow¬ 
pipe, at B and X), On weighing 0 with the parts diawn oft we get the amount 
of liquid enclosed 

Methyl chloride requires a temperature below — 20° to liquefy it, and, for this, othci 
and solid carbonic acid is most convenient, but lias the disadvantage of giving off 
an inflammable vapour, which might take fire from the blow-pipe flame. Hence tins 
tube C was packed round with solid carbonic acid, moistened with chloioform, which 
forms quite as effective a fieezmg mixture and does not loadily take fire. Hie 
condenser, E, was closed with a stopper, through which passed a tube to carry the 
ether vapour beyond the reach of danger. 

§ 4. Marsh Gas. 

As was to be expected this gas gave much more trouble than any of the others. 
It cannot be freed from air by liquefaction, as was done with most of tho others, and 
as the density of the gas is a factor in calculating the ratio of the specific heats, it 
was necessary to make a set of analyses after each experiment to determine tho 
percentage of air. The correction for this is by no moans inappreciable, on account of 
the low density of methane, roughly speaking, one per cent, of air makes an alteration 
of one per cent, in the result. 

In the case of such gases as the paraffins, the quantity which can bo taken for 
analysis is so small that any error in its measurement from want of accuracy in the 
calibration of the measuring tube, or other causes, lias a large effect on the calculation 
of the percentage of air. Adding to this all the other sources of error incidental 
to gas analysis, such as incomplete combustion, oxidation of the nitrogen present, 
temperature errors, &c., the result is that the accuracy is less than that attainable in 
the velocity of sound determination. 

It is unfortunate too that this additional source of error should enter most 
prominently in the case of methane, which is notably a most difficult gas to proparo 
pure. The consequence is that the range of values found for the ratio of tho 
specific heats is greater than for any other gas, and the most that can be said is that 
the mean is probably within one or two per cent, of the truth 

Bor the preparation of marsh gas two methods were used, Erankland’s method 
by the action of zinc methyl on water, and Gladstone and Tribe’s by the action of 
the copper-zinc couple on methyl iodide and alcohol 

The latter method appears simple when the original memoir describing it is read, 
but in practice it requires considerable care. It would be tedious to recount the dis¬ 
couraging series of failures before gas was obtained sufficiently pure for the experiments, 
so the conditions on which success was found to depend will be stated simply. 
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Theie must be no water left m the apparatus, or in spite of chemical equations 
some free hydrogen will be given off The couple was several times washed with 
alcohol, which had been scrupulously dried with lime and anhydious copper sulphate 
The copper-zmc couple itself seemed to be the best drying agent for removing the 
last traces of water, for the apparatus gave purer methane the second or thud time 
of using than it did the first time , hence, after setting it up it is advisable to put m a 
little methyl iodide, and allow it to stand for a day 01 two with a Bunsen valve or 
some such arrangement attached. 

The gas that comes over first is purest, so that no attempt should be made to 
secure a theoretical yield 

A considerable quantity of methyl iodide escapes the scrubber, and must be 
removed in some way. A set of Geissler bulbs filled with fuming sulphuric acid was 
used m this and similar cases and pioved quite effective. The first bulb blackened 
and deposited iodine long before the second was coloured, and many litres of gas 
could be passed through before the colour reached the third bulb. This introduced 
sulphur dioxide into the gas, to remove which it was collected m a gas-holder over 
soda solution and shaken with it 

It was admitted into the Kundt apparatus through three U -tubes, the first 
containing solid potash, to remove any sulphur dioxide still remaining, the second 
containing mne grams of palladium black as a precaution to retain any fiee hydrogen, 
and the third containing pumice soaked m sulphuric acid to dry the gas 

Palladium is not altogether satisfactory for the removal of hydrogen , it is very fickle 
m its action, sometimes for no obvious reason refusing to absorb it In the preliminary 
experiments and in the preparation of propane, to be described later, 30 grams of thin 
foil, superficially oxidized by ignition in air, was used, but this, though quite effective 
m removing the greater part of the hydrogen, which was all that was wanted in the 
case of propane, failed to take out the last traces , so 9 grams of the foil was converted 
into “ black,” ignited m air, and placed in a U-tube kept in boiling water, according 
to Hempel’s directions m the methane experiments. 

To remove the air from the Gladstone and Tribe apparatus, a little dry alcohol was 
put m, and it was then connected with a water pump and warmed till nearly all the 
alcohol had boiled away, but the large volume of the apparatus, the great absorbing 
power of alcohol for air and other gases, and the long tiam of punfymg apparatus 
required, must be taken as the excuse for the large percentage of air present. 

Two analyses and the calculation of the result are given in full for the first experi¬ 
ment 
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1 

I 

IT 

Gas taken 

100 01 

98 R!> 

After adding oxygon 

369 43 

401 83 

Aftei explosion 

171 49 

208 2.3 

After absoiption of the C0 3 with potash 

72 00 

17180 


The first gives as half the contraction 98'97, and the C0 3 formed 99*43, their ratio 
being ’9954. 

The second gives 96 80 for the half-contraction, and 9G'43 for the C0 3 , their ratio 
being 1*003. 

These ratios should be unity for pure methano. 

The difference between half the contraction and the volume of gas taken, and between 
the C0 2 formed and the original gas, gives two estimates of the air from each analysis 
These are 1 64 and 1*18 from the first, and 2‘05 and 2*42 from the second. The 
discordance of these is wider than was usually obtained. An error of -pj millims, m 
reading the level of the mercury when measuring the volume of the gas taken would 
account for the difference. The measuring tube of the Dittmar gas analysis apparatus 
was rather too narrow, as the shape of the meniscus varied with the state of the 
surface of the mercuiy. 

The mean of the four gives 1*88 per cent, for the air. 

The S.G. of the gas is got from the equation 


which gives 


10Op = 1*88 H- 98*12 X *5528, 
p = *5612. 


Two sets of measurements of the methane figures gave as the half wavo-longths 
63*126 millims. and 63*130 millims., and the length of the air figures was 48*880 millims., 
the temperature being 19*2°. 

Hence, the ratio of the specific heats of the mixed gases is 


1-408 X -5612 X (HIJ = X 316 
Finally, from the equation 

P/(r-l)=JPx/(yi-l)+A/(y J |-l) f 

we have 

100/-316 = l*88/*408 + 98*12/(y - 1), 


which gives 


y = 1*314. 
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The results of the remaining two experiments made on methane pieparedby Glad¬ 
stone and Tribe’s method are given m the second and third line of Table II, with 
the temperature, the ratio of semi-contraction to C0 2 , and the percentage of air. 

The next three experiments were made on marsh gas got by the action of zmc 
methyl on water. 

This method is not attractive from the offensive nature of the zmc compound and 
the violence of its reaction with water, but it gives a pure product. 

The zinc-methyl was made by digesting methyl iodide with a copper-zmc couple on 
the water bath, and distilling off the product on an oil bath 

The reaction was very complete, the contents of the flask after the first operation 
being quite dry on cooling, but to ensure the removal of any unaltered methyl iodide 
a stream of carbonic acid was passed through the flask for some time whilst it was 
kept at 100°. 

In the final distillation the end of the condenser dipped below the surface of dry 
ether cooled in ice, by means of which loss was prevented and an almost theoretical 
yield obtained. 

The pimcipal reason for mixing the zinc-methyl with ether will be detailed at 
length m the description of the preparation of ethane, which was the first gas 
investigated What is said there will m all probability apply with even gi eater 
force here, where the compound is more easily dissociated, and the reaction more 
violent. The addition of ether adds very much to the comfort of the experiment, for 
the mixture can be poured from one vessel to another without any greater incon¬ 
venience than strong fuming 

To prepaie the methane the mixture of ether and zinc-methyl was dropped slowly 
into a flask containing distilled water and the gas evolved collected without 
purification over boiled water, with which it was shaken to remove as much ether as 
possible 

It was passed into the Kundt apparatus through two sets of Geissler bulbs of 
strong sulphuric acid to remove the ether and traces of methyl iodide, one of potash 
to absorb any sulphur dioxide formed in the first two, and another of sulphuric acid 
to dry it After this treatment it issued without smell. 

In experiment IY. the potash was by mistake omitted, and the consequence was 
that the gas was found to contain 5 per cent, of sulphur dioxide 

The results of the three experiments are shown in lines III, IY., and Y, of 
Table II. 


MDCCCXCIV.—A. 


D 
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Table II. 



t 

x Conti n 

1 ~co; 

Air, &c. 

7 

Method of preparation 




Per eont 



I 

19 2 

f 9954 I 

s nno f 

An* 1 88 

1314 

] 

II 

20 

t 1003 J 

1009 


1 314 

vClads'ionk and Thihk 

III 

16 6 

1002 

„ 1 71 

1 313 

J 

IV 

191 

1 012 

J SO, 5 1 
} Air 2 6 f j 

1 332 

L 

y. 

18 3 

999 

L J 1 

„ 8 

1300 

>1} RANK LAND 

VI. 

174 

i 

1002 

..14 

1 

] 305 

J 




1 

Mean 

1*313 



I have no data from which to calculate the correction factor 1 — 1/p . dpvjdo. 
From the fact that the gas is at ordinal y tempera tiues far above its boiling point, 
cl pv/dv is probably small and has been neglected. 


§ 5. Methyl Chloride. 

The material was made by passing a stream of hydrochloric acid gas into a boiling 
solution of zinc chloride in methyl alcohol, contained in a flask with a reversed 
condenser. 

In the first two experiments recorded below the issuing gas was passed through 
potash solution, and collected in a gas-holder over strong brine, as it is too soluble in 
water. 



v; 


It was admitted into the Kundt apparatus through one set of Geissler bulbs con¬ 
taining potash, and one containing sulphuric acid. 

As the gas liquefies at — 1 7 ° it seemed desirable in order to have greater certainty 
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of the absence of air to use the liquefied gas. This was done in the remaining 
experiments 

The gas on issuing from the apparatus in which it was prepared, was passed 
through potash solution and sulphurjc acid, and was then condensed in a glass tube 
standing m a freezing mixture of ether and solid carbonic acid Part was then 
redistilled into the apparatus shown in fig 5, which was also used in a similar 
manner in the propane experiments 

A is the tube m which the methyl chloride was collected on its evolution from the 
apparatus fin which it was prepared. 

The condenser X consisted of two beakers, one inside the other, with a large 
boiling tube suspended m the inner one by the wooden cover. This tube contained the 
freezing mixture, and in it Was the small test-tube C, closed air-tight by a stopper 
through which passed two glass tubes, one of them reaching to the bottom 

F being closed and B and E open, the liquid in A evaporated off quite slowly 
m consequence of the cooling produced by this operation, and passing through G, 
which contained soda-lime, and H, which contained sulphuric acid, was condensed m 
C, anything remaining uncondensed passing into the air at E. When the tube 0 
was almost full B was closed, and the tube of methyl chloride taken out of the 
freezing mixture, which caused it to evaporate and drive out the air from, above it 
When this evaporation had gone on for a short tune, E was closed and F opened, 
admitting the vapour into the Kundt apparatus. 

Four determinations of the vapour density gave the following results, the pressure 
and temperature being recorded m each case. 


Table III. 


p 

t 

P' 

382 

14 6 

1 754 

602 - 

12*6 

1762 

533 

13 9 

1 759 

660 

13 5 

1 765 


In the experiments the pressures were read to *05 millim. In this and all the 
following tables I have given them to the nearest millimetre. 

The numbers in the third column are the specific gravities of the gas referred to 
air at the same temperature and pressure. 

These values are plotted m fig.' 6, and from the curve the values of the density are 
taken for the pressures at which the velocity of sound experiments were made. 

To find the correction factor 1 Ip .d (pv) / civ, the following method was adopted :— 
Taking the reciprocals of the densities given in Table III., we get values of pv m arbi- 

n 2 
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tiary units. Dividing these by the pressures, the corresponding volumes are obtained 
These are given m Table IY., and in fig 7 they are plotted on a curve, taking pv as 
ordinate and v as abscissa The inclination of this curve to the horizontal axis at 
any point gives the value of d (pv) / dv at that point To get the v cortosponding to 
the pressures used m the velocity of sound experiments, it is sufficient to take an 
approximate value of pv and divide by the pressure. The volumes so obtained are 
given in the second column of Table V., and, dividing the rate of change of pv at 
these points by the pressures, we get the numbers shown in the third column. 


Fig. G 



Iftg. 7. 



Table IY. 


Table Y. 


V 

pv 


382 

57012 

14-03 

602 | 

56752 

9 43 

533 

56850 

10 65 

660 

56657 

8 58 


P‘ 

V > 

I d (in)) 

}> dv 

380 

14 9 

■007 

580 

0 8 

•OH 

600 

9*5 

OH 

680 

83 

■015 


We have then, finally, the following table for the ratio of the specific heats, where- 
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p = the pressure of the gas in the Kundt tube. 
t = the temperature of the gas m the Kundt tube 
l = the half wave-length m methyl chloride 
V = the half wave-length m air 

p = the S G. of the methyl chloride at the pressure given in the first column 


Table VI 


p 

t 

l 

V 

P 

1 _i_ 1 d P v 

T p dv 

7 

380 

1G 

34 94 

48 89 

1 754 

1007 

] 271 

580 

15 2 

34 65 

48 55 

1 761 

1014 

1 280 

GOO 

16 

34 73 

48 68 

1 762 

1014 

1280 

680 

16 3 

34 72 

48 63 

1 766 

1015 

1286 






Mean 

1279 

1 


In the last experiment there was 105 per cent, of air in the gas; the result is 
corrected for this. 


§ 6 Methyl Bromide . 

The material was obtained fiom Kahlbatjm, and was dried with calcium chloride 
and redistilled. 

The results of the vapour density determinations are shown in Table VII and fig. 8. 


Table VII. 


V 

t 

P 


131 

15 8 

3 265 


221 

15 6 

3 275 


451 

15 9 

3 305 
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The densities used in the calculation of the ratio of the specific heats are taken 
from this curve 

The correction factors are determined in exactly the same way as was explained 
under methyl chloride. 

It is needless to give the intermediate tables and curves in every case, so, for the 
remaining gases, I shall content myself with giving the experimental data from 
which the correction was calculated, and its value. 

The following table gives the final results for methyl bromide *— 


Table VIII. 


p 

t 

l 

V. 

P 

i i l <Hf0 
p dv ' 

7 < 

255 

19 4 

25 58 

48*96 

3 278 

1013 

1*277 

312 

15 9 

25 34 

48 62 

3 286 

1 014 

1 274 

440 

20 

25 40 

48 96 

3 302 

1 015 

1*270 

530 

15 8 

25*20 

48*61 

3 314 

1010 

1271, 




1 

! 

Moan 

1 

1‘274 


§ 7. Methyl Iodide. 

The material was purchased from Kahlbaum, and was dried with calcium chloride 
and fractionated. 

Table IX. and fig. 9 show the results of three vapour density determinations. 
Table X. gives the final results, the columns having the same meanings, and being 
obtained in the same way as before. 


Table IX. 


P 

& 

A* 

i.- .i ». . , 

179 

15*6 

4*914 

217 

16*4 

4 939 

255 

16*1 

4*969 





Table X. 


p 

t 

l 

X. 

P 

-4 

1,1 d (P v ) 
p dv 

7 

190 

18 4 

20 70 

48 82 

4 920 

1 023 

1274 

210 

20 

20 81 

48 99 

4 934 

1029 

1285 

220 

18 7 

20 78 

48 89 

4 940 

1 030 

1294 

220 

20 2 

! 20 78 

48 97 

4 940 

1030 | 

1290 

225 

19 5 

20 72 

48.93 

4 942 

1 032 

1287 


i 

j 



Mean 

1-286 


§ 8 Ethane . 

The first attempts to prepare ethane were by the electrolysis of a saturated solution 
of potassium acetate Since these were made, Dr T. S Murray has published an 
account* of an extensive investigation of the method, so that it is needless to give 
any detailed account of my failure. The sample first analyzed was made by using a 
strong current for a short time, and proved to be almost pure ethane, but as the 
apparatus soon began to get hot, a much smaller current was used when preparing a 
large quantity for a velocity of sound determination, and the result was that the gas 
was not good enough for use. This agrees with Murray’s conclusion that high 
current density and low temperature are necessary, and shows that the method is not 
suitable for m aking a large supply, as a strong current and low temperature are not 
easily secured together. 

This method having failed, it was decided to use the reaction between zinc-ethyl 

i 

and water. 

The zinc-ethyl was prepared in the same way as the zinc-methyl previously 
described. 

Tor the preparation of ethane, the zinc-ethyl was mixed with twice its weight of 


* * Chem. Soo. Journ.,' January, 1892. 
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dry ether and dropped into distilled water. The gas came off without undue violence, 
and the deposit of zinc oxide left in the flask was pure white. 

The gas was collected over a large quantity of boiled water, and shaken with it to 
remove as much of the ether as possible, and m the first two experiments it was 
passed slowly into the Kundt apparatus through two sets of Geisslor bulbs containing 
sulphuric acid. 

On opening the apparatus the ethane was found to be without smell, but to ensure 
the removal of ethyl iodide which, from its high density, would have a very prejudicial 
effect, in the other experiments, the gas was passed through one set of bulbs of 
Nordhausen acid, two of potash, and two of strong sulphuric acid. 

As it seemed undesirable, however, to introduce ether vapour, an attempt was 
made to prepare the ethane by dropping the zinc-ethyl itself on ice without diluting 
with ether. 

The result showed that the ether was necessary, for after repeated attempts, the 
residue left in the flask instead of being white, was always dark giey, and effervesced 
slightly with acid, showing the presence of metallic zinc. 

Moreover, analysis showed that there were heavy hydrocarbons present, for 
100 volumes of the gas gave, on explosion with oxygon, 227 volumes of carbon 
dioxide. After passing the ethane slowly through Nordhauson acid, 100 volumes 
gave 207 volumes of C0 2 , so that the impurities are mainly unsaturated hydrocarbons, 
but probably there is some butane present. 

The cause of the impurity of the gas appears to bo tho violence of the reaction. 
The zinc-ethyl never got clear of the dropping tube, but was immediately acted on by 
the water vapour, and formed a great spongy clot round tho end. This absorbed 
more zinc-ethyl, which was decomposed in its pores, and so the temperature rapidly 
rose high enough to bring about dissociation. It is known that at a moderately high 
temperature zme-methyl decomposes into zinc and hydrocarbons, and probably a 
similar thing happened here 

Table II. shows the results of the experiments, taking for tho specific gravity of 
the gas the theoretical density, 1*0867. In all the experiments the pressure was 
that of the air. 

Table XI 


t. 

l 

V 

Percentage of nil 

98 

43 40 

4810 

1 8 

12 

43 48 

48*29 

0 

144 

43 61 

48*52 

nob determined 

16*6 

43 82 

48'66 

not determined 

161 

48 80 

48*65 

2*9 

i 

• 1 



Mean. , 


7 


1 185 
1*18:5 
1*180 
1 181 
1*170 


1*182 
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From the approximate equality of the densities of ethane and air the presence of 
1 per cent, of the latter makes a change of less than +□ per centi in the value of y, so 
that even if there were as much as 5 per cent of air m experiments III. and IV, the 
result would he hardly affected. 

From want of experimental data I have omitted the factor 1 + 1 jp d ( pv)/dv , but, 
as in the case of methane, it probably does not differ much from unity. 

§ 9. Ethyl Chloride 

The material was prepared by passing hydrochloric acid into a boiling solution of 
zinc chloride m ethyl alcohol, the resulting gas being passed through water and 
sulphuric acid, and condensed in a freezing mixture. It was then redistilled, shaken 
with lime to remove hydrochloric acid which was still present, allowed to stand two 
days over calcium chloride, and again distilled through a tube of lime. 

With the vapour density apparatus that I was using at the time, tubes containing 
enough ethyl chloride to give pressures above 450 millims. would not go round the 
bend at the top. Six determinations were made at pressures ranging from 
100 millims. to 453 millims., and the rest of the curve got from the relative 
densities as given by a direct observation of the values of the product pv for a 
constant mass of the gas m the usual way. 


Fig 10. 



A glass tube one metre long, closed at one end and graduated approximately in 
cubic centims., was carefully calibrated. 

After being filled with mercury, a little ethyl chloride was allowed to bubble up 
into it, and it was then connected at the lower end by an india-rubber tube with 
another glass tube of the same bore, and open to the air. 

MDCCCXCIV.—A. E 
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By altering the position of this second tube the pressure on the gas could be varied, 
and readings taken by means of a cathetometer of a senes of pairs of corresponding 
values of p and v. 

As a test of the accuracy of the calibration and the various temperature corrections, 
several preliminary experiments were made on air, which made the product pv appear 
to increase at low pressures by as much as 1 per cent. 

After re-calibrating the tube and hunting in every direction for the cause of this, 
it was at last found to be due to an error in the scale of the barometer that was being 
used. Making a correction for this, the pv of air came out quite constant, and hence 
it was concluded that the calibration of the tube and the temperature corrections 
were right. 

The following table gives the details of the experiment made on ethyl chloride. 
The first three columns give the corresponding values of pressure, volume, and 
temperature, and the last gives the quantity pv/t, which is inversely proportional to 
the specific gravity, referred to a perfect gas at the same temperature and pressure. 


Table XII. 


p 

V. 

i. 

P» 

t + 273 

149 85 

70 2 

13 5 

3070 

205 26 

512 

13 6 

3667 

273 96 

38 2 

13 65 

3651 

356 64 

29 2 

13 7 

3632 

446 96 

23 2 

13-7 

3617 

511-34 

20 2 

13 7 

3603 

597-85 

17 2 

13 65 

3587 

674 97 

15 2 

13 7 

1 3578 

773 54 

13-2 

13 75 

3561 

1 


These values of pvjt are plotted on the curve in fig. 11. 


Fig. II. 



v- 

Next six determinations of the S.G, of the vapour were made with the apparatus 
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previously described These had a range of pressures from 179 millims. to 453 millims » 
and the results are given m the first three columns of Table XIII 

To extend the values to the higher pressures the following method was adopted. 
From the curve m fig. 11 the values of pv/t were taken for the pressures at which the 
absolute determinations were made These are given in the fourth colu mn of the 
table, and should give a constant if multiplied by the numbers m the third column 
The fifth column gives these products The extreme variation is one part in a thousand, 
and the numbers do not increase progressively m either direction, which shows the 
consistency of the two series, and is a test of the degree of accuracy reached in the 
vapour density determinations. 

Table XIII. 


p 

t 

P 

pv 

pvp 

t -f 273 

t + 273 

179 

13 6 

2 244 

3667 

8229 

242 

10 2 

2 251 

3655 

8227 

301 

13 

2 256 

3644 

8221 

329 

13 5 

2 262 

3637 

8227 

357 

15 

2-265 

3631 

8224 

453 

12 8 

2 276 

3615 

8228 




Mean 

8226 


To find the best value of the constant of the pv curve, the mean of the six values 
of pvpjt was taken, and this mean divided by the ordinate of the curve of fig. 11 for 
any pressure gives the S.G. of the vapour at that pressure 

Using the values so obtained, the following table gives the final results for the 
ratio of the specific heats, the columns having the same meanings as m the case of the 
previous gases. 

I o 

Table XIV. 


P 

l 

l 

V 

P 

, 1 cZ (pv) 

p (dv) 

7 

200 

12 8 

29 34 

48 32 

2 245 

1 012 

1180 

205 

15 4 

29 48 

48 54 

2 245 

1012 


285 

14 2 

29 41 

48 45 

2 255 

1016 

1189 

295 

15 

29 31 

48 49 

2 257 



400 

16 4 

29 49 

48 75 

2 270 

1019 

1191 

400 

17 8 

29 49 

48 81 

2 270 j 

1019 

1188 

410 

15 5 

29 31 

48 61 

2 271 

1019 

1184 

560 

16 5 

29 21 

48 61 

2 290 

1025 

1193 

610 

171 

29 22 

48 72 

2 294 

1025 

1190 

630 

16 4 

2915 

48 61 

2 297 

1025 

1192 






Mean 

1*187 


E 2 
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Two other experiments were made at pressures below 100 millims., which gave 
results about 2 per cent, below these, but the dust figures obtained were poor, 
and the density and correction factor had to be obtained by extrapolation. As the 
pv curve is getting a little irregular, so as to make the correction term uncertain, even 
at the lowest pressures actually observed, it is unsafe to go beyond the limits of 
direct experiment, hence they have been omitted. 

§ 10 Ethyl Bromide . 

In the case of this compound the experiments were conducted m a slightly different 
way from those already described. A vapour density determination was made in the 
usual way with a particular sample of the liquid, and when the pressure had been 
measured, the Kundt apparatus was filled to the same pressure with the vapour of an 
exactly sim ilar specimen. Thus each line in the table below gives the result of a pair 
of parallel experiments, the vapour density determinations not being comparable with 
each other as they were made on samples of liquid which had leceived different 
treatment. 

Ethyl bromide seems to be more subject to impurity than any of tho other 
substances. The first sample used was given to me by a friend, but its vapour 
density was so abnormally low that I discarded it without attempt at purification, and 
procured a supply from Kahlbatjm. This had a fairly steady boiling point, almost all 
coming over between 38° and 39°, and was used after a simple fractionation in tho first 
experiment 

The vapour density determination gave a result 3 per cent, below the theoretical 
value As the boiling point was constant and at the right temperatuie, this raised a 
suspicion that there was some impurity present which had nearly the same boiling 
point as ethyl bromide, but a lower vapour density. If, as is not unlikely, the 
substance had been prepared from potassium bromide, alcohol, and sulphuric acid, 
the impurity might be ether, so the remainder was shaken with strong sulphuric acid 
and redistilled, which raised the density by nearly 1 per cent. This shows the 
insufficiency of the boiling point a]one as a test of the purity of a liquid, and the value 
of a vapour density determination as a confirmatory test. 

The second and third experiments were made on the liquid after this treatment, and 
the fourth/after a repetition of the process. 

The densities obtained m this way are insufficient to give the correction factor, so a 

Boyle’s Law experiment was made m addition, with the following results, all at a 
temperature of 19° .— * 
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Table XV. 


p 

V 

pv 


117 5 

64 8 

7613 


1719 

442 

7597 


236 1 

32 

7555 


370 5 

20 2 

7484 

Nearly saturated 

379 5 

19 6 

7438 

Part liquefied 


From these the correction factors were determined, the final results being shown in 
Table XVI. 


Table XVI. 


p. 

t 

l 

l 1 

P 

, 1 d (p v ) 

' p dv 

7 

200 

12 4 

22 67 

48-30 

3 755 

1017 

1184 

205 

14 6 

22 70 

48 50 

3 787 

1017 

1188 

232 

15 

22 71 

48 56 

3 796 

1020 

1192 

225 

14 4 

22 60 

48 52 

3 809 

1020 

1187 






1 

Mean 

1188 


It is assumed, in making these calculations, that small changes in the state of 
purity of the liquid do not appreciably alter the relative vapour densities, for one 
curve is used to give the correction term for all. 


§ 11. Propane. 

This gas was prepared by Schorlemmer’s method of reducing isopropyl iodide 
with zinc and hydrochloric acid. The presence of free hydrogen in the gas is of no 
consequence, as it is removed by the liquefaction. 

The isopropyl iodide was made from glycerine, phosphorus, iodine, and water, using 
the proportions given by Beilstein. It boiled very constantly at 89°, showing that 
no considerable quantity of allyl iodide was present—any small quantity of this, 
however, would not interfere, for the propylene produced by its reduction would be 
removed by Nordhausen acid 

To prepare propane from the isopropyl iodide, it was placed in a flask with granu¬ 
lated zinc and dilute hydrochloric acid. The issuing gas was first washed with 
water, and then passed through fuming sulphuric acid to remove the isopropyl iodide. 
Next it was passed through potash solution, and over 30 grams of palladium foil, to 
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remove the hydrogen, This is, of course, not essential, but prevents waste of 
propane in the liquefaction. 

Fin all y it was collected in a gas-holder, over caustic soda solution, to remove any 
sulphur dioxide still present. 

The liquefaction of the gas was carried out in the apparatus desciibed under 
methyl chloride and by the same method, the soda-lime tube being omitted. 

In consequence of an accident only a single determination of the absolute density 
of the gas was made, according to which the specific gravity is 1*511 at 20°*2 and 
under a pressure of 260 millims 

To extend the result to the higher pressures a determination of the relative 
densities was made m the same way as for ethyl chloride. 

Table XVII. and fig. 12 show the results * 


Table XVII. 


p 

V, 

t . 

t + 273 

l ,v 

209'24 

53 6 

10 4 

2607 

249 24 

45 0 

19*45 

2607 

293 30 

38*2 

19 5 

2610 

377 94 

29*6 

19 5 

2615 

574*10 

19 4 

19 5 

2620 

694 54 

16*0 

19 5 

2632 


Fig 12 



Table XYII1. gives the results for the ratio of the specific heats. The values of 

e specific gravity are taken horn the curve above, an ordinate 2608 being taken to 
correspond to a specific gravity 1*511. 
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p 

t 

l 

V 

P 

i + ld O) 

7 






p dv 


450 

17 45 

35 31 

48 79 

1517 

1 010 

1130 

650 

16 6 

35 06 

48 74 

1524 

1016 

] 128 

650 

15 9 

35 02 

48 62 

1524 

1 016 

1131 






Mean 

1-130 


§ 12. Normal Propyl Chloride. 

The material was obtained from Kahlbaum, and was dried and re-distilled. 
Almost all came over between 46° and 47°, the small residue being rejected. 

The results of the experiments are shown in the tables and curve below. 


Table XIX. 


P 

t 

P • 

135 

13 

2 747 

183 

19 

2 751 

248 

22 

2 759 


Fig 13. 



Table XX. 


P 

t 

l 

V 

P 

1 + 1 

p' dv 

<Y 

270 

22 6 

26 38 

49 18 

2-762 

1011 

1132 

240 

25 5 

26 52 

49 43 

2 758 

1010 

1129 

250 

25 

26 38 

49 35 

2 759 

1010 

1121 

200 

21-2 

26 31 

49*10 

2 762 

1009 

1123 

i 





Mean. 

1126 







- 
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§ 13. Isopropyl Chloride. 

The material used was obtained from Kahlbaum. On fractionating nothing camo 
over below 35° 5, and almost all before the temperature reached 36°. The small 
residue was neglected. 

Table XXI. and fig. 14 give the results of the vapour density experiments, and 
Table XXII gives the final values for the ratio of the specific heats. 


Table XXI. 


p 

t 

P 

193 

22 

2 738 

274 

18 2 

2 744 

300 

23 

2 746 

367 

24 6 | 

2 755 


Fig 14. 



Table XXII. 


P* 

t. 

l 


P 

i 

l + 1 

p dv 


224 

18 9 

26 35 

48 94 

2 739 

1*007 

1T26 

290 

21 

26 34 

49 08 

2 745 

1*010 

IT 25 

300 

on 

22 2 

26 48 

49 16 

2 746 

1*011 

1134 

325 

21 

26 24 

49 05 

2 749 

1013 

1122 

S60 

19 8 | 

26 20 

48 92 

2 754 

1*014 

1*128 

* 





Mean . . 

1*127 


§ 14. Isopropyl Bromide. 

The material was obtained from Kahlbaum, and boiled very constantly at 60°, 
4s the maximum vapour pressure at the atmospheric temperature is low, only 
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small range of pressures was available. Hence all the experiments were made at 
pressures near 90 millims , and instead of plotting a curve from the vapour density 
determinations, the mean of the three was taken and used in the calculation of y 
The values are shown in Table XXIII. 

Table XXIII. 


P 

t 

P 

96 

12 9 

4 288 

90 

13 2 

4 279 

94 

151 

4 281 


Mean 

4 283 


These will not give the correction factor, hence a determination of the relative 
densities was made with the following result.— 


Table XXIV 


V 

P 

t 

pv 


68 4 

79 35 

15 

5428, 


55 6 

97 40 

• i 

5414 


45 2 

120 0 

• 

5388 


35 8 

144 5 

* 

5153 

Nearly saturated 


The curve plotted from these gave '017 for 1 jp . d(pv)/dv, and using this value, 
Table XXY. gLves the values obtained for y. 


Table XXY. 


P 

t 

l 

V 

P 

1 d(pv) 

+ p ch 

7 

99 

12 7 

20 77 

48 37 


1 f 

1131 

90 

116 

20 74 

48 27 

y 4283 


1132 

90 

12 6 

20 80 

48 43 

/ 

I l 

1131 




1 


Mean 

1131 
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§ 15 . Discussion of the Results . 
Gathering the results together, we have the following table .— 

Table XXVI. 


Name 

Formula 

7 

Methane 

OIL 

1313 

Methyl cliloiicle . 

OH, ,01 

127 ( ) 

Methyl bromide 

0H,Br 

1 274 

Methyl iodide 

OIIjjI 

1280 

Ethane 

c 2 H„ 

1182 

Ethyl chloride 

C 3 H b C1 

1 187 

Ethj 1 bromide 

0 3 H 6 Br 

1188 

Propane . 


1 130 

Normal propyl chloude 

C^H 7 C1 

1 120 

Isopropyl chloride 

o'hxt 

1 127 

Isopropyl bromide 

0,H 7 Br 

1*131 


It will be seen on referring back to the separate results for methyl and ethyl 
chlorides and a few others of the gases that the values of y are slightly higher at the 
higher pressures. This circumstance suggests a doubt as to the lawfulness of taking 
the mean, for if the change were at all considerable, the right thing to do would bo to 
extend the range of the observations till a constant value was reached, and use this 
value for comparison The change observed can hardly be said to be beyond iho 
range of experimental error m any case, and is perhaps only accidental. 

The only experiments I am acquainted with that have been made to test the 
question whether y varies with the pressure or not are those of Jager (‘ WiED.,’ vol. 3G, 
p. 165), who concluded that it does not. His results for ether vapour show close 
concordance at saturation and half saturation, but the discordance of the results for 
alcohol and water lessens the value of those for ether. 

The specific heat at constant pressure includes the change of potential energy due 
to separation of the molecules, and hence y will probably not be quite independent of 
the pressure, if the gas does not obey Boyle’s Law,* but if the change in y is due 
only to 'this, it is not likely to be great, 

The question has arisen quite incidentally in my work, for I was not looking for 
any such effect, and did not plan the experiments so as to make it perceptible. 1 
have in no case used a very long range of pressures, and have always avoided going 
near saturation, where the effect might be expected to be most noticeable. 

The point is one that ought to he settled. Meanwhile, the obvious law to which 

* See Professer Ejtzgerald, ‘ Roy Soc. Proc.,’ vol, 42, p. 50, 
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the mean results conform, affords some justification for regaidmg the value of y as 
approximately independent of the pressure. 

It is plain that the gases fall into four groups, the members of any one group having 
withm the limits of experimental error the same ratio of the specific heats These 
groups are 

1 Methane. 

2 Methyl chloride, bromide, and iodide 

3 Ethane and its derivatives. 

4. Propane and its derivatives. 

So that with the single exception of methane, compounds with similar graphic formulae 
have the same y. 

Methane was almost the last gas that I investigated, and it was in consequence of 
its appearing to fall away from the law, that exceptional trouble was taken to secure 
that it should be pure. All who have worked with this gas know how difficult it is 
to prepare it free from hydrogen, and the presence of hydrogen would raise the value 
of y; but the precaution taken of passing the gas over palladium, the concordance of 
the results for methane prepared by the two different methods, and the evidence of 
the analysis show that there could not be anything approaching enough hydrogen 
present to account for the difference Nor can we account for the difference by sup¬ 
posing the results for the three methyl compounds to be too low, for, apart from the 
fact that there are three of them, and that their values for y agree fauly well with 
each other, the most likely error m their case is that due to the presence of air and 
moisture, which would make the results too high Hence we must conclude that 
methane has not the same y as its three substitution products 

It is strange that it should break through a law that appears to hold for all the 
other gases, hut the circumstance is not without parallel Menschutkin’s etheri¬ 
fication values for the fatty acids, for instance, show a similar feature, as do 
Perkin’s molecular rotation constants, and the viscosity coefficients of the same 
series of acids. In each of these cases a law is found to hold for all the membeis of 
the series except the first one or two 

It appears, then, that as a law to which marsh gas is an exception, one hydrogen 
atom of a paraffin can be replaced by a halogen atom, without affecting the y of the 
gas, and consequently without altering the internal energy of the molecule This 
result is similar to that which Strecker obtained for the hydracids of the halogens, 
for he showed that hydrochloric, hydrobromic, and hydnodic acids have all approxi¬ 
mately the same y as hydrogen. It should however be noticed that he found the 
introduction of a second halogen atom caused a large fall in y, the elementary gases, 
chlorine, bromine, and iodine, having ratios nearly equal, but much lower than those 
of the acids, from which fact we may anticipate a similar feature in the case of the 
paraffins. 

F 2 
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I am at piesent working on the substitution products that have moio than one 
halogen atom m the molecule, and intend also to determine whether other chemically 
similar atoms, such as oxygen and sulphur, or carbon and silicon can be inteichanged 
without altering the value of y. Until these experiments are finished, it would be 
prematuie to enter into a discussion of the theoretical bearing of the results 
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II. On a Special Form of the General Equation of a Cubic Surface and on ct 
Diagram Representing the Tiventy-seven Lines on the Surface ** 

13y H. M. Taylor, M A , Fellow of Trinity College, Cambridge 

Communicated by A H. Forsyth, Sc D , F R S 

Received June 13,—Read June 15, 1893 
Revised October 30, 1893 

The existence of stiaight lines on a cubic surface, the number of them, and their 
relations to each other was first discussed m a coirespondence between Salmon and 
Cayley 

In a paper which appeared in 1849, m vol. 4 of the ‘Cambridge and Dublin 
Mathematical Journal,’ “On the Triple Tangent Planes of Surfaces of the Third 
Ordei,” Cayley gave a sketch of what was then known, and gave the equations of 
the forty-five planes in which the twenty-seven lines on the surface lie by threes, 
when the equation of the surface is taken m a particular form. 

In the above-mentioned paper, Cayley remarks, “ there is gieat difficulty in 
conceiving the complete figure formed by the twenty-seven lines indeed, this can 
hardly, I think, be accomplished until a more perfect notation is discoveied ” 

SciTLAELii has discovered a notation of great merit which affoids a powerful 
method of dealing with the twenty-seven lines , it is based upon the selection of 
some twelve of the lines which form a “ double six.” The author of this paper 
endeavoured to find a notation for the twenty-seven lines, which did not depend on 
any special selection among them He hopes that the method he has adopted of 
representing by a plane diagram the intersection or non-intersection of the twenty- 
seven lines with each other will be found of some interest 

Four distinct forms of the diagram are given . one will be found of more use for 
one purpose, and another for another; although each contains everything that is 
contained m the others. In fact, one is obtained from another by purely clerical 
alteration. 

The contents of this papei may be stated shortly as follows — 

In § 1 it is shown that the equation of the general cubic surface may be thrown 
into the form 

* As ougmally communicated, this paper was entitled, “ On a Giaplncal Representation of tlie 
Twenty-seven Lines on a Cubic Surface ” 

t £ Quarteily Journal of Mathematics,’ vol 2, p lib 

22. 2.94 
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KLMN = (T - K) (T - L) (T - M) (T - N), 

where K, L, M, N, T equated to zero represent planes. 

In §§ 2-9, it is shown how to obtain the equations of the twenty-seven lines on the 
surface whose equation is 

xyzu = (as — al) ( y — 6T) (s — <?T) (it — cZT), 

and further it is shown which of the twenty-seven lines intersect each other. 

In § 10 the method of representation by a plane-diagiam is explained, and the 
remaining part of the paper consists chiefly in deducing mutual relations between the 
lines by means of the diagiam or one of its transformations. 

It may be explained that of the four transformations of the diagiam, Figure A is 
arranged to show that the lines which are numbered 1 to 15 foim in threes, five 
triangles; the remaining 12 lines, which are numbered 16 to 27, do not form a 
single triangle by themselves. # 

Figure B is arranged to show that not only can nine planes bo drawn to pass 
through all the twenty-seven lines, but that they can be arranged m three sets of 
nine each, such that each set forms three triangles in two distinct ways. 

Figure C is arranged to exhibit what is called a “ double six ” in the loft hand top 
corner. It is of use for observing what lines intersect or do not intersect a number 
of non-intersecting straight lines, such as the six numbered 20, 21, 8, 11, 3, 4, or the 
six numbered 26, 27, 5, 2, 9, 10. 

Figure D is arranged to show that it is possible to form a closed polygon of all the 
twenty-seven lines, such that no side intersects either of the sides next but one to 
itself. 

This figure is of use for observing what lines intersect, or do not intersect, the 
sides of a closed quadrilateral, pentagon, or hexagon, such as are formed by the 
lines numbered 26, 17, 1, 19; 16, 23, 26, 17, 1, and 2, 3, 10, 11, 9, 4 respectively. 


* Ifc .has been remarked as an omission in tins paper that the fact that these twelve lines form #» 
‘■ double six'* 5 is nowhere stated. 
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Figure A. 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 



1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 
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Figure C 
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Figure D. 
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§ 1 If K, L, M, N, P, Q, R, S be eight linear functions of point coordinates 
m three dimensions, so that any one of them equated to zero represents a plane, 
then the equation 

KLMN = 0PQRS (A) 

represents a quartic surface, which passes through each of the 16 straight lines given 
by the intersection of one plane from each of the groups, K, L, M, N and P, Q, R, S. 
The equation contains 3 X 8 + 1, or 25 available constants. 

Now if the planes be so related that the intersections of the paiis of planes K, P , 
L, Q, M, R; N, S, lie on a plane T, or, m other woids, if the two tetiahedions 
represented by the two sets of planes K, L, M, N and P, Q, R, S be m perspective, 
then, without further affecting the generality of the choice of the eight planes, we 
may assume 

K + P = L + Q = M + R = N + S = T, 

and the equation of the surface may be written 

KLMN = 0(T — K) (T — L) (T - M) (T - N) 

This is the equation of a quartic suiface, which passes through 16 straight lines, 
and m which there are 3 X 5 + 4 + 1, or 20 available constants. 

If, fuither, we take 0 = 1, the term KLMN cancels, and the equation becomes 
divisible by T, the remaining factor equated to zero giving 

T 3 — T 2 (K + L + M + N) 

+ T (KL + KM + KN + LM + MN + NL) 

- (KLM + LMN + MNK + NKL) = 0 .(B) 

the equation of a cubic surface, which passes through twelve straight lines, 



L, P« 

M, pm 

N, PC') 

K, Q< 6 > 


M, QW 

N, Q< 5 ) 

K, R® 

L, R® 

« 


N, m 

K, S< 10 > 

L, SW 

M, S< ia ) 



and which contains 19 available constants, the full number for the general equation 
of a cubic surface. 

And since, if 

T = K + L 
T = M + N 



(i 2 
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then 

T - K = L, T - L = K, 

T - M = N, T — N = M, 

it follows that the equations (C) satisfy equation (B) identically. 
Now the equations (C) are equivalent to the equations 


L-P = K~(J = 0 
M — S = N — It = 0 


Hence the straight line represented by these equations lies on the surface. 
Similarly we see that the pairs of equations 


T = K + Ml T = K + N 

T = L +NJ anC T=L+M 


also satisfy equation (B) identically. Hence the straight linos, whoso equations are 


M-P = K~It=0 
N — Q = L — S = 0 


N — P = K — S =0 I 
M~Q = L ~R = 0j 

he on the surface. 

We have thus the equations of fifteen straight lines which lie on the cubic surface 
represented by equation 


T 3 -T*(K + L + M + N) + T(KL + KM + KN + LM + MN+NL) 

- (KLM + LMN + MNK + NKL) = 0.(B). 

§ 2. Now, for convenience, let us take x, y, z, u instead of K, L, M, N, ic„ let us 
choose the tetrahedron ABOD formed by the four planes K, L, M, N as the tetra- 
hedron of reference. 

Then we may represent the four planes P, Q, ft,, S by 

x = osT, y = b T, * = cT, u = dT, 
where r t = ax + Py + y Z + Su, and where a , b, c, d, a, 0, y , 8 are constants. 
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Then the equation (A) takes the form 

xyzu =z(x~ coT) {y — &T) (z - cT) (u - clT) . . . . (D), 

and it represents, besides the plane T, the cubic surface passing through the twelve 
straight lines, which are represented in the annexed figure, as well as three other 
straight lines which are not represented in the figure. 


B 



The equations of the lines may be written as follows •— 


y=bT 
x = 0 


( 6 ) 


x = aT 

y = o 




x = aT 
2 = 0 

y = b T 

z = 0 


■( 2 ) 


(4) 


a; = aT 
u = 0 

2/ = &T 

it = 0 


( 3 ) 


•(5) 


and 


2 

aj 

x 


cT 

0 

dT 

0 


■( 8 ) 


-( 10 ) 


cT 


y 

u 

y 


= o 


cZT 

0 


(9) 


kn) 


T "• ~7 


y_ , £. 

6 c 


u = c£T 
2=0 


T 

T 


(12) 


( 13 ), 


2 

n 


= cT 
= 0 


H 7 ) 


which meets (3), (4), (9), and (19), 
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J 


which meets (2), (5), (8), and (ll), and 


— 4- — 

c ^ cl 


rp 


,V 


+ 7 -T 

a o 


k«5), 


which meets (1), (6), (7), and (12) 

§ 3 It is well known that every plane section of a cubic surface is a cubic curve. 
If, therefore, two straight lines be part of such a section, the remaining part of the 
section is a third straight line. If three straight lines form the section of a cubic 
surface by a plane, every other straight line on the surface must meet one of these 
lines and only one. We must, therefore, be able to construct all the remaining 
straight lines on the surface, by drawing all the straight lines which intersect each 
of the four triangles formed by the four sets of straight lines 1, 2, 3, 4, 5, 6 ; 
7, 8, 9 ; and 10, 11, 12. 

Now, since the twelve lines make triangles when taken also m the groups 6, 8, 10 ; 
1, 9, II , 2, 4, 12; and 3, 5, 7, it follows that every straight line on the surface 
must intersect one and only one from each of these groups. 

Every remaining straight line on the surface must therefore intersect one line in 
each row, and one line in each column m the scheme 

1 2 

6 4 

8 9 

10 v 11 12 

There are nine ways in which we can select one from each row and one fiom each 
column, viz..— 


3 

5 

7 
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1 4 7 10 

1 5 8 12 

1 6 7 12 

m 

2 5 8 11 

2 5 9 10 

2 6 7 11 

3 4 8 11 

3 4 9 10 

3 6 9 12 


§ 4. In these groups there are distinct types of relation. Each of the three groups 


1 6 7 12 

2 5 8 11 

3 4 9 10 


represents two pairs of intersecting lines , for instance, the pair 3 and 10 intersect 
each other, and the pair 4 and 9 intersect each other, hut neither 3 nor 10 intersects 
4 or 9 

It is clear that the intersection of the plane containing the lines 3 and 10 and the 
plane containing the lines 4 and 9 meets the surface m four points, and therefore lies 
entirely on the surface. 

Its equations are 


| u _ rn 

7 + 7 “ 1 


^ + = T I 

c j 


H13). 


In the same way it follows that the intersection of the planes of the lines 2, 8, 
and 5, 11, is a line on the surface, whose equations are 



j 


and that the intersection of the planes of the lines 1,6, and 7, 12, is a line on the 
surface, whose equations are 
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t + != t 


- + = T 

t T & 


Wl5). 


It will be observed that each of the lines 13, 14, and 15 lies in the plane 


a + 6 + 6 ^ d 


these three lines therefore meet each other and form 
§ 5. Each of the remaining six groups 

a triangle. 

1 

4 7 

10 

0-) 

1 

5 8 


(») 

2 

5 9 

10 

(m.) 

2 

6 7 

11 

(iv.) 

3 

6 9 

12 

(v-) 

3 

4 8 

11 

(vi.) 


represents a set of non-intersecting lines. 

Two straight lines can be drawn to meet four non-intersecting straight lines; there¬ 
fore two straight lines can be drawn to meet the lines of each group, and all straight 
lmes so drawn will lie entirely on the surface. We are thus supplied with twelve 
more lines on the surface 

From what has preceded it will be clear that there is no other way of drawing a 
straight line on the surface. We have now obtained the whole of the twenty-seven 
lines which it is well known lie on the surface. The lines which meet the groups 
i., ii., iii., iv., v., vi., will be called 16, IT ; 18, 19 ; 20, 21 , 22, 23; 24 25 ; 26, 27 
respectively. 

§ 6. We will now proceed to find the equations of the lines 16, 17 which intersect 
the lines, 1, 4, 7 and 10. 

Any line intersecting 1 and 7 is represented by equations of the form 

x — oT = 1 

,-oT = ^j (16)OT(m ' 

Since this line intersects (4) whose equations are 


y - bT = 0 
2 = 0 
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the equations 


are simultaneously true 
Hence 


— x + (X -j- ci/b) y — 0 
cfb y -f yu — 0 
ax + (yS — 1 /ft) ?/ -f- Sir = 0 

— 1 X + ciib I 

cjb fx , = 0 

f3 ~ l/b S ; 


Again, because this line intersects 10, whose equations are 


u — clT = 0 
x = 0 

the equations 

\y + a/cl u = 0 
— s -f- (ju. -f- cjcl'j u = 0 
+ ys + (S — 1/d) w = 0 

are satisfied simultaneously 

i; *• 

Hence 

X a/r/ 

— 1 fx fi- cjcl — 0. 

/3 y B — l/r/ 

These equations of condition may be written as follows — 

abXfji -j- (aa b/3 — l)/x — cS = 0 

ydXfx + (cy -f dS — 1) X — a/3 = 0 

It is clear that the values of X and \x are the roots of the equations 

cydSX + ( ab\ -J- acx. + b/3 — 1) {([cy + dS — 1) X — ci/3] = 0, 

aabftn 4- (yd//. + cy d- dB — 1) {(aa -f b/3 —> l) /x — cB} = 0, 

respectively. 

It is also clear that the roots of these equations must be so chosen that they 
satisfy the equation 

(abXfjL — cS) (ydXfji — ct/3) — [act -j- b{3 — 1) (cy -j- dB 1) \[x, 

MDOCCXOIV.—A. H 
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which mav he wntten 
%/ 

abyd^yd 1 — (aabfi 4“ ttucy 4 ctadS + bficy 4 bfidh 4 cyd$ 

— cla — 6/3 — cy — d$ + l) Aju. “h = 0. 

§ 7 Next we will find the equations of the lines 18 and 19, which meet the lines 
1, 5, 8, 12. 

Any line intersecting 1 and 12 is represented by equations of the form 


x — «T = \y 
n — dT = vz 


(18) or (19), 


Since this line intersects (5), whose equations are 


the equations 


are simultaneously true. 
Hence 


y —. bT — 0 

u — 0 


— x 4 ( a/b 4- X) y — 0 

dfb y vz — 0 

ax + (/5 — 1/6) y 4 y« = 0 

— 1 A + ct/6 

(i/6 v = 

a /3 — 1/6 y 


Again, because this line intersects (8), whose equations are 


the equations 


% — cT = 0 
x = 0 


\y + a/cz •= 0 
(^ 4 d/c) 2 — ^ = 0 
/%/ + (r — i/c) 2 + 8u = o 


are simultaneously true. 
Hence 


X a/o 
v + d/c 
,8 y — 1/c 
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ihese equations of condition may be written 

otbXv -f- ( cicc -J- bj3 — l) v — ycl ~ 0 
ch\v + (cy -f- clS — 1) X — a,3 = 0 

respectively 

Hence the values of X and v are the loots of the equations 

cydSX -j- ( a hX + act + bfi — l) {(cy -j- dh — 1) X — af. 3} = 0 

aoibfiv -f- (cSv -j - cy clS — 1) {(ccoi -{- b/3 — 1) v — yd} — 0 

lespectively 

It will be obseived that the equation to find X m deter mi ning the equations of 18 
and 19 is identical with the equation to find X in determining the equations of 16 
and 17. It appears, therefoie, that one of the two lines 18 and 19 lies in the plane 
of 1 and 16, and the other m the plane of 1 and 17 Heie we ^assume that the 
complanar sets are 1, 16, 19, and 1, 17, 18. 

In an exactly similai manner we can prove that each line of one pair inteisects one 
or other of the lines of the second pair m the case of each of the sets of pans— 

i, in. , i, iv , i , vi , n., in., u, v. , ii., vi , iii., iv , in., v , 

lv,, v. , iv , vi. , and v, vi. 

§ 8 There are three other sets of pans, to which a different method of pi oof must bo 
applied, viz., i , v., n , iv. and iii, vi. Let us consider the lines of the pair v , that is, 
the lines 24 and 25, which intersect the lines 3, 6, 9 and 12. 

Any line intersecting 3 and 9 is represented by equations of the form 


x — «T = <j)U 
z — cT = \Jjy 


(24) or (25). 


Since this line intersects (6), whose equations are 

y-M = o\ > 

x = OJ 

the equations 

ajb y -fi cf)U = 0 
(if, + c/b) y — z =■ 0 
(ft — 1/b) y 4* yz -j- hu = 0 


aie simultaneously tiue. 

H 2 
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ajb 

ib -f- c/5 — I 

/3-1/5 y 



Again, because this line intersects 12, whose equations aie 


the equations 


are true simultaneously. 
Hence 


u — dT = 0 
&=0 

— x + (</> + a/d) u = 0, 
ifii/ + cjd u = 0, 
ax 4- fty — J~ (§ ■“ 1 jd ) u 0 



— ] 

V' 

a ft 


cj) + tif d 
cjd 

S — i/d 



These equations of condition may be written 


by(j)ifj + (5/3 + cy — 1) </> — aS = 0, 

Ctil(f)xjj 4“ (cOOt 4- cZS ““ l) if/ — fto 0, 


respectively, and the values of </>, t \i must be so chosen that they satisfy the 
equation 

(5y<j6i/» — aS) (a— ftc) = (ax 4" dS — 1) (5/3 4- cy — 1) c/n/z, 
or 

otbyd<fr , ijr' — (actbft 4- aacy CtotdS + bftcy 4" bftdS 4- cydh 
— act —bft — cy — d§ 4~ l) 4~ ciftch = 0. 


It will be observed that the equation to find in determining the equations of 
24 and 25 is identical with the equation to find in determining the equations 
of 16 and 17. 

Now, it is clear that the equations 


x —* uT = \y 
z — cT = pii 


and x —- aT = <j>u 
z — cT = xjjy 
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aie simultaneously true if \a = cj>\p It follows, theiefore, that each of the pan* of 
lines 16, 17 cuts one or other of the pan 24, 25. 

In an exactly similar manner we can prove that each line of one pair intersects 
one or other of the lines of the second pair in the case of each of the sets of pairs 
n , iv., and m, vi 

§ 9 We have thus shown that any one of the original twelve hnes cuts ten otheis, 
the line 1, for instance, cuts 2, 3, 6, 9, 11, 15, 16, 17, 18, and 19 

Also we have shown that any one of the last twelve lines cuts nine otheis , 16, for 
instance, cuts 1, 4, 7, 10, and one from each of the pairs ii, ni, iv, v, vi. It must, 
therefore, cut one more, and that must be one fiom the group 13, 14, 15 since these 
three foi m a triangle 


The equations of 14 are 


~r + ~5 T = o'] 


(.V . 

b 

a o 


T = 0 


and the equations of 16 or 17 aie 


x — ctT = Ay 

% — cT = [M 


where 


T = ax + fiy + yz + 


ot.b\jjL -b (not- b bfi 1 ) p ^8 — 0 [ 
ydkfjL, + (cy + — 1) A — afi = 0 J # 

If the lines intersect, the hrst five equations must be simultaneously true. Hence, 
eliminating x and z, we see that the equations 


I + 7- t = ° 


— « + —m + 1’ = 0 

a o 

(1 - ciol — cy) T = (aA + P) V + (yp + S ) 


are simultaneously true. 
Hence 


ctX -f 


n l 9 


njc 

yp -b 8 


- 1 


aa -b cy — 1 


= 0, 


±iA^L _ L -Z ± - - - x - 4- + 4 n . 
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which is identically true, as is at once seen by dividing the equations giving p by 
bo, ad lespectively, and subtiacting Tins verifies the fact that each of the lines in 
the pair i. inteisects 14 

Similarly it can be proved that each of the pair v. inteisects 14, and that 13 inter¬ 
sects each of the lines m the pairs li, iv. } and 15 intersects each of the lines m the 
pans m, and vi. 

We have now pioved that of the twenty-seven lines on the cubic surface, each 
cuts ten ol the otheis; fuithennoie we have shown which line cuts which others. 

Now we might represent all the twenty-seven lines by their projections on a plane, 
where we should have to distinguish between the projection of the actual intersection 
of a pair of lines and the apparent intersection of the projections of two non-mtor- 
secting lines We might from such a figure deduce many of the relations which exist 
between the hues ; but the figure would be complicated, and the deductions would bo 
attended with some difficulty. 

§ 10. Now instead of this we will represent each line by one of a series of parallel 
straight lines in a plane, and we will then assume the figure turned round through a 
light angle, so that we have two lines representing each of the twenty-seven lines on 
the surface. 

The intersection of two lines m the figure winch represent the same line on the 
surface we mark with a zero. 

The intersection of two lines, which represent two intersecting linos on the surface, 
we mark with a star, and the intersection of two lines, which represent two non- 
intersecting lines on the surface, is marked with a dot. 

With this convention all the intersections of the twenty-seven lines on the sm face 
are represented in Figure (A), in which each line is denoted by the number by which 
it has been known m the preceding investigation. 

Of course it must be possible from such a figure to deduce all the relations which 
exist among the lines; but it will be found m actual practice that diifeiout trans¬ 
formations of the figure are more useful for different purposes. 

§ 11. We will next point out the geometrical properties implied by certain combi¬ 
nations of the stars and dots which may occur in the figure. 

Such a combination as 

h I # o 

a | o * 

a b 

implies that two lines intersect. 

Here the rows and columns must represent the same lines 
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Such a combination as 

c * •* 0 

b * o * 

a ok* 

a b r 

implies that three lines mteisect each other m pairs, i.e , that they foim the complete 
section of the surface by their plane, which is a triple tangent plane 
Here, again, the rows and columns must represent the same lines 
Such a combination as 

b * 

Cl * 

c cl , 

where the rows and the columns necessarily i ©present different lines, implies that a, c 
and b , d are intersecting pairs, and that b, c and a, d are non-intersecting pairs, but 
the figure does not indicate whether the pairs a 3 b and c, d intersect or do not 
inteisect. 

The whole truth with respect to the intersections of the four lines is not conveyed 
in the above figure. 

When the whole truth is conveyed in the figure 


b ' o * 

a o * 

abed, 

that is, when there are no other intersections among the four lines than those repre' 
sented in the figure 

b * 

Cl 

t, d, 

we shall call the combination a " double two.” 
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Such a combination as 

h -x .< 

a x -x 

r d 

where the rows and the columns necessanly lepresent different lines, implies that the 
lines a, c, b, cl, taken in order, form a closed quadrilateral 

The whole truth with respect to these four lines is contained m this figure. no 
further truth is conveyed by the enlarged figure 

d %• 'x o 

C o 

b o x =x 

a o * x -x 

ii h r il 

Such a combination as 

r * # * 

h * * >x 

a « x =x 

(1 e f 

implies that each of the three lines a, b, c intersects each of the three lines d, c,f 
It follows that the lines a , b, c are non-intersecting, and also that cl, e,f are non- 
intersecting, This figure therefore conveys the whole truth with respect to the six 
lines. 

We shall call such a set of six lines a “ grille ” 

They form six of the generators of a hyperboloid of one sheet. 

Such a combination as 

c t # 

b * # 

a * * 

d a f 

where the rows and the columns necessarily represent different lines, indicates that 
the six lines a, cl, b, f, c, e, taken in order, form a closed hexagon. 
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We shall call such a set of six lines, if there are no other intersections, 01 if the 
whole tiuth with lespect to then intersections is conveyed by the following: figure, a 
“ double three.” 

/ 4 # o 

J I 

i 

e | 4 4 o 

I 

cl 4 4 0 

I 

C 0 4 4 

I 

I 

0 \ o 4 4 

I 

a U 4 4!■ 

a b c d e f 

Such a combination as 

d 4*4 

b 4 4 * 

a *4 4 

6 f g h 

wheie the rows and the columns necessarily repiesent drffeienb lines, we shall call 
a “ double four.” 

If any pair of non-intei secting lines, such as a, h be omitted, the remaining six 
form a closed hexagon, of which each of the omitted lines intersects three alternate 
sides. 

The figure conveys the whole truth with respect to the intersections of the eight 
lines. 

It may also be interpreted as representing a couple of closed quadrilaterals, 
a, e, b ,/and c, g, d, h, each side of either of which inteisects one—and only one— 
side of the other. 

Such a combination as 

e 4 4*4 

(1 4 4 4 4 

o 4 4 4 4 

1 4 # 4 4 

a 4 4 4 4 

/ 9 h * J 


is called a “ double five.” 
mdoccxciv —a. 


i 
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Each line lepresented by a row or a column, intersects four of the lines repiesented 
by the columns or the rows respectively. 

The figuie maybe inteipreted as lepresentmg a closed hexagon, say, a, h, b,j, c, i, 
and four lines, cl, e,f, g, each of which intersects three alternate sides of the hexagon , 
or it maybe interpreted as lepresenting a “double four,” together with two lines, 
say e,f each of which cuts all the lines of one of the sets of four m the double foui 
Such a combination as 


/ 

<' 

d 

t 

b 


# X 4 


<J k 


j L I 


is called a “double six.” 

Each line lepresented by a row or a column intersects five of the lines represented 
by the columns or the rows respectively. 

The figure may be interpreted as representing two “grilles,” each line of either of 
which intersects two of the lines of the other , or, as representing two closed hexagons, 
each side of either of which intersects three alternate sides of the other. 

The figure may be interpreted also as representing a “ double four ” and four lines, 
each of which intersects the four lines of one of the sets of the double four ; or, again, 
as representing a “ double five ” and two lines, each of which intersects the five lines 
of one of the sets of the double five. 

§ 12. Ero'm figure G we see that the number of lines which do not cut the line 20 
is 16. Each of these sixteen lines has the same relation to the line 26 ; take anv 
of them, say 27. SuQh a pair of lines as 26, 27 is called a " duad.” 

Again, from figure C, we see that the number of lines which do not cut the duad 
26, 27 is 10. Each of these ten lines has the same relation to the duad; take any 
one of them, say 5. Such a set of lines as 26, 27, 5 is called a “ triad.” 

Again, from figure C, we see that the number of lines which do not cut the triad 
26, 27, 5 is 6. Each of these six lines has the same relation to the triad, take any 
one of them, say 2. Such a set of lines as 26, 27, 5, 2, is called a “ tetrad.” 

Again, from figure C, we see that the number of lines which do not cut the 
tetrad 26, 27, 5, 2, is 3 . the lines which do not cut are 9, 10, and 13. These three 
lines, however, have not all the same relation to the tetrad. The lines 9 and 10 have 
each one common line of intersection with the tetrad . in fact, the line 4 cuts the lines 
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26, 27, 5, 2, and 9, and tiie line 3 cuts the lines 26, 27, 5, 2, and 10 , whereas both 
the lines 3 and 4 cut the lines 26, 27, 5, 2, and 13. 

Such a set of lines as 26, 27, 5, 2, 9, is called a “pentad ” 

Again, from figure C, we see that theie is but one line 10, winch does not cut 
the pentad 26, 27, 5, 2, 9 

Such a set of lines as 26, 27, 5, 2, 9, 10, is called a “ hexad ” 

We may summarize the last results by saying that the number of the lmes of the 
surface which do not cut— 


a single 

lme on the surface 

« i 

IS 

16 , 

either line of a non-intersecting duad 

33 

10, 

any 

3 3 3 3 

tuad 

33 

6 , 

33 

3 3 3 3 

tetiad 

33 

3; 

35 

3? 3 3 

pentad 

* 33 

1 , 

33 

33 33 

hexad 

33 

0 ' 


Similarly, by inspection of the top six rows of Figure C, we conclude that—■ 

10 lines on the suiface cut a definite line on the surface, and 16 do not. 

5 lines cut both the lines of a duad , 10 lines cut 1 , and 10 cut neither 

3 lines cut all the lines of a triad , 6 lines cut 2 , 9 lines cut 1 , and 6 cut 
none 

2 lmes cut $11 the lines of a tetrad , 4 lines cut 3 , 6 lines cut 2 , 8 lines 
cut 1, and 3 cut none. 

1 line cuts all the lines of a pentad , 5 lines cut 4 ; 10 cut 2 , 5 cut 1 , and 
1 cuts none 

No lines cut all the lmes of a hexad, 6 lmes cut 5 ; 15 cut 2 , none cut 
1 only, and none cut none 

We are now enabled to find the number of different duads, tuads, &c 


Number ot duads . 

__ 27 . 

16 





216 , 

1 . 

2 





„ triads . 

_ 27 

16 . 

10 




720, 

‘ 1 . 

2 

3 




,, tetrads . 

_ 27 

16 . 

10 

. G 



1080 , 

1 . 

2 , 

3 

4 



,, pentads 

_ 27 . 

16 

10 

. 6 

2 


432, 

1 

2 

3 

♦ 4 , 

5 


„ hexads . 

__ 27 . 

16 

10 

. 6 

2 

. 1 ___ 

72 

# — ■— 

1 . 

2 

3 

. 4 . 

5 

. 6 
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The results of §12 are all to be found m Sturm, * Synthetische Untersuchungen 
uber Flachen Dntter Ordnung.’ 

§ 13. It is well known that the number of triangles on a cubic surface is 45. 

We may calculate the number of closed quadrilaterals, pentagons, and hexagons, 
restricting the denomination to polygons of the proper number of sides, no two sides 
of which intersect each other except consecutive sides 

By inspection of one of the -figures (and for this purpose Figure D is the most 
convenient) it is easy to see that the number of lines on the surface which intersect 

both lines of an open angle is . . . .... . 1 (see lines 14, 24), 

both the end lines and no others of an open trilateral is . . 4 (see lines 25, 14, 

24), 

„ „ ,, ,, quadrilateral is. 3 (see lines 10, 12, 

25, 14), 

,, „ ,, ,, quinquilateral is 1 (see lines 17, 1,19, 

12, 25), 

and that the number of lines on the surface which intersect only one line, and that, 

a specified end line of an open angle, is.8 

only one line (an end line) of an open trilateral, is ... 4 

„ „ „ quadrilateral, is . . 1 

„ „ „ quinquilateral, is . 0, 

and that the number of lines on the surface which intersect none of the lines 

of an open angle, is.8 

,, trilateral, is .... 4 

,, quadrilateral, is ... 3 

„ quinquilateral, is . . 3. 

(An open sexilateral does not exist on the surface.) 

By means of Figure D we can see, by inspection of the lines 8, 2, 3, 10, that they 
form a closed quadrilateral, and that some one of them is intersected by every other 
line except 15. 

By inspection of the lines 13, 18, 8, 2, 3, that they form a closed pentagon, and 
that some one of them is intersected by every other line except 11 and 16, which do 
not intersect. 

By inspection of the lines 2, 3, 10, 11, 9, 4, that they form a closed hexagon, and 
that some one of them is intersected by every other line except 15, 18, 19, which do 
not intersect. 
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It appears, therefore, that there is hut one line on the surface which does not 
intersect one line at least of a closed quadrilateral on the surface; that there are two 
lines only, forming a non-intersecting duad, which do not intersect one line at least 
of a closed pentagon on the surface ; and that there are three lines only, forming a 
non-intersecting triad, which do not mtei sect one line at least of a closed hexagon on 
the surface. 


§ 14 Closed Quadrilaterals —If the lines a, b , c, d, taken m order form a closed 
quadrilateral, it appears from what has gone before that 
when a is given, there are 10 ways of choosing b ; 
when a, b are given, there are 8 ways of choosing c , and that 
when a, b , c are given, there are 4 ways of choosing d. 

Hence, the number of orders of choosing 4 lines to foim a quadrilateral is 
27.10.8.4, and each quadrilateral will appear 4 x 2 or 8 times. 

The total number of closed quadrilaterals therefoie is 


27 10 8 4 
4.2 


= 1080 


Now we have shown that there is only one line which does not cut at least one of 
the sides of a closed quadrilateral 

There must, therefore, be 1080/27 = 40 closed quadrilaterals which each line does 
not cut 

There are 16 lines which do not cut a given line , therefore these 40 quadrilaterals 
are formed of 16 lines, and these 16 lines are capable of being divided into sets of 
four quadrilaterals in ten different ways. 

One such set of four quadrilaterals, none of the sides of which cut the given line 
26, is 27, 21, 5, 18 ; 2, 22, 13, 14 , 9, 24, 12, 7; 10, 16, 1, 6. 

§ 15. Closed Pentagons -—If the lines a, b } c, d, e, taken in order form a closed 
pentagon, it appears that 

when a is given, the number of ways of choosing b is 10 ; 

when a and b are given, the number of ways of choosing c is 8 ; 

when a, b, and c are given, the number of ways of choosing d is 4; 

when a, b, c, and d are given, the number of ways of choosing e is 3 

Hence the number of orders of choosing five lines to form a closed pentagon is 
27.10.8.4.3, and each pentagon will appear 5 X 2 or 10 times. 

The total number of closed pentagons therefore is 27,8.4.3 = 2592. 

' Now we have shown that there are only two lines, forming a non-mtersectmg duad, 
which do not cut one at least of the sides of a closed pentagon. 
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There must, therefoie, be 2592/216 = 12 closed pentagons for each duad. 

There are ten lines which do not cut either of the lines of a duad 
Therefore these twelve pentagons are formed of ten lines, and these ten lines form 
pairs of pentagons m six different ways. 

One such pair of pentagons, none of the sides of which cut either of the lines 
26, 27, is 

18, 5, 14, 2, 12 and 24, 9, 13, 10, 6. 

§ 16. Closed Hexagons. —If the lines a, b, c, d, <?,/, taken m older form a closed 
hexagon, it appears that when a is given the number of ways of choosing b, c and d 
is 10 . 8 . 4 , when a, b , e, d are given, the number of ways of choosing e is 1 , and 
that when a, b, c, d and e are given, the number of ways of choosing/ is 1 
Hence the number of orders of choosing six lines to form a closed hexagon is 

2 7 10.8.4.1.1, 

and each hexagon will appear 6 X 2 = 12 times 

The total number of closed hexagons, therefore, is 9 10.8 = 720 
Now we have shown that there are only three lines, forming anon-intersecting 
triad, which do not cut one at least of the sides of a closed hexagon. 

There must, therefore be 720/720 = L closed hexagon for each triad. 

There are six lines which do not cut any of the lines of a tiiad. 

Therefore, there is but one closed hexagon formed of the six lines which do not out 
a triad. 

The hexagon, none of whose sides cut any of the lines 26, 27, 5 is 1, 2, 12, 
10, 13, 9. 

If a, b , c, d, e, f be the sides of a closed hexagon in order, every line on the 
surface which does not meet a, b . c, d, e or/ must meet the lines which meet the pairs 
a, b , b, c, c, d; d, e : e,f,fa. 

Now the intersection of the planes a, b and d, e, is a line on the surface ; that is, 
the lines joining a,b; b, c ; c, d are identical with those joining d, e, e, f; / a 
respectively ; and the three form a non-intersecting triad 

Three other lines, forming a non-intersecting triad, meet them, and they are the 
three lines each of which misses each side of the closed hexagon 

§ 17. From the closed hexagon, formed of the lines a, b, c, d, e,f, we can form six 
planes, ah , bo, cd, de, ef,fa, such that the planes db, cd, (/intersect the planes be, de,fa , 
in nine of the twenty-seven lines. 

Hence the number of ways of throwing the equation of a cubic surface into the form 
LMN = PQJEt, may be found as follows : 

, From each such form of the equation we can obtain six closed hexagons, and from 
each closed hexagon we can obtain one such form of equation. 
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Hence, the number of such forms of equation 

= i X the number of closed hexagons 
= i 720 = 120* 

§ 18. In the case of a double two, 

the planes a, c, and b, cl, ai e both triple tangent planes 

c tl 

The intersection of these planes has clearly foui pomts on the surface , it is, theie- 
foie one of the twenty-seven lines 

Hence, for each line on the suiface theie ate 5 4/1.2 = 10 pans of tuangles, each 
of which gives a double two But if we leckon the two figuies 

b ^ dj | 

a * a , * 

c d oh 

which i©present the same set of four lines if they are double twos, as clistmct double 
twos ; we say the number of double twos 

= 27.10.2 = 540. 

From a double thiee we can obtain three double twos, this is seen at once, for in 
a double three, such as 

c * *■ 

b * # 

Cb 4 ? ^ 

d e j 

we can leave out either of the pairs a, f; b, e, or c, d; and from Figure C, we see at 
once that we can from a double two form four double threes. 

Hence the number of double threes 

= 4/3 X the number of double twos 
= 4/3. 540= 4.180 = 720 

* Tins number is given m Salmon, ‘ Solid Geometry,’ 3id edition, p 466 
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Similarly we see that fiom a double four 

d x k x 

c * xx 

we can foi m four double thiees i * >, x 

a x i x 

e f g h 

and from Figure C we see that from a double three we can form three double fours. 
Hence the number of double fours 

= | X the number of double threes 
= f 720 = 3 180 = 540 

Similarly from each double live we can form live double fours, and from each double 
four we can form two double fives 
Hence the number of double fives 

= -| X the number of double fours 
= 1,540 = 2.108 = 216. 

Similarly fiom each double six we can form six double fives, and from each double 
five we can form one double six. 

Hence the number of double sixes 

= i X the number of double fives 
= £,216 = 36* 

§ 19. Now let us choose one triple tangent plane, say the plane through the lines 

4,6,5; 

twelve other triple tangent planes pass through one or other of these lines. 

The remainmg 45—13 or 32 planes all hold a similar relation to the first plane. 

Let us choose, as a second plane, one of those thirty-two planes, say the plane 
through the lines 

9 , 8 , 7. 

With respect to the two triple tangent planes which do not pass through a line in 


* This result was obtained fust by Sohla.m,i 
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common, there are twenty-two tuple tangent planes which have no hue in common 
with the first two planes. 

This result may he obtained by counting the triple tangent planes which do not 
contain any of the six lines 4, 5, 6, 7, 8 or 9, or it may be calculated otherwise. 

§ 20 But among these twenty-two planes, there are three distinct types of 
relationship to the first pair of planes 

The only type with which we are here concerned, is that m which the first line of 
the third plane cuts the fiist line of the second and of the third planes, the second 
line cuts the second lines, and consequently the thud line cuts the third lines 

In this case, the first lines form a tuple tangent plane, as do also the second lines 
and the third lines 

In Figure B it is easily seen that the nine lines 


4,6,5 
9,8,7 
13 , 10 , 3 

give triple tangent planes when the numbers are lead either horizontally or veitically 
The only B tnangles which do not contain any of the lines 4, 6, 5, 9, S, 7, 13, 10, 
3, are as follows — 


1 

3 

16 

) 

19 

1 

y 

17 

3 

18 

2 

3 

21 

3 

22 

2 

? 

20 

3 

23 

11 

3 

22 

3 

27 

11 

3 

23 

3 

26 

12 

3 

18 

3 

25 

12 

3 

19 

3 

24 

14 

3 

16 

? 

25 

14 

3 

17 

3 

24 

15 

3 

21 

3 

26 

15 

3 

20 

i 

27 


If towards completing a set of triangles we select the triangle 

1 , 16 , 19, 

we must take also 

12 , 18 , 25 

and 

14 , 17 , 2 4 

MDCOCXCIV —A K 
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and similarly, if we select the triangle 



2 

, 21 , 

22, 

we must take also 





11 

, 23 , 

26 

and 





15 

, 20 , 

27 


We can see that if we were to choose the tiiangle 


we must also take 

and 

and if we select the triangle 
we must take also 

and 


l , 

17 , 

18, 

12 , 

19 , 

24, 

14 , 

16 , 

25 ; 

2 , 

20 , 

23, 

u , 

22 , 

27, 

15 , 

21 , 

26. 


Hence we see that the three groups 


4 

6 

5 


1 

16 

19 

9 

8 

7 

• 

17 

14 

24 

13 

10 

3 


18 

25 

12 


2 

21 

22 

20 

15 

27 

23 

26 

11 


form three sets such that the triangle obtained by reading any row or column is of 
the type we have considered above, with respect to the triangles obtained by reading 
the other two rows or columns, and also that there is but one way of completing the 
second and third sets when the first is chosen. 


§ 21. Two triple tangent planes, which do not pass through the same line, intersect 
in a stiaight line which cuts the two triangles in the same three points, these points 
being intersections of pairs of lines on the surface. 

There are 45 16 = 720 such pairs of triple tangent planes; there are, therefore, 
720 straight lines which run through three of the points of contact of the triple 
tangent planes, and no more 
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Each set of thiee points m a small square m Figuie B gives thiee points, which, aie the 
intersections of the sides of two triangles. Each set, therefoie, lies on a straight 
line 


§ 22 Each pair of triangles which do not have a common line, such as 1, 2, 3 and 
6, 8, 10, gives three complete schemes for a pair of tetrahedrons m perspective, viz 


1 2 3 


12 3 

and 

12 3 

6 4 5 


6 23 24 


6 22 25 

8 9 7 


8 18 27 


8 19 . 26 

10 11 12 1 


10 17 20 


10 16 21 


and each pair of tetrahedrons gives four pairs of such triangles 
Therefore the number of pairs of tetrahedrons 

= | X the number of pans of such tuangles 
= |. 45.32/2 = 3 . 45.4 = 6 . 90 = 540. 

It follows that the line, which is the intersection of the planes 1, 2, 3 and 6, 8, L0, 
lies m a plane with the inteisections of the pans of planes 

4 , 5 , 6 and 1 , 9,11 

7 , 8 , 9 and 2 , 4 , 12 

and 10 , 11 , 12 and 3 , 5 , 7 

There are, therefore, thiee distinct planes of perspective passing through each of 
the 720 lines, and each-perspective plane passes through four of the lines. 

§ 23. From a closed quadiilateral, such as 

2 3 

4 5 

we can, by choosing the four lines which cut two consecutive sides of the quadri¬ 
lateral, obtain the figure 

7 

L 2 3 

4 5 <> 


12 
k 2 
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This we can complete m three distinct ways by filling up the corner spaces, so that 
the rows and the columns will all give tuple tangent planes 
The figures are as follows — 

o 


9 

# 

7 

8 

1 

2 

3 



4 

5 

6 

11 

12 

» 

10 

16 


7 

23 

1 

2 

3 

• 


4 

5 

ts 

19 

12 

« 

24 

17 

. 

7 

22 

L 

2 

3 

* 


4 

5 

(5 

18 

12 


25 


This proves that from eveiy closed quadrilateral we can obtain three distinct pairs 
of tetrahedrons in perspective, and, therefore, three distinct perspective planes. 

If we have two triple tangent planes which do not possess a line in common, say, 


and 


1 2 3 

6 4 5 


we can obtain from them m nine different ways a pair of tetrahedrons m perspective, 
and fiom every pair of such tetrahedrons we can obtain 4 3 = 12 pairs of such tuple 
tangent planes. 

Therefore, the number of perspective planes 


= the number of pairs of tetrahedrons m perspective, 

= A X the number of such pans of triple tangent planes, 
= f = 3 45 . 4 = 6 90 = 540. 
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ctj b } o 

d, <-> f 

9 > J >, i 

is obtainable from every one of the possible forms of the equation of the cubic surface, 
such as LMN == PQR, 

There aie 120 such sets (§ 17), and when one is chosen there is only one way of 
completing the set of triangles by similar sets of nine lines (§20) Theiefore, there 
must be 40 different ways m which all the lines on the surface can be arranged, 
such as 


ct b c 


3 l l 


s t u 

d e f 


m n o 


V W X 

9 h 1 


i 

p q r 


y z co 


such that each low and each column of any one of the three sets gives a triangle. 
The number may also be calculated by considering how many such sets as 

a b o 
d e f 

0 h 4 


exist containing a definite line a 

There aie five triangles which contain a. There are, theiefore, ten pairs of such 
triangles, or ten selections of a, b, c, d, g m the set, for each pair of b and d there are 
four lines which could take the place of e , and then the set is determined uniquely 
Theie are, therefore, 10 X 4 = 40^ such sets. 


* Sturm, { Synth. Unteis ubei Flachen Dutter Ordntmg ’ 
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I .—On the Dissection of Asymmetrical Frequency-Curves. 

(1 ) If measurements be made of the same part or organ in several bundled or 
thousand specimens of the same type or family, and a curve be constructed of which 
the abscissa x represents the size of the organ and the ordmate y the number of speci¬ 
mens falling within a definite small range Sx of organ, this curve may be termed a 
frequency-curve. The centre or origin for measurement of the organ may, if we 
please, be taken at the mean of all the specimens measured. In this case the 
frequency-curve may be looked upon as one in which the frequency—per thousand or 
per ten thousand, as the case may be—of a gLven small range of deviations from the 
mean, is plotted up to the mean of that range. Such frequency-curves play a large 
part m the mathematical theory of evolution, and have been dealt with by 
Mr. F. Galton, Professor Weldon, and others In most cases, as m the case of 
errors of observation, they have a fairly definite symmetrical shape' 1 ' and one that 

* Symmetrical shapes may of course occur which are not of the norma? or error-curve form. See 
Part II, § 11 of this paper 


9 5.94 



72 PROF K PEARSON ON THE MATHEMATICAL THEORY OF EVOLUTION 

approaches with a close degree of approximation to the well-known error or probability - 
curve A frequency-curve, which, for practical purposes, can bo represented by the 
error curve, will for the remainder of this paper be teimed a 'normal curve When a 
series of measurements gives rise to a normal curve, we may piobably assume 
something approaching a stable condition, there is pioduction and destruction 
impartially round the mean In the case of certain biological sociological, and 
economic measurements theie is, however, a well-maiked deviation from this 
normal shape, and it becomes impoitant to determine the direction and amount of 
such deviation The asymmetry may arise from the fact that the units grouped 
together m the measured material aie not really homogeneous It may happen that 
we have a mixture of 2, 3, . n homogeneous groups, each of which deviates about 

its own mean symmetrically and m a manner represented with sufficient accuracy by 
the normal curve. Thus an abnormal frequency-curve may be really built up of normal 
curveshaving parallel but not necessarily coincident axes and different parameters. 
Even where the material is really homogeneous, but gives an abnormal froquency-curve 
the amount and direction of the abnormality will be indicated if this frequoney-curve 
can be split up into normal curves The object of the present paper is to discuss the 
dissection of abnormal frequency-curves into normal curves The equations for the 
dissection of a frequency-cuive info n normal curves can bo written down m tho same 
manner as for the special case of n = 2 treated in this paper , they require us only to 
calculate higher moments. But the analytical difficulties, even for tho case of n — 2, 
are so considerable, that it may be questioned whether tho general theory could over 
be applied m practice to any numerical case. 

There are reasons, indeed, why the resolution into two is of special impOLtance. A 
family probably breaks up first into two species, rather than three or more, owing to 
the pressure at a given time of some particular form of natural selection ; m attempt¬ 
ing to procure an absolutely homogeneous material, we are less likely to have got a 
mixture of three or more heterogeneous groups than of two only. Lastly, even 
where the heterogeneity may be threefold or more, the dissection into two is likely 
to give us, at any rate, an approximation to the two chief groups. In tho case of 
homogeneous material, with an abnormal frequency-curve, dissection into two normal 
curves will generally give us the amount and direction of the chief abnormality. So 
much, then, may be said of the value of the special case dealt with here. 

A distinction must be made between the two cases which may theoretically occur. 
If we have a leal mixture of two normal groups represented by our abnormal frequency- 
curve, then, theoretically, it is possible to find the two components, and these two 
components must be unique. Tf they were not unique, a relation of the following kind 
must hold for every value of x .— 


c, 


<r lS / (27r) 


c-g—&n a 

eT w -J- 


*7S/ ( 2?r ) 


(x — 6g)* 
2cr a 9 


o- 3 a/ (2t r) 


6 


(x - frj 8 
Soy* 




i\/ ( 2 ^) 


Ci-w* 

2ov* 
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Between the six constants on either side of this equation an infinite variety of 
relations can be reached by giving x an infinite variety of values, and it seems 
impossible to satisfy this series by the same set of values of the constants. Bor 
example, let x be very great, and suppose oq to be the largest of all the quantities 


°*1> °2> °3» an( l 0*4* 


Dividmg by 


1 

s/ (2 rr) e 


w and putting x very great we have 


c c (— Aq c ~ /A JLq c ~ Cl- A 

—1 q-— Q 2 Vo?* nv = — g ~ 2 o’! 3 / -j-- g 2 Vo** ~ ^ 

^* 1^2 ^"3 

whence, proceeding to the limit, 

c i/°*i ~ 

unless oq = <r 3 or <x 4 . 

The fiist is impossible by hypothesis, therefore the latter must be true, say 
oq = oq. This gives us at once cq = c s . 

Returning to the original equation, and making x large in it, we see that the first 
two terms become equal on either side. Hence, the second two terms must become 
equal as x approaches infinity, or 

A X^ A 

— e ~ 2<r - 2 = — . 



Dividing again by e - ^ 2 , this leads in the same manner as before to cr 3 — cr 4 , and, 
ultimately, to c 3 = c 4 . 

Our original equation may now be written 


oqv/ (2 tt) 


.Arli)? 

2tr, 3 - g 


(r-W 


cr»\/ (27r) 


2<t,- 


(l-h)*' 

‘ 2<r/ ‘ 



Put £c = ^ (&i -f- 6 S ), then the left-hand side vanishes and, accordingly, the right 
must vanish, but this involves either 

h = K 

or 

&1 4“ &S ^ \ 

Similarly, putting cc = -J (& 8 + &*)> we find that either 

^i — K 
or 

&1 4 “ ^3 — ^2 “ i “ ^4 * * * .( a )* 

Thus, either the two sets of components are identical, or (a) is true, 

MDCCCXC1V.—A. L 
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Multiply equation (rj) above by x, cc 3 and x n in succession, and integrate the results 
respectively between the limits a and — a. # "We find 

(£>t — bo) C] = (bi b,) c 2 .(/3), 

{3^ (h - b 3 ) + b* - b*} q = {3m/ (b L - h) + 6/ - V } <b, 


reducing by aid of (a) and (/3) to 

3o-/ — b 1 b ) = 3oy — W|< . . . 


and 


• (y)» 


{lScr/^Zq 6 8 ) 4“ 1 ^°"Y(^i 3 “ fy/) 4" 6/ — fyj 6 ) C 1 

= {15m/ (& 4 - & 8 ) + 10m/ (6/ - &/) + 6/ 


- If] 


) 


reducing by aid of (a), (/3), and (y) to the two forms, 

2m/ + 80 -/ + 36/ + 3 6/ + 4&A = 0 . . . . (3), 

2 cr/ 4 " 8 cr 2 ~ 4 ~ 363 *“ 4 “ 36/ 4 “ = 0 ..... (e). 

Equations (a), ($), (8), and (e) are four independent equations, winch suffico to 
determine b h 6 S , b 3 , Zq, as definite functions of oq, oq, <q, and c 3 . But Zq, Zq are in 
general independent of oq, cr 3 , <q, and c 3 ; hence it follows that (a) cannot in general 
be true, or we must have Zq — b 3 and b 3 = Zq. That is, a curve which breaks up into 
two normal components can break up in one way, and one way only. 

Now it is clear that in actual statistical practice our abnormal frequency-curve will 
never be the absolutely true sum of two normal-curves ; indeed, if it be not a mixture, 
but an asymmetrical frequency-curve, it is not necessarily a very close approach to 
the sum of two frequency-curves of normal type,—it may be the limit to an 
asymmetrical bmomial.t We must not, therefore, be surprised if more than one 
solution be given by any method of dissection, A mathematical criterion for dis¬ 
criminating the c true solution might easily be given. For example, in the method 
of the present paper, we might define that as the Cf tiue, ;j or at any rate the “ best,” 
solution which gave for the compound-curve a sixth moment nearest in value to that 
of the observation-curve. Such a theoretical ciiterion, however, may not have much 

* The values of the successive moments of the normal-curve are given in § 5 of this paper, and 
permit of these integrations being performed at once, 

f The general form of the limit to asymmetrical binomials is 

y = 0 ^3 + ^ e - */2c 

where 0, c, and ft aie constants, and 23 ia to have positive values only, ft is always positive, £ A 
slightly fuller form is given m the abstract of this paper, ‘ Roy. Soc. Procvol 54, p 331.] 
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piactical value For after we have made the areas and first five moments of two 
curves identical, their sixth moments will in geneial be (like their contours) much 
closer together than either are to that of the cuive of observations. Added to this 
the great labour involved m the calculation of the sixth moment is sufficient to deter 
the practical statistician, if any other convenient mode —eg , lesults of measurement 
on other organs—suffices in the particular case to disciimmate between the solutions 
found. Thus, while the mathematical solution should be unique, yet from the 
utilitarian standpoint we have to be content with a compound curve which fits the 
observations closely, and moie than one such compound curve may anse All we can 
do is to adopt a method which minimizes the divergences of the actual statistics fiom 
a mathematically true compound The utilitarian problem is to find the most likely 
components of a curve which is not the true curve, and would only be the true curve 
had we an infinite number of absolutely accurate measurements As there are 
different methods of fitting a normal curve to a series of observations, depending on 
whether we start from the mean or the median, and proceed by “ quartd.es,” mean enor 
or error of mean square, and as these methods lead m some cases to slightly different 
normal-curves, so various methods for breaking up an abnormal frequency-curve may 
lead to different results As from the utilitarian standpoint good results for a simple 
normal curve aie obtained by finding the mean from the fiist moment, and the enor of 
mean squaie from the second moment, so it seems likely that the present investigation, 
based on the first five or six moments of the frequency-cuive, may also lead to good 
lesults. While a method of equatmg chosen ordinates of the given curve and those of 
the components leaves each equation based only on the measurements of organs of one 
size, the method of moments uses all the given data in the case of each equation for 
the unknowns, and errors m measurement will, thus, individually have less influence. 
At the same time it would be of gieat interest to discover whether other methods of 
dissection lead to results identical or nearly identical with the method of moments 
adopted by the present writer. Any other method analytically possible has not yet, 
however, occuired to him; nor any criterion for distinguishing practically between 
two solutions so close as those of figs. 1 and 2, other than that adopted by Professor 
Weldon when he appeals to the measurements of a correlated oigan. 

(2 ) In the case of a frequency-curve whose components are two noimal curves, the 
complete solution depends m the method adopted m finding the loots of a numerical 
equation of the ninth order. It is possible that a simpler solution may be found, but 
the method adopted has only been chosen after many trials and failures. Clearly 
each component normal curve has three variables (i.) the position of its axis, (ii.) its 
“ standard-deviation” (Gauss’s “ Mean Error,” Airy’s “Error of Mean Square”), and 
(iii.) its area Six relations between the given frequency-curve and its component 
curves would therefore suffice to determine the six unknowns Innumerable relations 
of this kind can be written down, but, unfortunately, the majority of them lead to 

L 2 
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exponential equations, the solution of which seems moie beyond the wit of man than 
that of a numerical equation even of the ninth ordei. 

(3.) In any given example the conditions will he sulhcient to reduce the suitable 
roots of this equation very largely, possibly to two or even one. These limiting 
conditions will be considered later A suitable root of this equation leads to a 
quadratic for the areas of the two component normal curves. This quadiatic is funda¬ 
mental, and appears to be highly suggestive for the problem of evolution. We have 
two cases 

(i) Both its roots are 'positive. 

In this case the given frequency-curve is the sum of two normal curves The 
units of the frequency-curve may be considered as composed of definite proportions of 
two species, each of which is stable about its mean. The process of differentiation 
here appears complete 

(ii) One root is positive and the other negative. 

The given frequency-curve is now the difference of two probability-curves. The 
probability-curve, with positive area, may possibly now be looked upon as the birth- 
population (unselectively diminished by death). The negative probability-curve is a 
selective diminution of units about a certain mean ; that mean may, perhaps, be the 
average of the less “ fit.” 

It is possible that m some numerical cases solutions of both the types (i.) and (ii.) 
will be found to exist, but I imagine that m most cases of a well-marked and charac¬ 
teristic asymmetrical frequency-curve, either only one type of solution will exist, or, 
if two types do exist, then one will give a much better agreement with the actual 
shape of the curve than the other. That the two types of solutions should exist side 
by side occasionally is, perhaps, to be expected In such cases we have examples of 
groups, which are, perhaps, in process of differentiation into separate species by the 
elimination of members round a selected mean. 

(lii.) From the nature of the problem, the case of both roots negative does not 
occur. 

We now pass to the solution of the problem. 

Given an asymmetrical frequency-curve to break it up, if possible, into two com¬ 
ponent probability-curves, or into two normal curves, 

(4.) Preliminary Definitions and Problems. 

(i) Given any curve ABC, and the line y'y', if we take the sum of the products of 
every element of area by the ?ith power of the distance of the element from the line 
yf> we form the wth moment of the area about the line yy', 

Clearly, if y be the length of a strip parallel to y'y' and x its distance from y'y', then the 
Tith moment - Ja;*y dx, the integration extending all over ABC, or from A to C in our 
case, where the curve is always bounded by a straight line, AC, perpendicular to y’y\ 
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If h be any standard length, say 10 or 100 units, then the nth moment is of the 
order h ,l a, if a be the area of ABC. It therefore equals p'Jb*a t where \l h is a purely 
numerical factor. We shall invariably represent it as the pioduct of these three 
factors. 

(ii) Given the first n moments about y'y', or the coefficients // 2 , // 3 , /u.' 4 . . /x n , 
to find the nth moment about yy or the coefficient /a„. 

Let the distance between yy and y'y be d = qh, then 



(,r — d)‘ l y dxy 

% 


or 



— nqp'n-1 fi¬ 


ll — 1) 




ii (A — 1) (?i — 2) ^ , , 0 

- — - <Z>«- 3 -f, &C 


In particular, since // 0 = 1, 



H M 2 ^ , i + 

/^3 = ^3 — 3®* 2 + 3gVi ~ 2 3 

th = / * - 4 ^3 + fyVs - 4 2 Vi + 

pd = /V “ sqpi + wqYz — log Vs fi~ 5 ?Vi 




When the line y'y passes through the centroid of the curve, and the curve is 
symmetrical about yy p\, are all zero. Hence if m this case we take yy to 

the right of yy, or d negative, 
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Pi = ( 1 
fa — p's + tf 3 

fa =: 2 “I - 2 3 h * * * ( 2 ) 

Pi = Pi + GtfVs + </' 
fa = 5<iPi + 10f/p # # + </ 


(in.) The distance of the centroid of ABO fioin ?/'?/ is the ratio of its first moment 
fx-Jna. to its area a, and = fx'Ji . 

(iv ) To find the successive moments of a given curve about a given line 
For the purposes of the present problem we require only the first five moments of 
a curve like ABC about a line yy passing through its centroid. The solution may be 
obtained either analytically or graphically according to the accuracy or rapidity with 
which we wish to work. 

(a.) Analytically — Suppose the frequency-curve to be obtained by plotting up the 
results of 1000 measurements, each unit of length along AC corresponding to an 
equal change in the deviation. Starting from the point C, beyond which no 

individual occurs, we may have in practice, perhaps, 20 to 30 equal ranges of 

deviations before we reach the point A, which terminates the deviations on the left. 
The equal range being taken as the unit of length, let the numbers in the groups at 

1, 2, 3, 4, 5 . . . units of distance from C be y a , y h} . . , 

Then the n i]l moment clearly equals very approximately 


1“ X Vi + 2W X y 3 + 3« X y z + 4* X y, + . . 


or since a = 1000, and h may be conveniently taken = 100, 


w*y - x h ± 2 ” x V$ ± & x y , + 4* x > h + 

ioFTIooo- 



Sufficiently accurate values can then be found for ^ ^ ^ provided we 

know the 2nd, 3rd, 4th, and 5th powers of the natural numbers up to about 20 to 30. 
The values of these powem up to 30 are given later in this paper. 

Knowing the first five moments about the vertical through C, we can find the 

centroid by aid of (ui.) above, and then the moments about the vertical through the 
centroid by aid of equations (1). 

Since ft, = 0 for the centroid = q, and therefore we have the following to 
determine the other moments 
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H = P 2 - 1 

H = /*'s - 3g/ s + 2g 3 

At = A 4 - 4^g -f 6//, — 3? 4 

H'o = As - 5^4 + 10?V 8 - lOgVa -f 4tf 

The centroid having been found, it may be asked Why we should not calculate 
ja 2 , ja 8 , /x 4 , /x 5 directly 12 The answer lies in the fact that the centroid will not generally 
coincide with a unit division on the deviation axis, and the powers to be calculated, 
instead of being those of two place figures, become m general powers of numbers 
containing three or four figures. Thus the labour of the arithmetic is much increased 
(6.) Graphically. —If the figuie be drawn on a large scale, the moments may be 
found with a fair degree of accuracy by aid of the following process, which has long 
been of use m graphical statics for finding the fhst, second, and third moments of 
plane areas,* 



It is required to find the moments about O'y of the curve ABC , bounded by the 
straight line O'CA. Take 0"y" parallel to O'y and at distance h. Take any line 
PP', first to O'y' from AC to ABC, let the perpendicular from P' on 0"y" meet it 
in N, and let O'N' meet PP' m ; let the perpendicular from Q' on 0"y" meet it 
in N", and let O'N" meet PP' m Q 2 ; let the perpendicular from Q 2 on 0"y" meet lb 
m N"', and let O'N'" meet PP' m Q B . In thus manner a series of points Q v Q % , Q s , 
Qi, Q 5 , are determmed. Let these points be determined for a series of positions of 
PP' taken at short intervals from C to A, then all the corresponding Q being joined, 
we obtain curves termed respectively the first, second, third, fourth, and fifth moment- 

* The third moment of a plane area is nsed m determining graphically the moment of inertia of a 
spindle about its axis. The method described Is sometimes attributed to Collignon, but seems to have 
been long m use to find “ equivalent figures ’* in the case of beam sections 
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curves. 
* 1 > H 


Then 


ix,c, 

&(*., 

11 

£ 

a ,ja 

11 

N 

3. 

a Jot 


*»/* 

jp 
“ ^ 

11 

a, /a 

h'R — 

a fa 

Hi 


(5). 


A good draughtsman will construct those' curves with gmtt itudino.v^ and if on u 
sufficiently large scale, the results may he read to within the one per cent, enor/* 
Equations (4) then enable us to complete the problem of finding the moments 
about aline through the centicid. Oi, the first moment being found about 0 >/, and 
so the centroid determined; we may shift O'y' till it passes through the centroid, 
and then proceed to find p ,. . . p B directly in the above manner. In this ease care 
will have to be taken in reading the areas of the moment eutves, which have now 
pieces of their areas negative, to carry the plummet or point, in the proper sense, round 
their contours. 


(5.) Properties of the probability-curve. 

Let the equation to the probability-curve ho - 


V 


V o) 




(<>)■ 


Then a- will he termed its standard-deviation, (error of mean square), a is tho 
total number of units measured, or the area of the probability curve* 


(z.) To find the second and fourth 
of y\ 

Let them be M*' and M/. 

Then 


moments of the probability-curve about the axis 


Mj as 2 j y'x z dx = o X era 
Mi = 2 j y'x^dx = t‘X So-t 


' Clearly Mg" and M/ are zero, 

. ^ ^ a# fT Btrator » '^ r ' ® ^ r * ”^ ux,a > has graphically calculated the first four moments of a number 
of stausfcical fcequenoy-curves, with the object of fitting them to the generalised probability-curve (sec 
°° o , p. ). The method is sufficiently accurate in practioe, and X hope Boon to have an instrument 
o construct these curves mechanically, designed by him.—February 9,1894.] 
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(n ) Now let a be a standaid area and h a standard length Let ns use 



Equations (2) of Art 4 (u,), taking y'y as the axis of symmetry of the probability- 
curve, and yy at a distance b to the left, then— 

jx-Jic = be 
[iJiPc — (cr 2 4 b z ) c 
fx s h s c = (3 bo 3 4 b s ) c 

= (3cr 4 4 65 2 cr 2 4 b 4 ) c. 
fx-h B c = (15cr 4 6 4 lOi^cr 3 4 b 5 ) c 

Now let c/a = z, cr/b — ic, and fr/’A = y. 

Then z, u, and y are purely numerical quantities, and we have for the first five 
moments round yy — 

Mj. = yza.h } 

M 2 = yH (1 4 u ~) 

M 3 = y 3 2(l4 3wV^ h • ( 7 ). 

M 4 = y% (1 4 6 m 3 4 3m 4 ) a7i 4 , 

M 5 = y°z (1 4 10m 3 4 1 5m 4 ) ali°, ^ 

(6.) We are now in a position to write down the equations which give the general 
solution of our problem. Let the deviation-axis of the asymmetrical frequency-curve 
be taken as axis of x, and let the axis of y be a perpendicular on this axis through 
the centroid of the frequency-curve. Let this centroid and the first five moment- 
coefficients about the axis of y of the frequency-curve, % c , 0, /r 2 , ja 3 , ja 4 , ju 5 , be found 
either analytically or graphically by the methods suggested m Art 4 (iv ) 

Then, if the position and magnitude of the component noimal curves be given 
by the quantities b 1} c lf oq, and b 2 , c 2 , cr 3 , or the corresponding numerics 

yu u n y 3 , 

w'e have, since moments round the vertical axis are clearly additive— 

MDCCOXCIY.—A. M 
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4- c 3 = a, 

(yi*i 4- 72 2 2) ah = 0, 

[yfr i (1 4 V) 4- y a % (! + w 2 2 )} = /*2 a ^> 

{yi S ^i (1 ~h 3wj 3 ) 4" (1 “h 3 m/)} a ^ s = A t 3 a ^ ,S j 

{yi^i (1 4 Gw/ 4- 3 V) 4- y/% (1 + Gw/ 4- 3V)} = ft,a/i 4 , 

{ y\%\ (1 4- 10w/ + 15w/) 4- y/% (l 4- 10w/ 4- 15V)} ah % = p.aA 5 

The fust equation here represents the equality of the areas of the resultant curve and 
its components Reducing to the simplest terms, we have the following six equations 
to find the six unknowns, % lt z 2 , y lf y 2 , u lt u 2 — 


+ ^2 = 1 ( 8 ) 

y^i + 7a% = 0 (9). 

7i\ (! 4 U\) + 7z% (1 4 u z) = H 0 °) 

yfai (i "4“ 3wp) 4" 72 3 %(i ~h 3 u f) ~ p3 • ... (n) 

yi% (f 4“ Gwp 4" 3w/) 4" y/% (i 4" 6^/ 4* 3w/) = . . (12). 

yi 6 -i (i 4 4- i5tq 4 ) 4- y 2 \ (i 4- io u£ + 15«/) = p 6 . . (is). 


Equations (8)—(13) give the complete solution of the problem.' 14 After several trials, 
I find that the elimination of z lt z 2 , u l3 u 2 from these equations, and the determination 
of equations giving y x y 2 and y x 4* yi appear to lead to a resulting equation of the 
lowest possible order 

(7.) Eliminating between (8) and (9), we have 


Similarly, 





*> i — 

7i ~ 7s 


(14) . 

(15) . 


* All my attempts to o"btaxn a simpler set Lave failed Equating of selected ordinates, or of selected 
portions of area, or of moments round the axis of x, all appear to lead to exponential equations defying 

solution. It is possible, however, that some other six equations of a less complex kind may ultimately 
be found 
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Equations (14) and (15) clearly give the numbeis m the component groups so soon 
as y x and y 3 are found 

Substituting these values of z } and z 2 m (10) and (LI), we have two equations to 
determine u-f and in terms of y x , y 2 . Solving them we find 


7i u i~ — 


7i 


?*** = f, ~ ^ - i (n + ft) + ft • 


i y ru ~ i (ft + ft) + ft 


( 16 ) 


(17). 


These equations clearly give u x and u 2 2 , and, theiefoie, the standaid-deviations of 
the component groups when y x and y 3 aie known 
For brevity, put 

»i = (ft«i) 3 . ft = (ftft) 3 . 

Pl — ft + ft. Pi = ft ft 

Then 

v i = Pi — ipjyz — ilhYi+Pz • ( 18 ), 


V 2 — 1^2 13 F'i/'Yl 3 Pl72 d~ V l 2 


( 19 ). 


while from (12) and (13) we have 


2 (y x v x — yflo) + * “ — (yi y 2 ) {3 Ih iPF 3 pd'Pis 

71 Y3 


( 20 ), 


2 (ft s ft - ft"ft) + 3 (ft 2, - ft 2 ) = (ft - ft) {f - 5 Pi - 5 n-Jpi] • (21). 

We must now substitute (18) and (19) m (20) and (21). We find 


7a) |/*2 - iPi + Ps}, 

7s) {/^Pj i - ^3^ “b i - ^3 ¥Pi 3 "b ir.PiP2 j> 


7i v i “ 72^3 = (7i 
Yi\ ~ 73^2 = (7i 
= (7i 

= (7i “ 72) + iPi* “ f+ f ft 




v„ 






1\ 


7i 7a 




2 _ 


Vo 



jNPi 

Ih 


- 2p! 3 + 


5/VPi 

P 9 3 


— 20p, 3 - 2p x 3 + 


£ Otr 7 /-O __ Q 
P 2 

15 (2^ 8 - 4^ 5 ) __ 
P 3 


whence, 



84 PROF K PEARSON ON THE MATHEMATICAL THEORY OF EVOLUTION 


Write 

Aj, — 9/6 3 ~' 3/q, X 6 = 30/xn/^3 3/ig (22), 

and put 

Pi=PlPi ■ ■ ■ ( 23 )> 

then, multiplying 1 up, the above equations become 

Ps 4/l 3 p 3 2^3 a ^1^2 ”f" bp 3 S = ^ ... (24), 

5p 3 3 p 3 - 2p 3 3 + 4p 3 p 2 3 - 20p, 3 _p 2 3 - A 6 p a 3 = 0 . . (25). 

From these equations let us fast find y> 3 m terms of Multiply tlie first by p z and 
subtract from the second 

ip%Pi + Pz (ip* + \P» - 2p/) - 2(V 3 2Y> - = 0 . (26). 


Multiply (24) by 2p 3 and add to (26) we find 


2 ft 3 + Pi (~ W + ^iPi ~ 2p a 3 ) - Zp^iPi ~ kih 1 “ SpsPs = 0, 


or 


2 >a = 


2/^3 * j/jjAj£3_ _A5P2 8/Aj pg 3 

4/V — A 4 p 2 + 2 p 3 i} 


(27). 


Hence, so soon as r pz is known, yq = p 3 /p s can be found, and then and y % will be 
the two roots of the quadratic 

7 s -4h7 +253=0 .(28). 

Beturmng to (27), substitute this value of y> 3 m (24), and we have an equation 
containing p % only, on which the whole solution of the problem now turns. 

This equation is the following one:— 

24p 3 ° — 28A 4 p/ -f 36p 3 3 p 2 ° — (24/i 3 A 5 — 10A. t 3 )^ a 6 — (I48/i 3 3 A d -f 2A e 3 ) p/' 

+ (288/i 3 ^ — 12 A 4 A 6 /i 3 — A/)^ 3 -fi (24 /i 3 3 A 5 — 7/i 3 2 A/)_p 3 3 -f 3 2p 3 % 4 ,p 2 — 24/i 3 6 =0.(29). 

* 

(8.) Some remarks may be made on this equation. Since this equation is of an odd 
order, one real loot may always be found. Further, remembering that X* = 9/x a 3 — 3/x 4 
and A 6 = 30 /i 2 /i 3 — 3/i 6 , we see that in the case of a normal curve, for which 
P-4 =, 3p 2 2 » while /i 3 and /i 6 = 0, all the coefficients of the above equation of the 
ninth order vanish except the first. 

Thus pq, as we should naturally expect, will be zero. Accordingly, since, with 
increasing symmetry, the coefficients become small, it will be needful to work their 
values out to a greater degree of exactness the slighter the degree of asymmetry. 
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Given that a frequency-curve is compounded of two normal curves, equations 
(29), (28), (27), (14), (15), (16), and (17) form the complete solution of the problem. 

We may throw the whole solution into the following form — 

Stage I. —Find the centroid of the frequency-curve and calculate /x 2 , /x 3 , /x 4 , /x 5 , \ h , 
and \ 5 

Stage II —Solve (29) for and find the corresponding values of p 1 from (27). 

Stage III —Find the positions of the axes of the component normal curves 
from (28). 

Stage IV. —The fiactions z l and that the areas of the noimal curves are of 
the area of the frequency-curve are the roots of the quadratic . 


a 3 




h 

Vi ~ 


= 0 


(30). 


Stage V — Since <rfh = a/v 1 and <jfh = yTq, the standard-deviations aie given 
at once on substituting m (18) and (19) 


(9 ) The whole method may be lllustiated by the following numerical example — 
Breadth of “Forehead ” of Crabs. —Professor W. F. fl Weldon has very kindly 
given me the following statistics from among his measurements on crabs They are 
for 1000 individuals from Naples. The abscissae of the curve are the ratio of “fore¬ 
head ” to body-length, and one unit of abscissa = 004 of body-length. No. 1 of the 
abscissae corresponds to 580 — 588 of body-length. The ordinates represent the 
number of individual crabs corresponding to each set of ratios of forehead to body- 
length Thus there was one crab fell into the range *580 — ‘583, three fell into the 
range ‘584 — *587, five into the range 588 — 591, and so on. The average length 
of a nim als measured 35 millims, and measurements were recorded to T millim 


Abscissae 

1 

Ordinates 

Abscissae 

Oidinates 

1 

1 

16 

74 

l 

3 

17 

84 

3 

5 

18 

86 

4 

2 

19 

96 

5 

7 

20 

85 

6 

10 

21 

75 

7 

13 

22 

47 

8 

19 

23 

43 

9 

20 

24 

24 

10 

25 

25 

19 

11 

40 

26 

9 

12 

31 

27 

5 

13 

60 

28 

0 

14 

62 

29 

1 

15 

54 

i 

1 ! 

* i 
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This curve is plotted out as the dark continuous line m Plate 1, fig. 1, and is 
clearly asymmetrical. 1 proceeded to calculate its first five moments in the analytical 
method suggested on p. 78 (a), each calculation being made twice independently 
I took Ji = 1, and clearly a = 1000. The moments were taken about the vertical 
through the point 0, and were calculated by the aid of Table I. of the powers of the 
first 30 natural numbers given at the end of this memoir. The following results 
were obtained.— 

Pi' = 16 790 

p 2 ' = 304 923 

p 3 ' = 5,831 759 

p 4 ' = 116,061*435 

/V = 2,385,609 719 


Hit since h = 1, is clearly the distance of the centroid veitical of the fiequency- 
curve from the origin O, i.e = q of p 77 (n ). 

The moments about this centroid vertical weie now calculated by aid of (1), p. 77. 
There resulted.— 


Pi = 

0 

H = 

22 716,599 

p 3 — 

- 53*874,770 

H — 

1576*533,413 

IH — 

— 9598*313,922 

X 4 — 

- 85 205,407 

*6 = 

— 7920*604,761 


where \ 4 , X- are given m terms of the p's by (22) of p. 84. 

Turning now to the fundamental nonic (29), let it be divided by 24, and wiitten m 
the form 

P* + a 2Pz + a zP2 + + a -oV2 + ^Pq + a 7 P* + a sP2 + = 0 . 

Then the coefficients a 2 , a 3 . . . were calculated, and the following values found .— 


<*a = 

99*406 

« 3 = 

4,353*742 

<h= — 

423,696 

«6 = — 

3,702,933 

«fl = 

119,298,911 

a n — 

1,232,409,400 

« 8 = ~ 

957,080,900 


a Q = — 24,451,990,000 
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Put p 2 = 10x and divide by 10 9 we then have for the fundamental nonic the 
following equation, where only three decimal places are retained — 

X 9 + 994 x 7 + 4 354 x° - 42 370x 5 - 37 029 x 4 + 119 299 x 3 -f 123 241 x 3 

— 9'57lx — 24 452 = 0. 

After a somewhat laborious calculation, the values of Sturm’s functions f(x)> 

fi (x)> fi (x)> /a (x)> Mx)> /b (x)> fc, ix)> fi (x)» /a (x)» /o (x) ™ ere ascertained and gave 
the following results — 


/(»)= + 

/(-*)=- 

fl ( ") = + 

/if 00 ) = + 

/»(“)= — 

/( 00 ) = + 

/.(»)=- 

/.(«) =" 

/t(°°) = — 

/ ( 00 ) = + 

fi ( 00 ) = + 

8 

II 

+ 

/.(»)= + 

/o ( 00 ) = - 

fl ( 00 ) = + 

/t ( 00 ) — + 

fs( co )=- 

/«(») = + 

/.(»)=" 

/»( 00 ) = - 

3 changes. 

6 changes 


Thus there are 6 — 3 = 3 real roots. 

These three real roots were then localized as follows — 

Two roots between 0 and — 1, Xi and xz> 
One root between 0 and 1, Xz- 

As successive approximations, I found .— 


To xi 

- 1, 

— *89, 

- -870, 

— *8757, 

» Xs 

- 5, 

— *65, 

- -670, 

— 6724, 

» X3 • 

*5, 

*40, 

422, 

*4170. 


With sufficient accuracy we may then take for the values of p 2 — 


1st solution, p 2 = — 8 757 
2nd „ p 2 = — 6*724. 
3rd ,, ^ = 4*170, 
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Discussion of first solution p 2 == — '8 757 was first calculated from (27) on 
p 84, and then = pjp 2 found. There resulted . Pi = — 1 027. 

The quadratic for y l5 y 2 , winch are here identical with b lf b 2 (the distances of the 
centroids of the component probability-curves from the centroid vertical of the 
frequency-curve), is — 

1 027y - 8 757 = 0, 

whence 

y L = - 3*517, yo = 2 490 

The values of and i 2 were now found from (14) and (15) of p 82 

Zj = '4145, % = 5855, 

thus the numbers of individuals m either group are respectively 

c x = 414*5, c s = 585 5 

The values of the standard-deviations, o- 1 and cr 2 , were now determined from 
(18) and (19), where, since h — 1, v l = oq s , and v 2 = erf. At the same time the 
maximum ordinates of the component probability-curves, y 1 and y 2 , were found from 


t—> 

1! 

<* 

$ 

KM 

^2 

ft-v'Ofcr).*' 

There resulted 


oq = 4'4685, 

cr 2 = 3*1154. 

y x = 37 008, 

y % — 74*976 

Thus the 1st solution may be summed 

up as follows — 

1st Component 

2nd Component 

<q = 414‘5, 

c 2 = 585*5. 

Zq = - 3*517, 

\ = 2*490. 

oq = 4 4685, 

cr 2 = 3 1154 

Vi = 37*008^ 

74 976. 


These two nortnal curves were now drawn by aid of the Table II, which was 
calculated afresh for this purpose from the exponential * These curves are plotted out 
in fig. 1, and their ordinates added together give the resultant curve. It will be seen that 
this curve is in remarkably close agreement with the original asymmetrical frequency- 
curve, an agreement quite as close as we could reasonably expect from the com- 

* X have always found it more convenient to work with the standard-deviation than with the probable 
error or the modulus, m terms of which the error-function is usually tabulated 
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parative smallness of the number of individuals dealt with, and the resulting fact 
that the obseivation-curve can at best only be an appioximation to the true 
resultant 

2nd Solution —Precisely similar calculations weie undertaken for the value 
P 2 — — h 724, and it will, accoidmgly, be sufficient to cite the final conclusions 
here 

Quadratic for y y 2 — 3412y ■— 6 724 = 0 

1st Component 2nd Component 


c 1 = 467 2, 

c 3 = 

532 8. 

h-« 

II 

2 769, 


— 2 428. 

oq = 

2 878, 

cr 2 = 

4 7702, 

2/!= 64 764, 

II 

C* 

44 559 


These component-curves are diawn m fig 2, and their ordinates added together. 
We see that we have again broken up our asymmetucal frequency-euive into two 
probability-curves, whose sum is a very close approximation to the original curve. 

3rd Solution * _p 2 = 4 170 

While the first two solutions have been additive, this solution makes y l and y 2 
(p 2 — JiY-z) of the same sign, or the centroids of the component curves fall both on the 
same side of the centroid vertical of the fiequency-cuive Accoidmgly the area of 
one of them must be negative, and the solution promised to be a subtractive one, % e , 
to represent the frequency-curve as the difference of two normal curves. 

Determining y? 3 and then p Y from (27), we findyq = — 3 605 , hence 

y 2 + 3 605y + 4 170 = 0 

The roots of this equation are, however, imaginary In the case of crabs’ foreheads, 
therefore, we cannot represent the frequency-curve for their forehead lengths as the 
difference of two normal curves. 

(10 ) So far as the nomc is concerned, our work is now accomplished. Taking the 
biologist’s measurements and assuming them to be the chance distribution of two 
unequal groups about two different means, then one oi other of our solutions is the 
coirect answer Applying the test of the sixth moment, we find for the observations 
/x 6 = 177,004, while for the first solution it is 188,099 and for the second solution 
192,446. According to this test, the fiist solution is the required one," but, as we 
have noticed, the two solutions are themselves much closer together than either to 

* The theory of correlation mil here, perhaps, confirm, this result Professor "Weld ox tells me that 
the first and not the second solution is in good accordance mth his other measurements. 

MDCCCXCIV.—A. 3ST 
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the observations (see p, 75) In fact, the contours of the coinpound-cuive for both 
solutions are very close together, and neither differs more from the observations than 
most normal curves differ from symmetrical frequency-curves in statistical measure¬ 
ments of this kind. 

The contours are so close that, notwithstanding we have demonstrated a theoretical 
uniqueness for the solution of the problem (see p. 72, et seq ), we see that, from the 
standpoint of practical statistics, it is possible for the given material to be broken up 
into more than one pair of normal curves. Thus the problem indeed becomes some¬ 
what aibitraiy—at any rate till the asymmetry of the frequency-curve becomes much 
more marked than is the case with that of the foreheads of Naples crabs. Indeed, 
although the method adopted leads to only two solutions, it is quite possible that 
pairs of component normal curves might be tentatively found lying in the neighbour¬ 
hood of those determined by the above solutions, which would give resultant-curves 
fairly close to the fiequency-curve. Professor Weldon had, indeed, found by repeated 
trials one such solution, but this solution differs widely in the third and higher 
moments from the observations, it cannot, therefore, be considered to have the same 
justification as those given by the present theory. Granted that the original obser¬ 
vations represent a mixture of two species varying about their mean according to 
exact normal curves, our method gives two solutions , and two only Without coire¬ 
lated measurements, it might be difficult to discriminate between these solutions—at 
any rate from the standpoint of piactical statistics The perhaps over-fine theoretical 
test of the sixth moment decides for the first solution. 

II .—The Dissection of Symmetrical Frequency-Curves. 

(11.) Another important case of the dissection of a frequency-curve can anse, when the 
frequency-curve, without being asymmetrical, still consists of the sum or difference of 
two components, i.e. } when the means about which the component groups are distributed 
are identical. This case is all the more interesting and important, as it is not unlikely 
to occur in' statistical investigations, and the symmetry of the frequency-curve is 
then in itself likely to lead the statistician to believe that he is dealing with an 
example of the noimal frequency-curve. It seems to me that without very strong 
grounds for belief in the homogeneity of any statistical material, we ought not to be 
satisfied by its representation by the ordinary normal curve, simply because our 
results are symmetrical and fit the normal curve fairly well. We ought first 
to ascertain whether or not they would fit still better the sum or difference of two 
normal curves. This, at any rate, is a first stage to demonstrating the homogeneity 
of our material, although possibly our test for two may fail, not because our material is 
homogeneous, but because its heterogeneity is multiple rather than double.* 

* Symmetry might arise m the case of compound frequency-curves, even without identity of the 
means of the components In this case, for two components we should have for different means, 
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We will now modify the results of our previous investigation to suit the case of an 
asymmetrical fiequency-curve which has ausen from the supeiposition of tr\o normal- 
curves having the same axis In this case if we unite, b x = b 2 = 0, iq = crjh 
( = v 2 = ar 2 /h (= u 2 y^) m Equations (8) to (13) we have (9), (11) and (13) 

identically satisfied, and (8), (10), and (12) become 

~4” == d (31)> 


equality of component group-totals and of then standard-deviations This equality seems less likely 
than equality of means and diveigence of totals and standaid-deviations Should it exist, howevei, ive 
fall hack on a sub-case of the general case we have alieady dealt with We need only, m Equations 
(8)—(13), put Zj = 7i — — 7 3 , = ih) an( l we have 


whence 


or, 


h — z 2 — 7i 3 (1 + “7i 4 (1 + 6/q 3 -f Siij 1 ) — /< 4 , 


7l 


= {^}i !lj= { 


Cy - Co - 2 ”^) 


'• = = h { a/((^T*) 


jaa_.il) 

✓ (3/“2 3 —/h) j 



1 

2 


The possibility of the solution cleaily depends on 3 ft-? being greater than /t 4 

The following is an example of this special case Mr Merkiman gives some results foi Ameiican 
target practice, on page 14 of his Text Book on Least Squaies He does not seem to have noticed that 
the resulting-curve is very far from a normal-curve I find that for these observations 


ju'i = 6 482 


0 

/t' 3 = 44 502 

U-2 = 

2 486 

/ 3 = 320 582 

^3“ 

104 

= 2405 094 

/»* = 

15 793 


The smallness of / 1 3 indicates general symmetiy , assuming then that the shots were filed in two gionps 
with equal pi ecisio7i, I find tq = c 3 and Zq = — 5, almost exactly 
We have accordingly 

Zq = - b 2 = 1 082, 

CTj = <72 = 1 147, 

[For the 1000 shots as a whole a = 1 577 ] 


Allowing for a uniform error of defective sighting amounting to 482, we find a compound-curve 
fitting closely Mr Merriman’s figure, and indicating that the gun was aimed at the centies nearly of 
divisions 5 and 7, and not at that of 6 Six was possibly white, 5 and 7 black Like results of course 
would ai ise from a change of sighting about midfinng 

N 2 
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= Pa (32), 

hV + Wz — i Pi r (33) 


Clearly we require one more equation. At first sight it might seem that a fourth 
equation would come readily, from the fact that the mid-oidmate m of the fiequency- 
curve is the sum of the mid-ordinates of the component piobability-curves 
This leads to 

' ,_ £3 _ 

■>/(2tt) cr-y \/{2 ,tt) ct„ 

or 


if 


-T- + 
V v x 


I* 

*■3 / 

- 7 = = m 
VM s 


m' =r mlijoL 


(34), 


Bub besides the disadvantage of throwing our solution back on the coirectness with 
which we may have observed measurements of one size only, namely, the mean, the 
result of eliminating between (31)-(34) leads to an equation of the eighth order. To 
avoid this, it seems easiei, as well as more accurate, ^ to take as the fourth equation 
that obtained from the sixth moment 

Let p 0 otA 6 be the sixth moment of the given fiequency-cuive about its axis of 
symmetry, theni 

« /q,od c = 15 cr 1 ( 1 r 1 + 15 cr a °c 2 , 

or, 

H v \ + -Mb 6 = Tb- P, (35). 


The solution of (31), (32), (33), and (35) is easy. 
Eliminating we have, writing w 1 = — v 2 2 , 

z i (' w i ~ w a) = Pi ~ 

*i w i ( w i - w i) = iPi - Pi^i, 

W K ~ w 8 ) = ~hps - ip*™* 

whence 


w. 


_ it jh j P$h _ kjH 


Pz W Z 


3 Pi Pz W 2 


Pz - W Z 


* Because oar equation then depends on all tlie observations 
f G-eneially, if M 2) ,be the 2? moment of a probahility-curvo about its avis 

M* = (2v - 1) 

} * 

M 2r = (2r - 1) (27 - 3) . ,. 5,3.1«r*c 
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Tims 


{p± — 3 / x 2 3 ) w i + (^#3 if*e) w 2 — (i — 5 wj = 0 . 


The two roots of this quadratic are clearly w 2 and Wo, so that the complete solution 


is 


jUo — 

■ ~ r-j -— 

iq — 


Cj = a 


/i v/^n 


W. — iio 

C-, = a —-- 


cr i — /i Woj 


where ttq and tr 2 are loots of 


(ft — 3ft 2 )+ (ftft — 5ft) » — (ift 3 — Iftft) = o 


( 86 ) 


(12.) Now we may note several geneial points about these equations 
Let w l be the greater loot, then if 

(i) lie between w 1 and w 2 , c 1 and c 2 are both positive, oi the frequency-curve is 
the sum of two normal curves 

(n ) [x 2 > iv v c l is positive and c, negative, or the greater component gioup is 
positive, we have then a leal difference solution 

(m ) fx 2 < iv 2) c x is negative and c 2 is positive, oi again the gieater component group 
is positive, or we have a leal difference solution 

Obviously if [x±= 3/x 2 2 , and Pe — b/u 2 /x 4 , the coefficients of the quadratic (36) all 
become zero, but these are just the conditions which would be satisfied if the 
frequency-curve were a true normal curve This gives for all practical purposes a very 
sufficient test of whether a given symmetrical fiequency-eurve is a true normal curve 
If p 4 be not equal to 3/x 2 2 , and /x 6 be not equal to 5/x 2 /x 4 , then we have no ought to 
assuone that a symmetrical frequency-curve offers to homoqeneous material We must 
then investigate whether a better result cannot be obtained by treating it as two 
supeiposed normal curves having the same axis 
The quantities 


€f = 


H — W 
3/v 


and c, = a --”* 




I propose to call the excess and defect of the frequency-curve. The excess measures 
the excess of one-third of the fourth moment over the square of the second 
moment, the defect measures the defect of the fourth moment from one-fifth the 
ratio of the sixth moment to the second moment. - * Here “ excess ” and u defect 5 
are used m the algebraic sense, and may take either sign. They appear to he a good 


* The introduction of the factor 1 jff into both excess and defect is to pieseive a relative as dis¬ 
tinguished fiom an absolute measure of divergeuce. 
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measure for practical purposes of the divergence of a given symmetrical frequency- 
curve from the normal type. 

We may now express the quadratic (36) in terms of e 1 and e 3 , and analyze the 
results according to the character of the excess and defect. 

The quadratic becomes 

< Se 1 (--) — e 2 “ + 3e i ( 1 + € i) “ 0* 

\ rz I rs 

This gives 

w _ ± y / {(e 2 — Bed 3 + 36e I i } 

H'Z ~~ 6e i 

We have the following cases . 

(l) e a and e 3 both positive Then the values of tv aie both leal, but they must 
also be both positive, otherwise oq and cr 2 would not be rea.1 It is necessaiy, there¬ 
fore, that 

> s /{( € s ~ 6e i) 3 + 36c! 3 }, 

or 

< 3e i (1 + e i) 

(ii) and e 3 both negative. Then w will be real if, when 



(—■ e 2 ) does not lie between 

and 

If 


y/ ( e i) < 1> 

*(-«iHHV(-«i)} 

6(-n) {1 — -v/ (— «i)}- 


V (~ € l) > 

then we must have 

(- e s) > 6 (~ € i) f 1 + </(- OJ- 

Further, in order that w may have both values positive, we must have 

( € 2 ) > { ~ C 2 6 ( — 6!)}® — 36 (—- €jl) S , 

or 

(— e 3 ) > 3 (— e x ) {I — (— ej)}. 

This latter condition is clearly satisfied if 


On the other hand, if 


y/ (— «i) > 1- 

a/(- «i) < 1> 
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it is easy to see that 
is less than 


3 (— ej) {1 — (— €j)} 

6 (—<,){!•— v/(—*,)}. 


Hence, oui final conditions are 
then 


v/ ( e i) > 1? 


but if 

then either 

or it must lie between 

and 


(“ € 3 ) > 6 (— q) {1 + v /(- €j)} , 
v 7 (— e i) < 1» 

( — e 2) > 6 (“" e l) {1 + a/(~ e l)}> 


3 (“ e i) C 1 “ (~ € i)l 


6 (— ej) {1 + a/ (— ei)}. 


(m.) e 1 positive and e 2 negative, if the values of w are real, one must be negative, 
and therefore the solution impossible. 

(iv ) e 1 negative and e 2 positive , if the values of w are real, one must be negative, 
and therefore the solution impossible 
Thus we conclude. 

If the excess and defect are not zero, the frequency-curve, although symmetrical, is 
not normal. If the excess and defect are of opposite signs, then the frequency-curve 
cannot be broken up into the sum or difference of two normal curves with common 
axis. The frequency-curve, if compounded of normal-curves at all, is of a higher and 
more complex character. If the excess and defect are of the same sign, then, 
provided certain relations hold between the numerical values of the excess and defect 
given in (i ) and (n ) above, there is a real solution of the equation which resolves the 
frequency-curve into two components. 


(13 ) I propose to illustrate this discussion by the consideration of a numerical 
example. Professor Weldon has kindly complied with my request for the numerical 
details of the most symmetrical curve deduced from his measurements of Naples 
crabs by placing the following statistics for a shell measurement—No. 4 of his series 
—at my disposal. The resultant-curve and the corresponding normal curve are 
pictured in fig. 3 (Plate 3). Clearly, from the ordinary statistician’s standpoint? we 
could not expect a more symmetrical result, or a closer graphical agreement, with the 
normal curve But is this a real or merely an apparent agreement^ The answer is, 
as we shall see, vital for the interpretation to be put on Professor Weldon’s results, 
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Crab Measurements No 4 (Total Number of Ciabs = 999 ) 


Absciss® 

Ordinates 
(1 unit = 1 crab) 

Absciss® 

Oidi nates 
(1 unit = 1 crab) 

1 

1 

11 

126 

2 

3 

12 

82 

3 

5 

13 

72 

4 

11 

] t 

41 

5 

40 

15 

28 

6 

55 

10 

8 

7 

98 

17 

! 7 

8 

121 

18 

0 

9 

! 152 

19 

0 

10 

147 

i 

20 

2 


The first six moments were calculated exactly as in the previous case of § 9, by aid 
of Table I, except that a now equals 999, and we go a stage fuither to /d c and p, r) . 
h equals unity as before. We have 


l x i ~ 
H — 
H — 


9 684,684 
101 3022 
1,129*9971 
13,334 0710 
165,488 8438 


/V= 2,150,845 6867 


/M = 0 

/x 2 = 7 5092 

/x 3 = 3*475 L 

/x 1= 176 7280 

= 271 6007 

/x n = 7,919 2781 


These results give for the position of the centioid d — ^{— 9*6847, and for the 
standard-deviation cr = = 2 7403. This gives the modulus 3*874, and the central 

ordinate of the normal curve 145 44. The modulus, as calculated from the mean 
error, is 3 8634, so that the agreement is very close. The normal curve in fig. 3 is con¬ 
structed from the values d = 9*6847, cr = 2 7403, and y 0 = 145 44 by aid of Table II. 

The following additional quantities were now calculated •— 


H ~ 3y a 2 = 

€ i = 

K 

H — 1°W3 = 
\ s — 

fi G — 5 / x 2 / x (Jj = 


7*5637 

*044,712 

- 22*6911 
10*6485 

- 31*9455 
1283 8486 

*606,45 


If we had a perfect piobability-curve, p, c , p, 4 — 3/x 2 s , and ju 0 — 5^ u 4 ought to bo 
zero. This, of course, we should not expect m any actual set of observations, but the 
comparative smallness of /* s , y 6 , A*, X B , e ]5 and e 2 shows a very fair approximation to 
the symmetry of the normal curve m these results, 
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Since e 3 > 3^ (l -f- e 2 ), we see that the roots (37) of our p 94 are both positive, 
and accordingly it is possible to break up the observation-curve into two normal 
curves with coincident axes. 

Calculating the two values of w we have 

~ = 3 50971, = 1 01148, 

^ 3 P 3 

whence from p 93 * 

c x = — a X '0046, c 2 = a X 1 0046, 

0 -!= v/(ja 3 X 3 50971), cr 2 = v / (jl 2 X 1*01148) 

or 

c l = — 5* c 2 = 1004, 

cr 1 = 5 134, cr 2 — 2 756 

For all piactical purposes the second group gives the normal curve (c = 999, 
a-= 2 740) of the set of observations, that a half per cent of Crabs have been 
removed by selection about the same mean is not large enough to be significant in 
measurements of the kind we are here dealing with So far, then, we may say that 
No 4 of Professor Weldon’s measurements cannot be treated as the sum or difference 
of two noimal curves having their axes couicident with any substantial improvement 
on the normal curve peculiar to the original group 

(14) Hitherto we have used “ Crab Measurements No 4” to illustrate the dis¬ 
section of symmetrical frequency-curves, but a little consideration shows at once that 
this judging of symmetry by the eye is very likely to be fallacious, and No 4 may, 
after all, break up into two normal curves with non-coincident axes. Should *these 
two curves correspond to practically the same groups as m the case of the “ Fore¬ 
heads,” then we shall have demonstrated that the asymmetry of that frequency-curve 
is in all probability due to a mixture of two families m the Naples Crabs and not a 
lesult of djfferentiation going on m one homogeneous species The apparent symmetry 
of No. 4 weighs nothmg in the balance, as may be readily tested by adding together 
two normal curves with not widely divergent axes or totals 

What we have been investigating, therefore, in § 13 is really only the special case 
in which the method of our first investigation would fail, owing to the coincidence of 
the axes of the component normal curves—a coincidence which is impiobable cl prion 

I, therefore, proceeded to form the nonic for No. 4, a result which requnes only the 
values of ja 3 , \ 4 , and X 5 already given t 

The nonic being 

P 2 9 + a z2h 7 4* <-hP2 6 + + a s Ps + + «7®3 S + c hP2 + « 9 = 

* The nearest whole number is here taken for the Crabs m each group 
f The arithmetic throughout was of course of a most laborious character. 

MDCCCXCIV.—A, 0 
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the coefficients were— 


a 2 = 26*47295 

Og = 18 11448. 

a 4 , = 325*54964639 

o, = 1604*777825,114. 

a B = 977*342,6614 

a 7 = - 3154 2006888. 

08 = — 4412 284,2437 
« 9 = - 1761 180374 


Writing ^ = — x , we have for the nomc /( X ) and its hist derived function* f ( x ) 
the following expressions— 

f(x) = X 9 + 26 472,95/ - 18 114,48 x c 

+ 325*549,646 X 6 - 1604 777.825/ 

4- 977 342,661/ + 3154*200,689/ — 4412*284,244 X 
+ 1761 180,374 = 0, 

and 

f (x) = X 8 + 20 590,07/ - 12*076,32/ 

+ 180*860,915 X 4 - 713*234,589 x s 
+ 325*780,887x*-f 700 933,486x 
- 490 253,805 


The Sturm’s functions were now formed, and with the following results— 


* 


/(x) = 
/i(x) = 

/> (x) = 
/s(x) = 
fi(x)= ■ 
Mx) = 
/«(x)= ■ 
Mx) = 
fs (x) = 
ft (x) = • 

Totals 


x = 0 °. 

+ 

4- 

+ 

- 4 - 

i 

+ 

+ 


. + 

4 changes 


X “ 00 • 

4* 

+ 

-I 

+ 


Hh 

+ 

5 changes. 


X ~ o. 
+ 


+ 


+ 


4 changes 


Thus the nonic has one root of X between 0 and — oo . and no roots between 
0 and + oo. In other words it has 8 imaginary roots and only 1 real one. 


* Dmdod by the factor 9, 
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This root was now localized Putting p z = -yo/x m the original nonic, I easily 
found x t° he between 0 and 1, then between 15 and 16, and by a succession of 
approximations to be 1533, and finally *15326. 

Thus 

p z ~ 1 5326 

p$ was then ascertained from equation (27) of p 84, and finally p { = 'PitPz was 
found to be 2 17245 The quadratic (28) for y was then 

y 3 — 2 I7245y -f 1 5326 = 0, 
which has both its roots imaginary. 

Thus, considerably to my surprise, but greatly to my satisfaction, it was demonstiated 
that there is no solution whatever of the problem of breaking up the curve of No 4 
measurements into two normal components. 

All nine roots of the fundamental nonic lead to imaginary solutions of the problem. 
The best and most accurate representation of No 4 is the normal curve of fig 3. 

The result of this investigation seems to me most important. Professor Weldon’s 
material is homogeneous, and the asymmetry of the “ forehead ” cuive points to a real 
differentiation m that organ, and not to a mixture of two families having been 
dredged up. 

On the other hand, I cannot think that for the problem of evolution the dissection 
of the most symmetrical curve given by the measurements is unnecessary. There 
will always be the problem Is the material homogeneous aud a true evolution going 
on, or is the matei ial a mixture ? To throw the solution on the judgment of the eye 
in examining the graphical results is, I feel certain, quite futile. 

Whenever in measuring a series of organs the results give an asymmetucal curve, 
we must accordmgly proceed as follows — 

Stage If). —Break up this asymmetrical curve into components , if there are seveial 
solutions, the theory of correlation or the test of the sixth moment will, perhaps, 
enable us to say which is the most satisfactory. 

Stage (n). —Endeavour to break up the most symmetrical curve, if it cannot be 
broken up, either into normal components with non-coincident axes or normal com¬ 
ponents with coincident axes, the material is homogeneous and the asymmetrical cuive 
points to a tiue differentiation in uhe organ to which it refers. If, on the other hand, 
the most symmetrical frequency-curve does break up, then if the numbers m its 
component groups be the same (or practically the same) as in those corresponding to 
the asymmetrical curve we are really dealing with a mixture of heterogeneous material, 
and we shall have ascertained the proportions of the mixture If the numbers 
should not be the same, then we cannot assert that we have a mixture, but we have 
found a case of differentiation in both organs at the same time.* 1 

* Beiuillon has found a douhle-h.um.ped frequency-cui ve for the height of the inhabitants of the 

0 2 
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These stages seem to represent the mathematical treatment of this portion of the 
pioblem of evolution 

(15 ) Although the nonic corresponding to “ Crabs No 4,” has no real negative 
root, I found on tracing its value for values of between 0 and 2, that near 
= — 82 it reached a minimum value of about 199 as compared with about 1761 
at 0 < 1254 at — 2 Here then was, as it weie, a tendency towards a root, and 
the question occuired to me whether this " tendency ” m any way corresponded to 
the gioups into which the “ foreheads ” were differentiated I therefore investigated 
the root of the first derived function of the nomc lying about — 82, and found it 
to be — *8497 This led to p 1 from equation (27) being — 5*2521, whence 


or 

Whence nearly 


y 3 + 5 252 ly — 8497 == 0, 
ri = 15705, y 2 = — 5 40915 
z 1 — 9 72, = 028, 


or the numbers m the two groups are 


c x = 971 and c 2 — 28 

Clearly even this “tendency to a root 5 ’ in no way fits either solution of the 
“forehead” case, and No. 4 measurements neither break up, noi have they oven 
a tendency to break up, in the same manner as the “ foreheads.” Since the nomc 
must always have a “tendency” to two real roots at a time, we may note that the 
othei root to which it may be said to tend, or for which f(p^) is a minimum, lies 
between — 9 and — 1, and is just as insignificant as that investigated above. We 
may say that not only is the material of No. 4 homogeneous, but it has not even a 
“ tendency ” towards heterogeneity. 


Ill 

(16 ) The object of the present paper being solely to illustrate a general method 
for the reduction frequency-curves to normal types, and not a biological investigation, 
it might suffice to stop at this point, when the rules for the reduction of symmetrical 
and asymmetrical curves have been given and illustrated But it must be remembered 
that the method depends upon the solution of a nomc, and that the variety presented 

department of tlie Doubs. Mr Bateson lias found a double-humped curve for the claspors of Earwigs. 
"Without the investigation of measurements of another organ, it seems impossible to say whothcr the 
inhabitants of the Doubs,, as Bertillon supposes, are a mixture of races, or Mr. Bateson’s earwigs were 
really homogeneous In either case our methods of investigation would show the proportions belonging 
to each group of the mixture, or to each group of the differentiating species 
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by the roots of this equation suggests very considerable divergences and peculianties 
as likely to arise, 'when a considerable number of frequency-curves are dealt with. 

The discussion of the case of Crabs must not be taken as indicating that the 
incidents of this case will he generally tiue for other groups of biological measuie¬ 
ments, until a very great variety of such groups of measurements have been 
mathematically analyzed. 

In order to throw more light on the geneial question, I have added the following 
analysis for the case of Pi awns, the measurements for which were kmdly placed at 
my disposal by Mr. H. Thompson, who has been making elaborate measurements of 
1,000 specimens in the Zoological Laboiatory of University College, London 


Palcemon serratus —Measuiements in 998 ? specimens (adult) from penultimate 

to hindmost tooth on the carapace 


Measuiements reduced 
to thousandths of tody 
length. 

Number of specimens 

Measuiements i educed 
to thousandths of body 
length 

Numbei of specimens 

27 

1 

49 

25 

28 

0 

50 

17 

29 

0 

51 

11 

30 

0 

52 

8 

31 

1 

53 

4 

32 

0 

54 

1 

33 

3 

55 

0 

34 

3 

5b 

0 

35 

4 

57 

1 

36 

11 

58 

1 

37 

24 

59 

0 

38 

38 

60 

0 

39 

56 

61 

0 

40 

80 

62 

0 

41 

105 

63 

0 

42 

121 

64 

0 

43 

117 

65 

1 

44 

108 

66 

0 

45 

77 

67 

0 

46 

69 

68 

0 

47 

62 

69 

1 

4S 

48 




The novel and somewhat remarkable feature in these results are the “ giants ” at 
65 and 69. To neglect these giants, as in some degree anomalous, would, no doubt 
be convenient, so far as the analysis is concerned, and would lead to a simpler reduction 
of the group. They have, however, been retained as among the data given to me, 
and their presence affords an interesting illustration of the various singularities which 
may arise m the solution of the fundamental nonic, 


(17 ) The curve (see fig 4) given by the observed numbers will be at once seen to 
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be distinctly asymmetrical. Adopting the carapace length 31 as the origin of 
coordinates, and using the same notation as before, we have the following results —* 


ix\ = d(= q) = 16 191,382,8 
/i # s = 276 277,555 

/*,= 4,963 876,753,5 

/ 4 = 94,386 734,469 

p's = 1,920,725-520,040 


^i = 0 

/u 3 = 14 116,678,13 

yu 3 = 33*424,02673 

ju 4 = 1,288 640,094,26 
p 6 = 16,752 563,9961 


\ 4 =- 2072 394,903 

X 6 = — 36,102 605,1706. 

The standard-deviation of the group as a whole is given by a = or 

o-= 3 7572 


The mean erroil obtained from cr = 2 9978 

„ „ „ directly . = 2 8776. 

(In the case of the “foreheads” of Crabs, the mean error from cr was 3 8028, and 
directly 4 4087. This divergence between the mean error, as found practically from 
second and first moments, is a very good test of the asymmetry of the frequency- 
curve. In the very symmetrical measurements of “ Crabs No. 4,” the modulus, as 
calculated from the standard-deviation and from the mean erroi, had the near values 
3 874 and 3 863.) 

The curve obtained from the observations as a single group (t.e., d = 16 1914 and 
<r = 3 7572) is given m fig. 4 (Plate 4). 

Takmg X = toP^, we have for the fundamental nonic and its first differential 


fix) = X 9 

+ 24-177,940,535 X 7 
+ P675,748,344 X 6 
+ 299 620,303,770 X 6 

- 943 393,909,962 x 4 

- 864-540,147,350 X 3 

- 274 750,163,918 X 2 

- 34*486,278,563 X 

- 1-394,286,418 = 0. 


f (X) = 9X 8 

+ 169 245,583,743 X 6 

+ 10 054,490,066 x 5 

+ 1498-101,518,851 X 4 

— 3773*575,639,850 x 3 

— 2593-620,442,052 x 3 

— 549-500,327,835 X 

— 34*486,278,563 


* These results were calculated to a higher degree of accuracy than m the case of the Ciabs, a result 
rendered necessary by the apparent sensitiveness of the roots in this case to a slight change m the value 
of the coefficients of the nonic, 

t Mean error is here used, not in Gauss’s sense, but m the sense of arithmetically mean erroi, 
= 7979 a theoretically 
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Clearly there is only one positive root. This was found to be 


This gave 
whence I found 

Consequently the roots of 


X = 2*5868658. 
p 2 = 25 868,658, 
p 1 = 9 669,970 
7 s - Ptf + Pi = 0 


were imaginary and no solution involving the difference of two normal components 
was possible. 

The next stage was to find the negative roots. These were easily demonstrated to 
lie between 0 and 1, and then it was shown that the value of f(x) only changed sign 
twice between these values. Thus the nonic was proved, without calculating Sturm’s 
functions, to have only three real roots. The two negative roots are — 


Xi = — 154,481,14 

and 

X 2 = — *078,262,95. 


These roots lead to the following solutions — 

(A) First additive Solution for Carapace of Prawns 


p 2 =- 1*544,8114, 
©!= 26 758,0108, 


7l = - 057,6086, 
z 1 = *997,856, 

1st Component 

o 1 = 995,860, 

- '057,6086, 

o-j = 3*5595, 

y x = 111*6142 


y 2 = 26*815,6194, 
z,= 002,144 

2nd Component 

c 2 = 2*140, 
b 2 = 26*815,6194, 
cr 2 — 5 7626 — 1 

y 2 — imaginary. 


(B) Second additive Solution for Carapace of Prawns, 

Pi = - *782,6295, 
p l = 5*163,5907, 

y 3 = 5*310,9521, 
== *026,9976. 


y x = - *147,3614, 
z x = ‘973,0024, 
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1st Component 2nd Component 

Cl = 971 0564, %= 26 9436, 

b x = — *147,3614, h 3 = 5-310,9521, 

0 -!= 3*389,672, <r % = 8-932,996, 

y x == 114-28698 y s - 1*203,280 

To these solutions we may add — 

(C ) Parameters of Normal Curve deduced from entire group of observations. 

16 191,383, 

998, 

3-7572, 

105 968,04 

(D) Parameters of Normal Curve deduced by excluding two “giants ” /rom 
observations 

d = 16-14357 (6 = — 04781), 

c = 996, 
cr= 3 6051, 
y = 110-21786 

The curves corresponding to (A), (B), (C), and (D) as well as the observation- 
curve are given m figs. 4 and 5 and I shall now proceed to discuss several important 
points with regard to them 

(18.) The first point to be noted is the existence of the dwarf, carapace 27, and 
the giants, carapaces 65 and 69 

The normal curve has a standard-deviation 3 7572, and the mean carapace being 
about 43, we have no less than three measurements deviating by more than four 
times the standard-deviation from the mean ; two of them, indeed, differ by nearly 
six times the standard-deviation from the mean. We might expect three such 
deviations of over four times the standard-deviation to occur in the measurement of 
50,000 Prawns, but they are extremely improbable in the measurement of 1000 
prawns That two should occur m the measurement of 1000 Prawns, with a 
deviation six times the standard, is so improbable that it ought to lead us to reject 
the normal curve as a representation of the measurements. We are either dealing 
with a mixed population of Prawns, or possibly there are a few deformed individuals 
amid a normal population * 

There is another point, however, in which the normal curve, based on the total 


d = 
c = 
cr = 

y =* 


* I exclude the possibility of any serious error of measurement, having reason to believe m tho great 
care with whioh the determinations were made. 
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observations, diverges considerably from the observational lesult, namely (see fig 4), 
in the defect of carapaces about 45. This defect largely contributes to the 
asymmetrical appearance of the curve I felt very confident that by neglecting 
the eccentric group of “giants” I could find two components, whose resultant would 
fit the curve of observation as closely as the resultant-curves found for the similar 
case of the foiehead of Crabs I was peculiarly interested, however, m ascertaining 
whether the method of resolution by aid of the nonic would pay more attention to 
the outlying giants or to the less improbable defect of individuals about 45 I even 
imagined that out of the nine possible solutions some might be solutions for the 
giants and some for the 45 defect As a matter of fact, the two solutions which 
have any meaning aie entirely taken up with the very improbable outlying eccen¬ 
tricities of the observations These eccentricities must first be removed from the 
observations before the method will be of service m resolving the asymmetry of the 
bulk of the observation-curve 

The method in which the nomc deals with the abnormalities is very characteristic, 
and I venture to think highly suggestive 

In fig. 4 the normal curve excluding the two giants is given. It fits the observa¬ 
tion-curve, as far as appearances go, slightly better than the true normal curve 
But the fust solution of the nomc tells us not to absolutely reject the giants. It 
gives us two components, the fiist of which fits the observations slightly better than 
the normal curve D (giants excluded) It has practically the same area (995 86 as 
compared with 996), a slightly less standard-deviation (3*5595 as compaied with 
3‘6051), and consequently an increased maximum ordinate This, with a slightly 
shifted axis, gives a somewhat better fit. In addition to this first component we have 
a second component with an area of 2*140, and a mean of 70 for the carapace. This 
component corresponds closely to the two giants with a mean of 67 It has, how¬ 
ever, an imaginary standaid-deviation. Clearly the addition of two to the first 
component, if distributed really, could make no sensible change m its appearance, 
and we may then sum up the first solution of the nonic m the following words .— 

It does not absolutely rej’ect the two giants, but places an imaginary distribution of 
2 14 in their neighbourhood, and thus obtains foi the other component and the 
resultant-curve (which must be practically identical with it) a better approach to the 
observation-curve than if the giants had been rejected. 

It would appear, therefore, that our method of dissection offers, by means of 
small components with imaginary distributions, a means of obtaining better results 
than by simply rejecting (or, perhaps, even weighting) anomalous observations. 

The second method by which the nonic attempts to account for the eccentricities of 
these carapace measurements, is by mixing a small population of about 2 7 per cent of 
giants with the normal population. These giants have a mean carapace of 48*5, while 
the rest of the population has a mean of only 43 This population of giants, however, 
has a very large standard-deviation, i.e, 8 9330 as compared with the 3 3897 of the 

MDCCCXCIV.— A. P 
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rest of the population. It is clear that this population of giants is an unstable 
population, very small distuibance would largely change its centre That it 

accounts for and covers the dwarf and two giant anomalies is clear, and the resultant- 
curve, based on the addition of the two components, is a fairly close approach to the 
observation-cut ve—far closer indeed than that provided by the first solution, and a 
great advance on the normal-curve C, lesultmg from the observations as a whole (see 
fig 5) I am inclined, accordingly, to suspect that the family of Prawns was not 
homogeneous , but contained between 2 and 3 per cent of a giant population with a 
large standard deviation Possibly the theoiy of correlations may settle whether this 
is the real state of the case, or whether the anomalies refen eel to ought to be l ejected 
and a new investigation made to dissect the asymmetrical curve for the carapaces 
when the outlying parts, which control the nomc at present, aie removed 

The investigation of this case, however, with all the observations included, shows 
the great variety of solutions which may be suggested by the dissection of various 
anomalous and asymmetrical frequency-curves 

Table I.—Powers of the Natuial Numbers, 


Powers 

First 

Second 

Third 

Fourth 

Fifth 

Sixth 

1 

1 

1 

1 

1 

1 

2 

4 

8 

16 

32 

64 

3 

9 

27 

81 

243 

729 

4 

16 

64 

256 

1,024 

4,096 

5 

25 

125 

625 

3,125 

15,625 

6 

36 

216 

1,296 

7,776 

46,656 

7 

49 

343 

2,401 

16,807 

117,649 

8 

64 

512 

4,096 

32,768 

262,144 

9 

81 

729 

6,561 

59,049 

531,441 

10 

100 

1,000 

10,000 

100,000 

1,000,000 

11 

121 

1,831 

14,641 

161,051 

1,771,561 

12 

144 

1,728 

20,736 

248,832 

2,985,984 

13 

169 

2,197 

28,561 

371,293 

4,826,809 

14 

196 

2,744 

38,416 

537,824 

7,529,536 

15 

225 

3,375 

50,625 

759,375 

11,390,625 

16 

256 

4,096 

65,536 

1,048,576 

16,777,216 

17 

289 

4,913 

83,521 

1,419,857 

24,137,569 

18 

324 

5,832 

104,976 

1,889,568 

34,012 224 

19 

361 

6,859 

130,321 

2,476,099 

47,045,881 

20 

400 

8,000 

160,000 

3,200,000 

64,000,000 

21 

441 

9,261 

194,481 

4,084,101 

85,766,121 

22 

484 

10,648 

234,256 

5,153,632 

113,379,904 

23 

529 

12,167 

279,841 

6,436,343 

148,035,880 

24 

576 

13,824 

331,776 

7,962,624 

191,102,976 

25 

625 

15,625 

390,625 

9,765,625 

244,140,625 

26 

676 

17,576 

456,976 

11,881,376 

308,915,776 

27 

729 

19,683 

531,441 

14,348,907 

387,420,489 

28 

784 

21,952 

614,656 

17,210,368 

£81,890,304 

29 

841 

24,389 

707,281 

20,511,149 

594,823,321 

30 

900 

27,000 

810,000 

24,300,000 

729,000,000 
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Table IT —Ordinates of Normal Curve. 


D = Deviation. S = Standard Deviation 
F = Frequency P = Maximum Fiequency 


D/S 

F/P 

D/S 

F/P 

0 

1 

1 6 

2780 

01 

9950 

1 7 

2357 

0 2 

9802 

1 8 

1979 

0 3 

9500 

19 

1645 

0 4 

9231 

2 

1353 

05 

8825 

2 2 

0889 

0 6 

8353 

24 

0561 

0 7 

7827 

2 6 

0340 

08 

72(32 

28 

0198 

0 9 

6670 

3 

0111 

1 

6065 

3 2 

0060 

1 1 

5467 

3 4 

0031 

12 

4868 

36 

0015 

1 3 

4286 

38 

0007 

14 

3753 

4 

0003 

15 

3246 

5 

000,004 


[Note, added February 10, 1894.—(1.) The importance of breaking up asymmet¬ 
rical frequency-cuives into normal components has been recognized for a long time 
by anthropologists and biologists. Attempts at a solution have been made by 
B. Li vi, c Sulla statura degh Italiam Firenze, 1883 (see also ‘ Archivio per 
V Antropologici e VEtnologia / vol. 13, Firenze, 1883, and 4 Ann ah ch Statistical 
vol 8, 1883, pp. 119-56) Also by 0. Ammon m his recent work 4 Die natnrhche 
Auslese beim Menschen / Jena, 1893 These attempts can hardly be looked upon 
as serious. Professor Lexis and Dr. Yenn have pointed out that the curve of 
deaths for each yeai for 1000 persons born m the same year—the true mortality- 
curve—is also m all probability a compound cuive. 

Since writing the above memoir I have succeeded m resolving this mortality-curve 
into components which are not, however, all of the noimal type, but become, as we 
approach infantile moitality, of the skew form (see p 74 above). 

O. Ammon, m the volume cited above, endeavours to demonstiate an evolution in 
the length-breadth index of the skull of South-Germans since primitive times. He 
does this by comparison of the index as obtained fiom measurements on skulls from 
the Bow-Graves and on modem skulls. He has not, however, noticed that the 
frequency-curve for Bow-Grave skulls is asymmetrical I have succeeded m 
breaking it up into two components, one of which practically coincides m mean 
and standard-deviation with the frequency-curve for the skulls of modern South- 

p 2 
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Germans. In other words, the Row-Graves contain a mixed population, one element of 
which corresponds closely to the modern South-German population. Ammon's state¬ 
ment, therefore, that ail evolution has taken place m this particular skull index appears 
to fall to the ground The whole problem of the compound nature of skull frequency- 
cuives, both in England and Germany, is a very interesting and difficult one, and I 
do not wish at present to anticipate results, which I hope when my investigations 
are complete to publish as a whole. The above may suffice to indicate the range of 
problems to which a resolution of asymmetucal frequency-cuives into normal 
components may be applied 

(2 ) With regard to the method adopted in the memoir itself, 1 am very conscious 
of the defects under which it suffers—the laborious character of the arithmetic 
involved, and the question of what may be the probable error of the solution obtained 
by the method of higher moments But I had to deal with the fact that the problem 
is one which urgently needed a solution m the case of both economic and biological 
statistics Better solutions than mine may be ultimately found, but although more 
than one mathematically trained statistician has for some time recognized the impor¬ 
tance of the problem, no solution, so far as I am aware, has hitheito been forthcoming 

With regard to the amount of error introduced by the use of higher moments, a 
word may be said. I have not been able to work out the general problem suggested 
to me by Professor George Darwin “ Given the probable error of every ordinate 
of a frequency-curve, what are the probable errors of the elements of the two normal 
curves into which it may be dissected 2 " 

I can, however, indicate the sort of differences which are likely to occur in results 
based on high or on low moments Suppose the distribution of an organ m a group 
of animals actually does follow a normal frequency-curve. Then it is obvious that m 
selecting 1000 of these animals at random and measuring their organs, an error of the 
same magnitude id the frequency of an organ of a given size is more likely to occur m 
a size near the mean than m a size far from the mean Now a low moment pays 
greater attention than a high moment to an error m the frequency near the mean 
and less attention than a high moment to one far off In othei words, a frequency- 
curve calculated from low moments fits best near the centre, one calculated from 
high moments fits best near the tails of the observation-curve The problem is 
accordingly the following an error in frequency near the tail is not as probable as an 
equal eiror m frequency near the mean, but if it does occur a high moment pays 
much more attention to it than a low moment; on the other hand, the low moment 
pays more attention than the high moment to more probable errors in frequency 
Which tendency on the whole will prevail 2 

Turning to the result in the foot-note, p. 92, we have for the 2r tb moment— 

M 2r = (2r — 1) (2r - 3) . 5 3,1 o^c, 

Mjjr = S (x**y §x). 


and 
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Now, let an eiror Si/ occui in the frequency y corresponding to x, and let So> be 
the enor of or, when calculated from M.,, , then bv the above result, 

«y * 

Sy Sx = (2 r - 1) (2 r — 3) 5 31, 2ro- 3 ’~ 1 X So- 2 ,c 

Comparing this with the error Scr 2 arising in calculating or from the second moment 
in the usual mannei, we have 

_ 1 _ 

i (2*-l)(2r-3) 5 31“ 8<r~ 


When x is small Scr 2 will be very gieat as compared with Scr 2 „ and the high moment 
has a great advantage This advantage is maintained until 

x = cr [r (2 r — 1) (2r — 3) 5.3 l] I/(2 ’~ 2) , 

= 2 45cr for the fourth moment, 

= 2 59<r for the sixth moment 


But the probability of an oigan 2 59cr is less than 1 m the 100, and of 2 45 about 
2 m the 100 Hence we may take it that errors for which the 4th or 6th moments 
give a worse result than the 2nd moment for cr are improbable, while errors for which 
they give a much better result than the 2nd moment are very probable Take, how¬ 
ever, practically the worst case, an error occurring m the frequency of 1 an organ cone- 
spondmg to 3<r, an error only likely to occur about three times in the thousand errors 
supposing errors distributed as normal frequencies. We find 

Scr^ =1*5 Scr', 

Scr 6 =18 Scr' 


The errors from the fourth and sixth moments are thus only 1*5 and 1 8 times the 
errors from the second moment, but errors from the second moment greater than 
6 Scr 4) and 45 Scr G are given whenever x is less than cr, or m more than 68 per cent, of 
cases. It would thus appear that an error which will put a high moment at a great 
disadvantage as compared with a low moment is extremely rare, while, on the con¬ 
trary, errors which put a low moment at a great disadvantage as compared with a 
high moment are very frequent 

As a type of the sort of differences we obtain from working with low and high 
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moments lespectively, T notice the following values for the standard-deviation of 
“ Crabs No. 4,” as calculated from the second, fouith, and sixth moments— 

cr 2 = 2 74, 

cr 4 — 2*77, 

<r fi = 2 84 

Practically, it would be difficult to say which of these lesults gives the best fitting 
theoretical curve For statistics of this kind they aie sensibly the same Thus, till 
another method of attacking the problem of the resolution of asymmetrical frequency- 
curves is propounded, I think there is not sufficient evidence against the use of higher 
moments to lead us to discard a method based upon them as essentially likely to lead 
to large errors —K. P.] 
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IV A Certain Class of Generating Functions m the Theory of Numbers 
By Major P A MacMahon, R A , F R S. 

Received Novembei 3 —Read November 24, 189°> 

Introductory Abstract. 

The present investigation arose from my “Memoir on the Compositions of 
Numbers/’ recently read before the .Royal Society and now m course of publication 
m the £ Philosophical Transactions ’ The mam theorem may be stated as follows — 
If X x , X a , , X# be linear functions of quantities x l3 x 2> . ., x n given by the 

matricular relation 

(Ai, Xtj, X„) — ( a^i a 12 a ^ n ) (aq, x 2 , , x „), 

^22 

GO},2 913 &nn 

that portion of the algebraic fraction 

_ 1 _ 

(1 - SiXj) (1 - s s X s ) (1 - s n X n ) 

which is a function of the products 




S]pCi) 

3 5 



only, is 1/V*, where (putting 

Sl : 

— S 2 — 

= 5# = 1) 




1 




1 

i 

V* = (— )"aqoq . 

x ?l 

c hi> 

— 1/A 2 


I 

j 

t 

1 



1 a» 1 

a «3 


l/®« | 


The proof of this theorem rests upon an identity which, for order 3, is 

7 5 94 
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Ct j 

a ri \x i, 


Cl 


— 1, fti j ^2 X 2 ) 

1 

l 


Cl* 2^j ^ 3s 

«33% i > 


1 s-jXj, 

o, 

0, 


0, 1 


°, , 


o, 

o 5 

1 ! 


h ( a n v i - X i) 

- i, 

i 

/7 1 

1 — SjXj 

1 - 5 

1 - Sl x, ’ 

^21 ^2^2 


^2 (^->2^2 -t 

1-s.jX, ’ 

Ct^nS~}C L-j 

1 - * 3 X 3 ’ 


1 - s 2 X 3 ’ 

^31^3^3 



3. (a 33 a 3 - xp 

1 -s 3 X, ’ 


1 - ’ 

1 - s X, 


I 


and is very easily established 

An instantaneous deduction of the general theorem is the lesult that the generating 
function for the coefficients of xJ A m the pioduct 


X/tXA X/ 
is 

1/V. 


The expression V* involves the seveial coaxial mmois of the deteimmant of the 
linear functions Thus 


"V"g — 1 CLy]X\ ““ Ct'inX-) fAgg£Cg d - | ® 11^23 | X^Xq I | O^jCtgg | *^'1*^'3 | ®23^33 I X %Xq 


The theorem is of considerable arithmetical importance and is also of interest m 
the algebraical theories of determinants and matrices 
The product 

W XA 


often appears in arithmetic as a redundant form of generating function The theorem 
above supplies a condensed or exact form of generating function. 

Ex gr. It is clear that the number of peimutations of the symbols in the 
product 

rp fl/yi fa r t \ fn 

which are such that every symbol is displaced, is obviously the coefficient of 

, , xj n 

in the product 

* 

{ x % 4- * * 4- x >if l {x\ 4-^4- • 4" *«)** • • (#1 4-^4- 4“ j 
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and thence we easily pass to the true generating function 

_ 1 _ 

1 3 —A^'^2^ • — (?2/ — 1) iVyhe, i'U :l 

In the paper many examples are given 

Frequently the redundant and condensed generating functions are differently 
interpretable , we then obtain an arithmetical correspondence, two cases of which 
presented themselves m the “ Memoir on the Compositions of Numbeis ” 

A more important method of obtaining arithmetical correspondences is developed 
in the researches which follow the statement and pi oof of the theorem. 

The geneial form of Y n is such that the equation 

V w = 0 - 

gives each quantity x s as a homographic function of the remaining n — 1 quantities, 
and it is interesting to enquire whether, assuming the coefficients of Y n arbitrarily, 
it is possible to pass to a corresponding ledundant generating function 
I find that the coefficients of Y u must satisfy 

2" — n* -J- n — 2 

conditions, and, assuming the satisfaction of these conditions, a redundant form can 
be constructed which involves 

n — 1 

undetermined quantities. In fact, when a redundant foim exists at all, it is 
necessarily of a (n — 1 )-tuply infinite character. 

We are now able to pass from any particular redundant generating function to an 
equivalent generating function which involves n — 1 undetermined quantities 
Assuming these quantities at pleasure, we obtain a number of different algebraic 
products, each of which may have its own meaning in anthmetic, and thus the number 
of arithmetical correspondences obtainable is subject to no finite limit 

This portion of the theory is given at length m the paper, with illustrative examples 
Incidentally interesting lesults are obtained m the fields of special and general 
determinant theory The special determinant, which piesents itself for examination, 
provisionally termed tc inversely symmetric,” is such that the constituents symmetri¬ 
cally placed m respect to the principal axis have, each pair, a product unity, whilst 
the constituents on the principal axis itself are all of them equal to unity The 
determinant possesses many elegant properties which are of importance to the prin¬ 
cipal investigation of the paper. The theorems concerning the general determinant 
are connected entirely with the co-axial minors. . 

I find that the general determinant of even order, greater than two, is expressible 
MDOGCXCIV—A. Q 
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m precisely two ways as an nrational function of its co-axial minors, whilst no deter¬ 
minant of uneven ordei is so expressible at all 

Of order superior to 3, it is not possible to assume arbitrary values for the deter¬ 
minant itself and all of its co-axial minors In fact of order n the values assumed 
must satisfy 

2» — n 2 + — 2 

conditions, but, these conditions being satisfied the deteinunant can be constructed 
so as to involve ii — 1 undetei mined quantities 

§i- 

Art 1 In a Memon on “ The Theory of the Composition of Numbers,” recently 
communicated to the Royal Society (as above-mentioned), theie occurred certain 
geneiating functions which admitted impoitant transfoimations to redundant forms. 

I proceed to the geneial theory of these transfoimations, and subsequently discuss 
the algebraical and anthmetical consequences The mam theoiem is, m reality, a 
theorem in determinants, of considerable interest, as will appear 

Art 2 Considei the algebraic fraction 

1 

(1 - qXd (1 - s,X 2 ) (1 - 9, t X„) 5 

wherein X l3 X 2 , X„ are linear functions, of n quantities x lt x 2 , . x, L , as given by 
the matncular i elation 

(Xi, X 2 , X«) — (rq, ®«) (*®i» *r») 

1 i 

| &i> b>, 

n 1: ?? 2 , 

I assume the quantities involved to have such values that the fiaction is capable of 
expansion m ascending powers, and products of aq, a* a , x a by a convergent senes. 

Art 3. A certain portion of this expansion is a function of spzq, s 2 x 2 , s n x n , and 
of the coefficients of the linear functions X l5 X 3 , . . X„ only One object of this 
investigation is the isolation of this portion of the expansion which, for some purposes, 
in the Theory of Numbers is the only portion of importance.^ - 

* It will occur to mathematicians, who are familiar with the Theory of Invariants, that generating 
functions not unfrequently present themselves m a ledundant form In particulai, it is frequently 
necessary to isolate that portion of a generating function which includes the whole of the positive terms 
of the expansion, the negative terms, though admitting of interpretation, being of little moment 
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Without specifying at present the arithmetical meaning of the generating function, 
I will call the portion above-written the “ redundant form,” and the essential portion, 
to which refeience has been made, the “ condensed form ” 


Ait 4 As typical of the geneial case put n — 3 
It will be shown that the condensed form is 1/N, wheie 


N — 1 — a 1 S 1 £C 1 — b z s»x 3 — C 3 S 3 CC 3 

+ I a i^2 I S 1 S Z X 1 X 2 + I «1 C 3 ] S lh x l x s + I h c 3 | S 2 S d X 2 X 3 — 1 C( l h 2 C S I 5 l'VAV T 2^3 


The notation is that m use m the Theoiy of Determinants, the coefficients of N 
being the several co-axial minors of the determinant ] ci ] J) 2 c i [ , this determinant is 
the content of the matrix which occuis m the definition of the hneai qualities X l5 

x 3 , x 3 


Ait 5 In detemnnant form N may be written 


cqSi'iq, 

— a 2 s i x i, 

— CtnSfl 


1 — b 2 

IjnS t)£t 

0 O 1 

C-^SqX^ 

c^ga'o, 

1 — C^X { 


and also m the impoitant symbolic form 

[ (1 — «i s i a3 i)( l ~ b 2 h x 2){ 1 — <W-’s) I > 

wherein, after multiplication, the a, b , c pioducts are to be written m detennmant 
brackets Such symbolic multiplication will be denoted by external determinant 
brackets as shown. 


Art. 6 We have now 


N 

(1 - qX^ (l - s 2 X,) (1 - a.X,) 

_ 1 (1 0- (j; 1 I 

(1-^)0 - » 3 X 2 ) (1 - s s X 3 ) 

I (1 - SqXq + S-jXq - DqSjtTq) (1 — %X 2 + 5 2 X 2 - ^ 2 ^ 2 ) (^- 1 

- (1 - Sl Xj) (1 - s s X s ) (1 - 83 X 3 ) ..~ 


Sj (X x — 

1 »-1-Tv— 

1 qXjL 


+ 


s 3 (Xo - &gg 9 ) , g s (X 3 - c^g) S£ 


s,X 0 


+ 


SgXg 


(1 — SiXo) (1 ^ 3 X 3 ) 


+ 


sgSi | (X 3 C 31 .Y 3 ) (X T [ 

(1 - s 3 X 3 ) (1 - Sl Xi) 


Q 2 


(X T — (gap (X 3 — h 2 i->) 1 
(1 - s^) (1 - s 2 X 2 ) 


; 
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since, as will be seen presently, the deteimmant 

| (Xj - a^) (X 3 - b& 2 ) (X 3 - c 3 « 8 ) | 

vanishes identically. 

The right-hand side of their identity does not, on expansion, contain any terms 
which are functions of s 2 x 2) and of the coefficients cc, o, c only 


Art 7 Before proceeding to establish this, it may be remarked that the above 
identity may be written m the determinant form — 


C 


1 — 5 1 X 1 , 

0, 

0, 


^2^1*^’l> 

1, 

C 2 5 3^3» 


0, 

1 — $ s Xg, 

0, 


^3^ 1*^1 

b d s 2 x 2 


0 

0 


®3-^3 


(aj£x X 1 ) _ 

‘ 1 -^Xj 

ji£g£2 

1 - ’ 

W 
1 - s 3 X 3 ’ 


1 - SyKj ! 

s a (V'g - Xg) 

1 — SgX a 

C 2 S ‘,] X 3 
1 ^ 3 X 3 




and, m this form, is very easily established 


[ 3'T°1 


1 — s 1 X 1 

1 *">0 X.n 


gi s ~~ X 3 ) 

1 - SgXg 


Art. 8 Consider, in regard to the order n, the algebraic fraction 


1 (Xi (X 3 ^ 3 ^ 2 ) _ (X, tjXi) [ 

(1 — Sl X x ) (1 — s 3 X 3 ) (1-sA) 

wherein t has an integer value not superior to n. This fraction is specified by the 
first t natural numbers, but this is merely for convenience, as what follows can 
be readily modified to meet the case of a fiaction specified by any selection of 
t natural numbers, which are unequal and not superior to n. 

To show that this fraction contains, on expansion, no terms which are functions of 
s i®i» h x 2 > • • s * x n only, it is merely necessary to show that every term in the develop¬ 
ment of the determinant 


I (-^-1 ^ 1 * 1 ) (-^2 > • ' ( X-t — t ( Xi ) | , 
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contains eithei x f+1 , ®/ + a, x lt , viz, that eveiy term contains an x with a suffix 
that does not occur in the s-product 


*1^3 > 


foi visibly the fraction contains neither 


fy + ls + o> • noi s „, 

or, the same thing, the quantities s, occurring in the product 

^0*2 5/, 

aie the only ones that are found in the fraction, the determinant should therefore 
vanish by putting 

X( + j Xt 2 — • — — 0, 

The determinant is 


putting 
the first row is 


Xj —— cqaij, — ' ctcjpu^ . —■ 

— Xo — & 3 as„ . — b ( x» 

i. J' rV vJ v 

* 

* « * 

— tjX/, ~ t s x h Xt — tiX t 


Xi+l — *^/+2 — 


= x H = 0, 


OjJCg + OjCCg + . . -^apci, — a 3 a3 l5 — ctgCiq, . . . —cqaq, 


and adding togothor, aq times the first element, x 2 times the second, . . . , &c, x t times 
the £ Ul element, we obtain zero. 

A similar operation, peiformed on the elements of all the other lows, likewise 
results m zero 

Hence the determinant vanishes on the supposition 

•fy+l ' == ' ffli+ 2» ~ ■ . ~ Xu == 0, 

and accordingly every term, in its development, contains as factor one at least of the 
quantities 
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This proves the pioposition and also shows that the deteimmaiit 

] (X 2 — ct^) (X 2 — b 2 x o) . (X„ — n,;i u ) |, 

of the n m order, vanishes identically. 

Art. 9. Hence, of older 3, we have the identity 


(I - ^Xj) (1 - sjXgHl -*X) 1(1— <Wi) (f - ^Vs) ( 1 - I ’ 

multiplied by 

a, (X, - a rh ) a, (X , - ^.) &, (X, , v -, 1 (X, - ?y 3 ) (X„ - ,) 

1 + 1 - SjXj ‘ + a 2 X s + 1 - »„X, + (1 - .s 2 X 3 ) (1 - s-,X.) 

s 3 s 1 ((X s — Cj? 8 ) (X x — I Val (Xj ~ ~~ 

^ (1 - SgXg) (1 - &X) ^ H “ <s i x i) (1 - ^X 2 ) 

and, of order n, the identity 


(1 - (1 - 6 3 X 3 ). (l'- a») I (1 - Wi) (1 - ^sWa) 0 “ 'W 


multiplied by 


h (X! - «£]} L ^ 1 (X] (X„ - y 3 ) 1 


1 . —mm i 

^ 1 - S^j ^ 


+ + 2 


s i b i 


(1 - Sl x a ) (1 - .S 8 X 3 ) 

b£ | (X T - (Xo ^O&’o) (X/ ' ' t(*t) | 


(1 - Sl Xi) (1 - *A) (1 - "/xo 


the last hatch of fractions involving, each, n — 1 denominator factors, and the numbers 
of fractions, under the summation signs, being in order 


n\ fn\ 
1 /’ \2/ 


n\ 


' ib ' 

v'tl — 1 ; 


Moreover, it has been shown that the fraction 

_1_ 

| (1 ~ (1 ” bqbsfiz) (1 n u 6 u ;r u ) J 

is the condensed form of the fraction 

_i_ 

(I ,S ]Xl.) (A %Xg) . (^1 — tSiN») 


or we may regard the latter as a redundant form of the former. 
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Art 10 The coefficients of the teims 

(S2®a) ij (SnX„)\ 

m the expansions of both fi actions, are the same 
Hence, the coefficient of the product 

/* £l w* t ' rp 

• A- ^ «C/o *Aj)f f 

m the expansion of algebraic fiaction 

J__ 

| (l q/q) (1 (1 — n, t i n ) | 

is equal to the same coefficient m the product 

(a,.r L + . -f a»ir H ) s ' (b x x i + + h„x„y* {n x x x + . + n H x n y% 

where this product is a “particular ledundant generating function,” the use of which 
renders the quantities q, q, . . s tl unnecessary to the statement of the theorem 

Art 1L. Tlie theorem icgaided as a proposition concerning the coaxial minors of a 
general determinant is veiy lemaikablc , for it will be obseived that we are able to 
exhibit the coefficient of 

X^'xJ* xj n 

m the “particular icdundant gemmating function” as a function of the coaxial minors 
of the determinant of the n quantities. 

^ 2. Arithmetical Interpretations 

Art. 12 Most of the arithmetical results that can be deduced arise from duality 
of interpretation from algebra to arithmetic in particular cases. In the memoir to 
which rofeience has been made two particular cases presented themselves. 

Art 13. The first one was connected with the matncular relation 

(X„ X s , X, . X,) = (k, 1, 1, . IK, s 2 , iC 3 x,). 

k, k, 1, 1 

kj ky . 1 

. . 1 
.1 
1 
k 


Jc, k, k , 
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and the condensed form, thence derivable, which has the form 


1 - 7 * 2 ^ +1 (i - 1) 2^ - i(i - 




^ n 


The latter generating function occurs m the Theory of the Composition of 
Numbers The corresponding redundant form is not unique (this will appear m the 
sequel, but that given above is one of the most useful 
Ait 14 The second one was founded on the relation 


(Xp x 2 , x s 


x„) — ( 1 , X- 2 i, x si , 

1 > Ij ^32’ 

1, 1, 1, 


leading to the condensed form 


h h h 


Nii) (*^n '*"‘s • X/i ) 

Nii 
^11 


Sid 


1 - 2 . 1 ’! - 2(V - 1) x a x p - 2 (V — 1) (Xyfi - 1) % a aya y 

(Ni 1-1 (Ns 1) (Nil t) • (Nil »—i t) , , )' ) ,rn.r. i .r l 


♦ '*'m 1 ft'n* 


wherein the numbers a, fi, y, . . are m ascending order of magnitude 
These particular cases gave rise to dual interpretations in arithmetic. 

Ait 15. The general theorem, as so far developed, apparently only admits of a 
single interpretation 
Regarding the product 


( a i x i + a 2 c h + * • + (N-N + + • * + b H oc n y~ .. (nyi'i 4-%t 2 4 • • • 4 


the coefficient of 


oh ai &i ft • . . . np a n **bf" 




x 


j ii 


t. 


may he interpreted m the theory of permutations. 

Considering the permutations of the 2£ quantities which form the product 



the coefficient indicates the number of permutations winch possess the property that 
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aq occms a L times in places ongmally occupied by an aq 
$1 >> j’ )) cc 0 


33 3 ? 


33 

33 


33 

33 

33 




oc , 


i Qo 


3 3 

33 

33 


33 

33 

33 


33 

33 

33 


a; 




fq 

0Q-) 


3 3 3 3 


3 » 


33 


£C« 




33 


3) 

33 


A* 


33 


3 3 

33 


33 


x 1 

Xc) 


3 3 3 3 


V U 


33 




Accordingly the proper generating function for the enumeration of the permutations 
possessing this propel ty is 


| (1 — rqq) (1 — V's) C 1 ~ 


Art 1G. As an interesting particular case we can find the generating function for 
the enumeration of those permutations of the quantities m 

/yi f* ryi £a <*- £>* 

L ™ Q ♦ « 

which possess the property that no quantity is m the place originally occupied , that 
is, m the permutation, no x s is to occupy a position formerly occupied by an x s , s having 
all values from 1 to n. 

Clearly we have merely to put 

oq = — ■ ■ = 0, 

and the remaining letters, a, 6, c, . . . n equal to unity. The geneiating function 
involves the coaxial minors of the determinant of the n tlL order 


0, 1, 1, . . 1 

1 , 0 , 1 , . . 1 

1 , 1 . 0 , . 1 

* i * * 

1 , 1 , 1 , . . 0 

This determinant has the value 

(-)" (»- o. 

R 


MDCCCXOIV.—A. 
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while its first coaxial minors have each the value 

(-Y 1 " 1 (w- 2), 

and its 5 th coaxial minors each the value 


(-)*"' 8 ” L ) 


Hence the generating function is 




iS^rh-jd o 


Xi 


'S + 1 


**'*'"* ] ^ 


or writing 


this is 


(x —Xj) (x — £c s ) . (a? — sc„) = X a — + a #?- 1 — . 


1 — fl 2 — 2ft 3 — 3cq — . — (?i — 1) (tn 


Art. 17, As anothei example, again consider the peimutations of the quantities in 


xA xj* 

1 <v» 


/v» i 




Divide the places occupied by the quantities into compartments 


A Ao . A 

X tJ 


no 


such that the first places are in compartment A x 
next ^ „ „ Ajj 


last & „ „ A*, 

and let us find the number of the permutations which have the property that no 
quantity with an uneven suffix is m a compartment with an uneven suffix, and no 
quantity with an even suffix is in a compartment with an even suffix, 

In the “particular redundant generating function” we have merely to put 

-—■ Ctg —- -— * * i— 0 5 

^2 == ^4 ^8 “ • * ‘ == 0, 

(?1 = C s = C 6 = . . . = 0, 

&C., &C., 

and the remaining a } b, c, . .. letters equal to unity. 
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For the tiue geneial (01 condensed) generating function we have thus to evaluate 
the coaxial minors of the chess-board pattern determinant of the n t]l older, 

o, 1, 0, 1, 0 . | 

1 , 0 , 1 , 0 , 1 
0 , 1 , 0 , 1 , 0 . . . 

1 , 0 , 1 , 0 , 1 . . 

o, i, o 3 1 J. | 


Here, all the minors of Order 1 are zero. 

A minor (coaxial) of Order 2 has either the value zeio or negative unity If the 
minor he formed by deletion of all rows except the p Ul and q i}l and all columns except 
the p ih and 2 th (q > v) the value will be zero, if q — p EE 0 mod 2, and will be 
negative unity in all other cases 

Coaxial minors of Older > 2 as well as the whole deteiminant vanish, because in 
every case two rows are found to be identical. 

Hence the true generating function is 


1 

1 - .Cjl (a a + 'G + ) - ff 9 (a’s 4- a?B + ) - «a fa + % + ) - 


— X u — 1 X u 


which may he written 


1 


i _v v 




Art. 18. Again for the enumeration of the permutations which are such that no 
quantity with an uneven suffix is in a compartment with an even suffix, and also no 
quantity with an even suffix is in a compartment with an uneven suffix, we are led to 
the complementary chess-board pattern determinant: — 

1 , 0 , 1 , 0 , 1 . . . 

0, L, 0, 1, 0 . 

1,0, i, 0, 1 . . . 

0 , 1 , 0 , 1 , 0 . 

1 , 0 , 1 , 0 , 1 


and thence to the true generating function 

r 2 
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[1 — a,j_ - as — - r^, + x x (aj 3 + + ) + o (>, + .r, + ) +». (a-, + u b + ) + -I- ,c H _ x x n ) 


which may be wntten 


1 

a Hi 

1 "4" ^ Sba+hw+i 


Ait 19. Again, if it be necessary to enumerate the pci mutations of 


rv » £ 1 rp rp Ai 

i ia^O * * 


m which x l occurs a L times m the compartment A x , 

^1 >) jj 

* 

9 1 91 9 9 A.; 


> J 

>5 


7i 


8» 


we are led to the true geneiating function 

1_ 

1 (VI as ®,j a 1 ,, + (^i — h) S' (^i — o) S” • • T (/R — ^i) 5 

m which we have to seek the coefficient of 

^“A/’cp 1 . . n{ [ x^x 3 fj . a 1 / 1 . 

Art. 20. Again consider the general problem of cc Derangements in the Theory of 
Permutations.” 

In regard to the permutations of 

. . . x}" 

it is necessary to determine the number of permutations such that oxactly m of tlie 
symbols are in the places they originally occupied. 

We have the particular redundant product 

(ax l + x 2 + .. + #„) fl (a?! -f axz + ., . + x nY *. .. (x 1 + x 2 + ... + <*#«)**> 

m which the number sought is the coefficient of 

a m x^x^ ... 


The true generating function (i.e., condensed form) is derived from the coaxial 
minors of the determinant of order n .*— 
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a 1 1 1 . 

i a 1 1 . 

1 1 a 1 . . 

1 1 1 a 


— (a — 1 ) H 4- n (a — l)" -1 
= (a — l) w_l (a -j- n — 1) 


Thence the true generating function 

1 

{1 - a S U + (<o -1) (a +1) S.v 3 - (a -1) 3 (a + 2) %v^x 3 + + (- )»(a - l) ,l_1 (a + w-1)^ as H } ’ 

which constitutes a perfect solution of the pioblem of “ derangement ” 


^ 3 The General Theory Resumed 

Art 21. The denominator of a perfect generating function, of the type under 
consideration, is the most geneial function linear m each of n vaiiables aq, cc 3 , a? w 
Let V« be the most general linear function of the n quantities, involving 2 n — 1 
i ndep on den t co eliioi c l its 

Art 22. I enquire, irrespective of arithmetical interpretation or correspondence, 
into the possibility of expressing the fraction 

v ,- 1 

in a factorized redundant form 

Art, 23 The coefficients of V« must be the several coaxial minors of some deter¬ 
minant, and the question arises * Can a determinant be constructed such that its 
coaxial minois assume given values <l 

The redundant foim of order n involves coefficients. In general, m order that 
the fraction 

y -i 

r n 

may be expressible in a redundant form, its coefficients must satisfy 

cr» 

conditions, and, assuming the satisfaction of these conditions, a redundant form 
involving 

n 2 — (2» — 1 — (7ft) 

arbitrary coefficients can be constructed 



126 


MAJOR P A MACMAHON ON A CERTAIN CLASS OF 


Ait 24 The relation 

— (2" — 1 — cr„) = n — 1 

will be established, and this leads to the conclusion that the redundant form, when 
possible, is always of a 

infinite character. 

Art. 25 The fact, subject to the above-mentioned conditions, that there is an 
infinite flexibility m the redundant forms is of great importance m the Theory of 
Numbeis, because the potentiality of arithmetical interpretation would appear to 
have no finite limit. 

Art 26 Observe that 

cr n 

denotes the number of identical relations or syzygies connecting the coaxial minois of 
a general determinant of order n. 

Art. 27. The discussion of the theory of the first few orders forms a convenient 
method of approaching the general theory. 

I take the general form of Y„ as 

1 1~h (' ) M jPi 2 n^r'h * * . . . x n . 

Art. 28. The case n — 1 

This case is trivial because the perfect form 



Yr 1 ^ 


i - 


Pi s i x i 


coincides with the redundant form 


o% 


0: 


- (2* - x - <n) = o. 


Art. 29. The case n— 2 
In order that 


{1 — ^ (%#! -f «i 2 « 2 )} {1 — % (etgft + a n eo%)} 


may be a redundant form of 



__1_ 

1 — PiV’l “ 1W^2 + 
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we have 


a n = Pi, ctu = p 2 , 
I ®n, %2 I = Pm 


and thence a l2 a 2l — P\P 2 —Pu ^ $12 (suppose); introducing an 
quantity a ]3 , we may put — 

a 12 ~ a 12^I2> 

a 21 = l/ a 12) 

where a 13 may be a certain function of the quantities 


Pi) P%’ Pm *3) 

but, numerically, may not be either zero or infinity. 
The matricular i elation is 


(X ls X 2 ) — (®n> a u) ( x i, x i) — (P\, a i3^Zia) ( x i, Xi n) 

%13 ®22 V a 13’ Ps 

and the ledundant form 

1 

(1 — q (/V’l + ^isiZjo^o)} {1 — 6 s 0-l a iz !i i + 


of a singly mlimte charactoi 


cr 2 = 0 ; 

n 2 ~ (2" — 1 — <r 8 ) = 1. 


Art 30. The case n = 3 

The matrix being that connected with the determinant 



1 a 13 1 

5 

we have the following relations 



a n ~ Pi> 

a 22 

= ^33 

1 a ll, %2 | = Pm 

1 tt ll3 ^*33 1 

CO 

£ 

II 


1 ^11> a 22> ^33 

1 — Pm > 

and thence 



a is%i ^ 

9 m <^13^31 

II 

CO 

V 


where 


a 3S 



a 23 a 3 2 — 2s8> 


(7 isj to — (PiPz Pm PiP& Pm PzPs P23) 3 


undetermined 


P& 
P 23 > 
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in tro Hu rang the undetermined quantities 


“l23 a 13> 


■write 




a \% — a 12#12J ft 13 — “lsfe fl 23 — “23*723’ 


fl »l — „ 3 


a 


12 


a 3 i — 


Ct-i « 


13 


a 


'32 


and thence by substitution 


which may be written 


Pi 

a l2#12 

a i3*7n 

1 

*19 

A* 

“23^23 

1 

1 


— 

* - 

A a 

*H 

do 1 

t * -> 


Ai 

013 

O' 13 

*19*81 

1 

Pi 

( h \ 

*12*23 

*13 

1 

A 3 


Al23» 


Pi l 


this is a quadratic equation for the evaluation of a ia /a ia a 3Sj which may be wiitten 

‘'IS 1_\ / J L \l_ 1 | _ y 

«12 a 23 C 13/ \ a 12 a 33 C 3L 

Thus two of the three quantities a la , a 13 , a 23 remain undetermined, and the co¬ 
efficients of V 3 are not subject to any condition. 

The matricular relation is either 

(X„ X. X s ) = ( Pl 

i ft 

*12 

* 12*28 <*23 

or the one involving the matrix similar to the above with c 81 written for c 13 . 

a i23 “23 are undetermined quantities, and c^ 1 , c^" 1 are the roots of the above- 
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given quadratic equation, winch me expiessible as irrational functions of the co¬ 
efficients of V 3 The redundant foim is 

1 

(1 - Sl Xd (1 - 5 3 X 2 ) (1-^Q 9 


of a doubly infinite character. 
Also 



n 2 —- (2 W -—1 — cr u ) = 2, for n = 3 


Ait. 31. The case n~ 4. 

The matiix being that connected with the determinant | a H | we have the rela¬ 
tions *— 

a ll “ Pl> a 22 “ P%’ a 33 = Vz> a bh ~ Pl> 

a li a 22 I “ Pl2> I a 'll a 'Z2> i ” _Pl3> I a 22 a 33 I — VlD 

«i i rt n I = Pn> I « 2 s fhi I = Pan I I == 2hh> 


and thence 


a n a 22 n w 1 — i ) is‘j* I c( a a 22 a a I — P 12 n 
Ww I “ ihan I a 22 ( h‘i a ik I — Psm> 

a n Cf 22 a s6 a n I = PiMh’ 


a, li a 2l — (Zl3» a l3 a 3] — lZl3> a 23 a 33 — ^23’ 

a l‘L a H ~ QW a 24 rt 12 ~ AlJ °3L a 43 = ( 1‘3L - 


and introducing six undetermined quantities, 


a 


12 


a l2 ( ]l2> a 13 — a 13?Zl8> a U — 1 a litfll,> C<, 23 — a 23(?23» a U‘ — ct 34 — a 31#M» 


— , 

“13 


a 31 — A > 
“l8 


ft, 


41 




u 


a 32 — > 

*33 


a 43 — 


a 


34 


a 43 — .. » 


a, 


■84, 


and thence by substitution m the remaining relations, 


Pi’ 


a is2l8 

1 

*12’ 

P 2 ’ 

a 23 r Z 2 S 

_1 

1 



3 

p% 

“13 

“08 

MDCOOXCIV.—A. 



Pi’ 


a 14$14 

1 

> 

P2> 


“13 

1 

1_ 


3 

3 

ih 

“li 

“31 



jPm> 
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Pl» 

a 13?13i 

a li#14 


p2‘ 

0L 23 < 1%3’ 


1 

“13 

Ps> 

a 3i$3i 

— Pl34> 

1 

U 2 A ’ 

«“v 

CO 

a H^3i 

1 

1 



1 

1 


a 14 ’ 

U Zi 

Pi 


“St’ 

a 31 

Pi 


Pssj» 


Pi> 

a 12 # 12 > 

a 18 # 13 > 

a 14 <?H 

1 

a 13 

1 

Pz> 

1 


a 2 W 21 

a 13 

a 23 

Ps> 

a 3 ‘i 2 S 4 . 

1 

1 

1 _ 


y 

) 

*31 

Pi- 

U u 

«24 



!P\2W 


The six undetermined quantities that have been introduced must satisfy these fiv< 
equations However, the six quantities only enter the equations m tlireo combma 
tions ; for, writing 


7lS 


13 


714. 


It 


721- 


rt 13 a 23 ' ' ~~ 

the five equations are easily transformed into the following five— 


h 

Vis’ 

1 


?12> 

P» 

1, 

1 


7is9'is 

Ps> 


7l4j?14i 
y %$24 


Vim* 


Pl> 

^125 

713^13 


Pi> 

(Zl2» 

Yit 

' tfn 

721 

1, 

Pz> 

Pzs 

— Pl2S> 

1, 

Ps> 


1_ 

5 

1, 

Ps 


Ygt 

) 

1, 

Pi. 

Yl3 



Yu 


Pn 

S’lSa 

7u 

—'^4 

Yis j 


P2> 

(?23> 

7sw. r /&i 

1, 

P 3 > 

9.3i 

^ Pl34i> 

i 

1, 

JP3I 

ft* 

Yis 

1, 



A 



714* 

Pi 


7 24 ’ 

1> 

Pi 


V isi» 


P234,> 
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which involve only the three undetermined quantities 

7l3J 7l4> 724* 

From these five equations we can eliminate the three quantities 

7l3> 7l4> 734 J 

and thus obtain two independent relations between the coefficients of V 4 These are 
the two conditions that the coefficients must satisfy m order that a redundant form 
may be possible 

Since also these coefficients are the several co-axial minors of the determinant 

I a u I 

we establish the fact that these co-axial minors are connected by two relations or 
syzygies Thus 

°4 = 2; 

and assuming the satisfaction of these two conditions we can solve the equations so 
as to express 

7l3> 7l4> 734 

as functions of the coefficients of Y 4i . 

Solving these equations and writing 

Pm = Pm ~ Mm — Mm *“ PtPn + 

we find 

7i3 “ {Pm i a/ (P a m “ 5 

724 == 2^ OJt {^331 i -\/ (P 3 334 ’ 

7] 3 _ 2^14 ^131 ± \/ (P 3 134 — ^^13^34^14)} > 

Tsl “ 2<[ u {P 121 i V (P a i24 ~ ’ 

and assuming these four equations, as well as the fifth equation, consistent there are 
just two systems of values of 

7is> 7n> 7$4> 

which satisfy all the equations. 

Let the two values of y 13 be 

1 /% and l/c 31 , 
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corresponding to the positive and negative signs lespeotively, and lnrlhor tal 
signs all positive, let y UJ have the value 

1 / ^ u/> 

and taking all the signs negative, let the value be 

1 f 


We have the solutions 


(y 13 , y., y=J = (;h ,h 

(yu* fi 1,1 y-!i) (i u 1 


and we may wnte either 


^ 12^23 a n U Z‘\ U M a 21®H' 

Oi f'n ( 2i > 


( a 13> a ld> a 3l) = ( 

.. ., \ ( a 12 a 33 a 13 a 23 a 'll a 2d a, u\ 

\ a i3» a idJ Si) — l ~~ ’ 7 " 7 ~) 

\ 6 U ‘Ml 6 IS / 

The undetermined quantities are thus reduced to the three 

a i3j “an? a w !•' 


Writing for brevity, 
and also 


( a 13 a 23» a 23 a 3U a l3 a 23 a, 5l.) — (A‘l> Al>> Ai-)> 
a M r+1 =: A, i + 1) 

the matrix that defines X l5 X 3 , X 3 , X lt is either 


Pi 

fin c hz 

jrfcs 

c Tl 

Ad 

,, Vld 
c n 

1_ 

A3 

Pi 

A3IZ23 

Aj, 

«■« 

A3 

1 

A'i 

Ps 


C 14 

A<t 

C 2t 

Ad 

_1 

Ad 

i>4 


or the same matrix with the substitution of c yj , for c cy . 
The redundant form is 


(1 - ^X,) (1 - s 8 X g ) (1 - s,X,) (1 - » t X 4 ) 
of a triply infinite character and of two forms. 
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Also for 7) — 4, 

- {T - 1 - <T rl ) = 3. 

Art 32 In order to proceed to the general case it is necessary to make a digres¬ 
sion for the purpose of establishing ceitam properties of a determinant of special 
form 


§ 4 Digression on the Theory of Inversely Symmetrical Determinants. 


Art 33 The determinant of special foim which I have provisionally teimed 
“ mveisely symmetncal” is 


1, a 12 > 


_1_ 

^12 

l 


i, 

l 


“2, 


a 13 

a 23 

1 


a-m 

*Zn 


_1_ _1_ _1_ 

°t\H && Myi 


l 


which involves different quantities a, and is such that the elements on the puncipal 

axis are all unity, and is inversely axi-symmetrie m the sense that elements, symmet¬ 
rically placed m regard to the principal axis, have a product equal to unity. 


Art. 34. The property of this determinant, which is of vital import to the present 
investigation, may be stated as follows — 

“The determinant, as well as all of its co-axial minors, may be exhibited as 


functions of 


n ^ combinations of the (™\ quantities a^. 


7 7 


To establish this, first, consider the determinant itself, and put 


fia/ — &x, x + 1 a x+ 1, x + 2 a w-l ,y> ^ 

Y r V — &Ty/fir 


'ry; 


so that 


Observe that the combinations 


ftX, X + 1 ~■ ^X, X + 1 1 

Yx, X + 1 ~~ 1 

(x<y- i) 
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are 


<n 


lN ) in number, it will be shown that the quantities y hV .are those to which 


reference has been made m the above statement of theorem 


Ait 35. With the new symbols the determinant may be written 


1 

A 2 

As Vis 

A*yi4 

A,«-i yi.n-i 

An yin 

1 

As 

1 

As 

At TS'l 

* As, «—i ys, 11 — 1 

Ash. y in 

l 

A 3 T 13 

1 

As 

1 

An 

A, n— 1 y<\,n—i 

A i» y-i. 

1 

Ad Yu 

1 

Ad Yh 

1 

At 

1 

Ai,«-1 7l,n-l 

A« yi« 


1 

1 

1 

1 

1 

Ai-1, ft 

A,«- 1 T 1 , ft-i 

A, «-i7», ft -1 

A.« - 1 7:i, «-i 

At,«-1 7t, »-i 

1 

1 

1 

1 

1 

i 


As» 7‘ift 

A«t» Tiift 


Aft-I ft 


and may be transformed, without alteration of value, by the following operations 
performed successively. 

Multiply 


l Bt column by As 
1 

,, row 

As 

3 rd column 

1 

As 

„ row 

A 3 

4 th column 

1 

At 

„ row 

Ad 

» ?? 

>> 

column 

1 

A23 

„ row 

As 

J>? i) 


n th column 

_i_ 

Aw 

„ row 

An 
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it then assumes the form— 


1 

1 

7l3 

7h- 

yi,n- 2 

7l, 

Yin 

1 

1 

1 

721 

72,51 — 2 

7s, n - 1 

Yu 

1 

7i„ 

1 

1 

1 

o-» 

1 

to 

73,51-1 

Ysn 

1 

7m 

• 

1 

7a i 

1 

1 

• 

0^4, n — 2 

• 

7<t,-i-i 

Yu 

1 

1 

1 

1 

+ • 

1 

• 

1 


7l, n- 2 

7 i,n-i 

7v*-s 

7l,M-2 

Yn- 

3 

1 

1 

1 

1 

1 

1 

7l n-l 

72,55-1 

7),m-i 

7l n-l 

1 

1 

1 

1 

1 

1 

1 

7i,k 

7a, n 

73, n 

7l. n 

—2 n 



which involves only the 


combinations y WJ of the f ) quantities a Xt 


Art 36 The determinant is also inversely symmetrical, and not only the principal 
diagonals, but also the adjacent minor diagonals consist wholly of units In regard 
to the occurrence of three diagonals of units, we have here the normal form of 
inversely symmetrical determinant. 

Art. 37 We have next to consider the coaxial minor of order n — 1 obtained by 
deletion of the s tu row and s th column. 

The following successive operations, which do not alter the value, have then to be 
performed— 
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Multiply 


1 st 

column by 

As 

and 

1 wfc 

low by 

_t 

As 

grd 

3 

1 

/3o3 

33 

gul 

33 

A 3 

• 

(S - If * 


1 


(s - l) th 


A, H - 1* 

33 

A,#-i 

33 

33 

(s + 1)“ 


1 


(5 + l)‘ h 


y*-i,s n A,i 1 1' 

33 

7*-i,« + i A,»+i 

33 

33 

(s + 2) Ul 

33 

1 

— l,s + 1 tf H- 2 

33 

(s + 2) th 

33 

7a - 1, H 1 A, a 1 2* 

« 

n Ul 

33 

# 

1 


n th 


« 

- 1 , 1+1 A, ,i- 



Ya-l.a + l A,)t 

33 

33 


Art 38. To lepresent the lesult conveniently, suppose the determinant divided 
into four compartments by the lines of deletion, thus— 


I II 

III. IV 


We then obtain— 



72 , 5-^1 7-2 5+2 73 3 72 ^—2 72 1 72 » 

r / j—1 5+1 7 ^— 1 , 5+1 75 — 1 , 5+1 75-1 5+1 75—1 5+1 75 - 1 , 5+1 
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MD cccxcrv.— A, 


T 


7^-1 5+1 75—3 5+1 75—1 5+1 75—1 5+1 7f—1 75—1 5+1 
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Art. 39 This is ail inveisely symmetrical cleteiminant of normal form involving the 


2 ^ quantities y nj In the compaitment II, the elements, othei than the units, 

have the denominator y s _ J)S + 1 The transformed of the minor is denved from the 
transformed complete determinant by deletion of the 8 th low and s th column, and the 
subsequent division of each y element m the compartment II by 7 ,- 1 , * n and multi¬ 
plication of each y element in compartment III by y*_ lt , + 1 . 

It is now obvious that if a mmoi be formed fiom the untiansformed detoiminanb 
by deletion of the 

s th (s + l) th (s + cr) th rows 

and the 

s th (s + l) th ( s + o ’)' 11 columns, 


the transformed minor will be obtained from the transformed complete determinant 
by deletion of the aforesaid rows and columns, and subsequent division of all y 
elements which are at once above the 5 th low and to the right of the (s -f <r) th column 
by y s -i, s + 0 . + i and corresponding multiplication of the inversely symmetrical elements 
by the same quantity Or, as befoie, we may suppose the minor divided into four 
compartments and state the rule with reference to them. It will be convenient to 
allude to these compartments as I*, II*, III*, IV* 

In addition to the aforesaid rows and columns, suppose the d h (t ~b l) tu , . (/ + r) lh 
rows and columns deleted. 

I 11 correspondence we have other four compartments, I/, II/, III/, IV/, and there 
will be a certain extent of overlapping of compartments. 


Art 40. The rule is (after deletion from transformed complete determinant) .— 


Divide y elements m U. by y.-!, .+<r+i> 


35 


35 


11^ » y< 


1, t Vt + 1> 


with coirespondmg multiplication of the inveisely symmetrical elements. 

If this be carried out it will be found that those y elements which are in both II* 
and 11 / will be divided by y,_ l% 8+ , + 1 y t „ h t+r + l . 

The general rule guiding the formation of the minor when there are any number 
of sets of compartments arising from the deletions will be now perfectly clear. 

Art 41. We are thus enabled to exhibit all the co-axial minors of the determinant 
as functions of the ~ ^ quantities y. 

So much of the theory of these interesting determinants suffices for present 
purposes. 
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§5. 

Art 42 The general case 

The matnx being that connected with the determinant 


we have the relations 


as well as 


other relations 



5 


- Pj?) 

j till®>yij j = Pzy> 





connected with the co-axial minors of oidei greater than 2 
From the relation 

| a tu Ctyy | = p.cy 

is derived 

— p x py — ^ = q xy (suppose). 


We now introduce 


undetermined quantities a xy such that 


%y —~ 


a 


f yv 


a ^j ( l >-y> 
l/ a .ey> 


and substitute m the remaining 


2 U — 1 — n — 


72- 


relations 

The typical i elation 


a x x a yy CO . J — P xyx 


T 2 


then becomes 
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y>,, 

a >/!<!/* 


l . 


Pm> 

a -p ( h~~ 

*JLJT 

1 

1 , 


» 







In the determinant the quantities a occur m an inversely symmetncal maimer, and 
the determinant becomes inversely symmetrical on putting the quantities p and q 
equal to unity. 


Art 43 The determinant is transformable m the same manner as the corresponding 
inversely symmetrical form, and the foregoing “ Digression ” establishes the fact that 


the quantities a will then occur in only some or all of 


n - 1 


combinations gi whore 


a 


CL 


^ V l,*+2 * * if kx’j 

Hence we are presented with 

2 " — 1 — ra — ^ g ) equations 
involving g ^ quantities y x> y . 


Art. 44. Eliminating these 



quantities, we find 


2 " — 1 — n 




2« — + n 


2 


relations or syzygies between the coaxial minors 


Pxyx 

of the determinant 

I a ln | • 

Art 45. This shows that the coefficients of V« must satisfy 

< 2" - + n - 2 

independent conditions. 



GENERATING FUNCTIONS IN THE THEORY OF NUMBERS 


141 


Art. 46 Assuming the satisfaction of these conditions we can solve the equations 
so as to express the ^ 9 ^ quantities y tj y m terms of the coefficients of V„ 

Hence we can expiess the \ (n — 1) (n — 4) quantities 

(2/ > ® + 1)> 

m terms of the a — 1 quantities 

+ 1) 

thus reducing the number of undetermined quantities to 

n — 1 


Art. 47. We have 





= 2 “- 

w 3 + n — 2, 


while the matrix, which defines 







X, X, 

, . X. 


of the redundant form, is 

— 




( 

Pi 

Ais'Zis 


Ai i r/ 

•u 211 

Ai» 

T-ffu 


1 

Aia 

Ps 

Asnfe 

Asi 

, V34 

A** Q, 

, 22,1 
kow 


fu 

a u 

1 

AaS 

Ps 


Aw 


An 

An 

/■'aii 

An 

« 

1 

An 

Pi 

Ai« 

^4n 

£/ d» 



^2/4 

Aa» 

A 3» 

Aiu 

P» 


or the matrix similar to this with c yx written for c„ 7 

Postponing particular explanation m regard to the quantities c vy I merely remark 
that o x f l is a value of y V)V deduced from the equations. 

The quantity A.^ has been defined to be 

a x, s,+ l Ci x+J,x+2 • a y-l,y' 

The matrix involves n — 1 undetermined quantities 

a 12J — 1, n > 
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or since 


fin/ — fiijfiln 


we may take the undetermined quantities to be 


fill) fiw * • ' fii i 


Each redundant form is thus of the nature 


as was to be shown 


Art. 48. The equations 

taken from amongst the ^ 
One such equation is 

which may be written 


for the determination of the y 0 j quantities y, lV can bo 
J equations connected with the co-axial minors of Older 3. 

| ^ Pr,y,i> 


7^ 

P‘ ( l*y „ - '!• 

IX'ffye 

1 Pi/ ( lyx 


7*-* 


P* 



and this is a quadratic equation for 

If x, y, z be consecutive integers, this is simply a quadratic equation for y n . Hence, 
the n — 2 quantities y Xt9 +% are at once determined. The n — 3 quantities y 1|l + 8 are 
found by the aid of y x>x + 15 which is unity, and y x + 1>(H Thence, y iro is found in 
terms of y x+ 1>a! + g , and all the quantities y xy are easily found. 

Assuming the coefficients of V« to satisfy the above-mentionod 


2 ” —. n % + n — 2 


conditions, we have to find systems of values of the quantities y cy which satisfy the 

2 M — 1 — n — (^j equations 

m which they appear. 

I find that there are only two such systems, obtained respectively by taking the 
positive and the negative signs in the solutions of the quadratic equations. In the 
one solution the signs are all taken positive and in the other all negative. 
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Let c,- 1 be the value of y xu obtained by always taking positive signs and c yx ~ l that 
value obtained by always taking negative signs 

We have the system c xy ~ l and the system c yx ~ l There are thus two lepiesenta- 
tions of the redundant foim, each involving n — 1 undetermined quantities. 

Ait 40 Given a redundant foim of order n, involving the matrix 


we may exhibit its two representations, each involving n — 1 undetermined quantities 
The coefficients of the condensed foim now necessarily satisfy the proper conditions, 
and passing through the condensed form we must, in the matrix of Art 48, write 

P? — Cl'ix 

([ii/ ^ ? t^yif ] ^n^yy | ■— ? 


and then it only remains to find the values of c UJ and c tJ% m terms of the elements of 
the determinant 

| 

Solving the quadratic equation 


a 


} 11 


00 i y^yx 






Oh igCbgi 


7 ay 7 »/g 
7 *s 


COyy (X/ygCtgy 


a.. 


— Ct^dlyyCtg 


transformed from Art 48, we find 


_ (fhyttystts x it v ^ 

2 Ct Xi CCg X 


7*'/ 7v. 


or taking the positive sign 


and taking the negative sign 


Tag _ &V8 

7#*/ yy& 

^fxz _ &yx &zy 


7^3/ 7^ 


Hence, if c v ~\ be the value of y v deduced by always taking positive signs and 
c,* -1 that value arising from the negative signs, we find 
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tl i, i + i Cti + i, z + 2 


V 


a y,y~\ a !/-\,y-z a i+i, t 'V 

where the symbols b 12/ have been introduced, so that now 

^ IJ/} G t y 

m regard to the elements of the matrix of the fundamental form aie analogous to 

V-DJ) fiiy, y u/ 

m legard to the undetermined quantities 

It is easy to verify that the two systems of values 

c -i c ~ l 

v ?;/ j 5 

/ n \ 

of the quantities y %y , satisfy the whole of the 2 M — 1 — n — equations, but I do 

>p to prove that these are the only systems of values of y nj 
stitutmg m the matrix of Art, 47 we obtain the two representations 


( «u 
1 

A 2 

Jh\8 _ 

As ^13 

Ad, 


ft ia%iAa 

06no 


^13 a 31^13 
P\ 23 0C '33^23 


AdAlAl- 

A#dAi. 


A/tl'A/i. 


&nK 


1 

A2 

fl'Sl 

As ^81 
Ad, ^41 




J- 

As 

tt 33 

AdAltfAl- 

^3 

a 24 

Ad, ^24 

1 

Ai 

«44 


&'2n 


^4?j 


&Vi 



* ^>nn 

Aa a l&Al 

AsAAl 

A^Ai 

lrfo\ 

a 22 

As^ssAs 

AiAjAs 


JL_ 

As 

%3 

AAlA<3 


a 42 

Ad, ^42 

* 

1 

At 

CtxL * 

ITx’ 

• * 

* 



"ttl 


&na 

/5sh 

A» &«4 

ct nn 
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and the second is obtainable fiom the first by writing 

{^>>/> ^>i/) — 

These redundant forms all lead to the same condensed form, viz —that derivable 
from the matiix 

< 0 ) 

| tc hi j 

Fuither we have here the most general forms of determinants such that their 
co-axial minors coincide with those of the determinant 

| | • 

The matrix reveits to its pnmaiy foim on putting 

fi-iy — ® i yj^y ib i y 

m the first representation, or, on putting 

fi I)) — 1 [by i 

m the second representation. 

The transverse matnx is obtained, from the fiist representation, by putting 

fin/ ~~ f jbi\/‘ 

Art 50. The function V which has enteiecl in such a fundamentally impoitant 
manner into the foiegoing analysis appears to have a place in the general theory 
of matrices. Confining ourselves, for simplicity, to the third order, it may be recalled 
that Sylvester terms the function 



an - 

X 

a 12 


'<13 


a 2l 


a 22 “ 

X < 

'<23 


a ‘M 


a 32 

«33 

— X 

the latent function of the matnx 





( 

a li 

a 12 

a l6 

) 


a 2l 


a 23 



a 31 

U '32 

^33 



This function appears very frequently in pure mathematics, and also m applications 
to physics. From it can be derived a function of three variables, viz *■— 

MDCCCXOIV. —A. U 
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Ciji Xy C4j 2 Ot 13 

Ct 31 U 3 2 ^33 


and herein writing 1 jx 1 for x l: &c , and multiplying by x l x 2 x 3 and by — 1 when the 
order is uneven, we get 


V 


a ll x l 

- a n x x 

— a 3] x 

<*2l X 2 

1 a 22 X 2 

“ <*32L 

a 3l x 3 

^32*3 

1 1 


Thus the latent function is a particular case of the function Y. 

In the discussion of the roots of the latent function we are concerned with the order 
of vacuity of the matrix which may be any integer of the series 0, 1, 2, . . n. In 

the case of the function Y, which may be called the homographic function of the 
matrix, it is evident that a more refined nature of vacuity is pertinent to the discus¬ 
sion We have to consider not merely the vanishing of the sum of all the co-axial 
minors whose order exceeds a given integer, but rather the vanishing of each separate 
co-axial minor 

It may be remarked that the homographic function Y vanishes for the system of 
values of x l3 x 2) x 3 , which satisfies the equations 

X, = X 3 = X 3 = 1. 


| 6 Digression on the General Theory of Determinants 


Art 51. The foregoing investigation has established the fact that the co-axial 
minors, of a geneial determinant of Order n, are connected by 2" — n s + n — 2 
relations, or in other words, that but n* — n + 1 of them can assume given values 
Of these relations a certain number aie connected m a special manner with the 
determinant of Order n , m that they are not relations merely between the coaxial 
minors of one of the principal coaxial minors of the determinant. 

Let this number be 


and put 
Then 


\p (n), 

2' 4 — 4- n — 2 := <j> (n) 


<j>(n) — ^(n) + (^j V {n — 1) + (f (n — 2) -f . , + 
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whence 

V- (4) = </>(■ 4) = 2, 

and 

'I' ( n ) — ( l> (») - (ij <t> (n - 1) + ( 2 ) <M« - 2) - (- )”- 4 ” 4 ) ^ (4), 

and, by summation we obtain the result 

i (») = 1 + (- 1)“, (»=£ 2) 

shewing that 

xfj (2m) = 2 (m > 1) 
i/f (2m + 1) = 0 

Hence, when the determinant is of even order greater than two, there are two 
special relations between the coaxial minors and these two lelations can each be 
thiown into a foim which exhibits the determinant as an irrational function of its 
coaxial minors. 

In the case of a determinant of uneven order no special relations exist between the 
coaxial minors, and it is not possible to express the determinant as a function of its 
coaxial nnnois. x 


Art. 52. In the investigation we met with 



equations 


fax 

1 

VvvVvs 


fay 

fay 


7g 

Tv 


fa 


fas 


1 fas 



involving the t) ^ quantities y %!/ and the coaxial minors of the fiist three oiders of 

the determinant | a ln | . Hence, by elimination, we find g identical relations 

between such coaxial minors 
Also we found 



* It is evident that these relations must occur m pairs in accordance with the ‘ Law of Comple- 
mentaries ' which is so important m the general theory of determinants. 

U 2 
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equations involving the ( % 9 j quantities y nj and the co-axial minors of tlic first s 

V * J / 

oiders of the determinant | a ]n | Hence, by elimination, wo find 



-fi 


V s 


relations between such coaxial Illinois 

Special to the coaxial minors of oidei s, wo thus find relations if n be greater 

than 3. The one relation, special (from this standpoint) to the determinant of even 
order (greater than two), is obtained by eliminating the determinant itself from the 
two special identical relations above referred to. 

Art 53 I take this opportunity of verifying the statements made m Art 49 in 
regard to the systems of values of the quantities 


which satisfy the 

2 W — 1 — n — equations. 

It is, in reality, a question concerning the properties of determinants. 

To ensure that the coefficients of the condensed form satisfy the requisite con¬ 
ditions, assume them to be derived from the determinant 


I Q'w 

I'Ve have equations of the type 


Ct-I }Ctt!jyCi Z x 


This equation, being a quadratic for y rj / y r /y yS) has only two roots, and it is easy to 
verify that the equation is satisfied by the values 

Cl>xyCCyz 

Ctas. J Ct 

In Art. 49, these values have been obtained by solving the quadratic, and it was 
found that the values corresponded to the positive and negative sign respectively. 


Clxv 

1 


Wy* 

Cly y ClyfiCtgy 


a~ 
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Taking always the positive sign, let c iy ~ l he the value deduced for y ey 
Then 

C t y — (J T yjlj 1 y , 

and 

y^!y^yyy= ~ 

Hence, the equations are all satisfied by the system 


y^j = Ciy 1 


Similarly, they are all satisfied by the system 


where 


— Cyi h 


i — (%y%lbyc 


Art. 54. To show that each of these systems satisfies the remaining equations, it 
suffices to consider the typical determinant equation of the fourth order. 

Wo have— 


a 


11 


7« 

d i y ~ ct i * a# ( 


7m» 


%>/7f 


a 


'yv 


1 

7*y7y« ^ 

7*y 7y~ 7«w 7y~7«w 

7y» 




7* 7* 7a 

7'/!B 


U j i(tCtn i 


a 


es 


7**7'*» 

dsu)d W; 


dy/io d w y 


a 


7JOB 




On the left-hand side put 


and the determinant becomes 


— | ®.c s dtfip J 

y^ == ^ = * b^/a mji 



a v «,t 

Cif sfiy Obyi* C&3 T 

$ ?y ^ rw ® w 

1 

Ciyy 

dy S d S y 

^y;r Otjsio 

Ci/ V y CCy» 

1 

a* 

&%w^ws 

&210 

COyio 

1 

(XmQ 


Clpy Ciy* My* &MQ 

In succession, multiply the first column by a xy , divide the first row by a cy ; multiply 
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the third row by a ySi divide the third column by « ys , multiply the louitli row by a. Ki 
divide the fourth column by a s „ , the determinant is then | a,, a mJ < t. a„„ | . 

Similarly it is shown that the equation is satisfied by the system 

y%y == Gy% ^ ^ 

The equations, involving determinants of higher order, can similarly be shown to be 

satisfied by both systems of values, and since the ^ quadiatic equations have each 
but two roots, it follows at once that 

c -1 r -] 

are the only systems. 


§ 7 Arithmetical Interpretations resumed 

Art 55. The arithmetical interpretations drawn from the theory have been so far 
of two kinds In the examples taken from the ** Memoir on the Compositions of 
Numbers” we had a redundant form of generating function and an exact or condensed 
form; the redundant form and the exact form could be differently interpreted, and 
this led to an arithmetical correspondence which was duly noted in the memoir 
quoted The interrelations, subsequently consideied in this paper, wore single, and 
there was no arithmetical correspondence; the condensed forms did not admit of easy 
and useful interpretations, but only the redundant forms. The redundant forms were 
not considered m the most general form which, as vre have seen, involves n — 1 
undetermined quantities, but each of these quantities was given a special numerical 
value ; this process led to simple and useful arithmetical lesults but it will be obvious 
that the possibility of interpretation does not stop here. 

Art. 5 6. In proceeding from the condensed form to the redundant form wo met 
with n — 1 undetermined quantities 

a 12> a 23’ * ' ‘ 

As before remarked, we may, if we please, put these quantities equal to certain 
functions of the quantities 

rp rp rp 

We are not at liberty to choose any functions. The functions must satisfy certain 
conditions, otherwise the coefficient of 

. . . Xu* 

in the particular redundant product will not remain unchanged. 

I propose to examine this question. 
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Ait. 57. Of order 2 we have the product 

/ 1 \ £a 

(lh X l + «12?12®2) & ~ ®1 + 4^2 ) » 

\^12 i 

and in performing the multiplication we find a term involving 

\ 

_V 
'*12/ 

and if a 13 be not a function of aq and x 2 the terms involving can only arise in a 

manner similar to this 

If, however, a u he such that ol u x 3 is a multiple of aq, and consequently aq/a iB a 
multiple of x 2 , we at once get an addition to the coefficient of In the present 

case the coefficient becomes 

(Pi + cq l3 ) Cl (7 + p s j 

Hence, considering monomial values of a 13 only, the inequality 





^12'^' 

6 U 


2 =/= l 


must be satisfied in assigning to a l3 a function of aq and cn a 

We may put a ls , subject to the above condition, equal to any monomial integral or 
fractional function of x l and x 2 
We may not put 

X-i 

a 12 = 0 “ 5 
r ^ r, i 

where c is any function of p l5 p 3 . 

We may not, m fact, realize a portion of the coefficient of xfixf* as 


(Pi*i)”‘ (“u2is a3 s) S, '“ (Xj { ’ + “ : 

wherein « differs from m. 


\L~n 


Art. 58 Of Order 3, the particular redundant product is 


(Pl X l + 4* C 13 a 12 a 23^18 (:C 3) fl 


£l 

a 13 


4* P2 fl2 2 4 a 23^23^ 


/ iq^-iq 

\ a 33 a 23 




Vs 


4- ~ +P»3^3 


and we must realize the coefficient of 
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m the manner 


/ 7\ \^1 / \^i W It 

(Pi x i) m '{—) ( -—) x (iW 

W/ \7ii“is“3/ 

X a multiple of 




a 


2 V 


where, of the three portions, the first accounts wholly for the second wholly 
for and so on, and not m any other manner 
Put 

( a 13 > “33) ~ (^U ^2)5 

where </> l3 <^ 3 are fractions of aq, cc 2 , £e 3 , and consider the simplified matrix, 


< 


^1*^2 5 

<£i<£ 2 .r 3 ) 


r, 

? 


<f>2 X 3 


®i 

M 2 ’ 

x 2 

S’ 

X ‘i 

3 

in which unnecessary quantities are 

omitted. 



Further, omitting a multiplier, independent of aq, .t 3 , x q , on the right-hand sides, the 
following six inequalities must be satisfied, 


<£i 3< fe =£ 


tin 


^^3 


^3 / fly 

rp 5 


1 ^ 
v 2 "T" ~ * ? 

9192 ^1^3 


putting 


«0 




X’O 






fl? Q 


1 


. j ^2 

*i = <hzr> 


+i*f- 




tUn 


r * 

93 , 5 

tA/,-) 


these conditions are representable by the single inequality 


+ II + + ***** + 

* +1; + $+w + 1 




As regards functions of uq, a? 3 , ^ 3 , this inequality being satisfied, < 5 ^ and <f> 9 may be 
put equal to any functions that may be desired Like inequalities may be obtained 
in respect of the fourth and higher orders. 
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Ait 59 The important point to notice is that it is legitimate to put the unde¬ 
termined quantities equal to any integral functions of x 2 , tv n —a fact, for the 

general order, that becomes obvious on examination of the above processes 

As subsequently appears, it is such mtegial functions that usually piesent them¬ 
selves m arithmetical applications 

Ait 60 As an example of the applications to anthmetic which swaim about the 
theory, consider the important condensed foim (vide Art 14) — 


1 -- 3 1 i-' (A/3<t 1) 1 (3 —' (A(3 tt 1) (Ay0 1) V- a y y 

' (^>1 1) (^'i 1 1) (Ajj t) i 1) i *•«„ 


and, at first, consider the form of Order 3 

The matiix of the ledundant foim is easily found to be eithei 


1 CC -| qA.*- 




13 /v 21 


1 

a n 


P 


13 


JL 

a 2i 


C 


13 


a 23^33 

1 


or the similar matrix with c 6l written for c 13 Since 


'13 


Oi3 = 


“U 


'A An 


c bi — 1 5 


we have, taking c 31 and putting (a lg , a 28 ) = (], 1 ) a particular redundant pioduct 

(<*i + X 21 aj 3 + Ag ^)* 1 (x ± + .r 3 + X 32 .t 3 )^ (x 1 + cc 3 + 

In this, the coefficient of x 1 ^x 2 ^x^ i (which is equal to the coefficient of the same 
term m the condensed form) is arithmetically mterpretable as m Art 15 

Art. 61. If, however, we put (vide Art 59) 


( a lSJ> a 23 5 C 13 *) — ( X l> X 2 > 


^32^21 \ 


we obtain a form which may be written 


(.r’i -I - Xjjjir u‘i -J- (l “i~ ~b ^-3 


s' J i _ 

V v 2 7 l 


+ 1+^3 j 
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and herein we see that the coefficient of 

represents the number of permutations of the symbols m 


which possess exactly 


i ^ j * 

.s‘o ]5 contacts 

’’Sb , *'3 a 'l 


J ) 


3 3 


Heie is an entirely new intei pretation and we see that the tiue generating 
for the enumeration of the indicated permutations is 


1 Z‘i & 3 (Al 1) * i l i 3 (A-31 1) ‘ * (^33 0^21 — 1) 

a result which does not lie by any means on the surface 
The arithmetical correspondence should also be noted. 

Art 62 For the order n we have the matrix 


12 


and we obtain another form by writing c yx for c xy . 
Moreover (y > x ) we have 


where 


J yx 


1 

a 13^&l 

A iAi 

A An 



^13 

6 n 

o vt 

1 

1 

a 33^32 

AA.43 

/3*>} 

a 13 



C 21 

^2u 

C 13 

Ad 

1 

a 23 

1 

a 34,^43 

j 

c» 

c n 

At 

dA 

A 4 

1 

a U 

# 

1 

• 

( hn 

^1 n 

c ln 

g 3 n 


1 

A« 

A« 


A* 

L 


Uyz \y f y _ ! ky _ 1 y_2 . , , + 1( x , 


function 


1)^1 ^V.l 


t ♦ t 
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whence writing 
we obtain the matrix 


(c4rj, ? C y4 ) — (1, 1) 


( 1 ^21 ^31 

1 1 Xon 


) 

I 

XljQ j 


|ll] 1 J 

and we can mterpiet the coefficient of x^‘ m the corresponding particular 

ledundant product as m Art. 15 
Again, writing 

( a p,p+i> — (xj 1} ■—)} 

which, as fai as 0 L Ptf+1 is concerned, Art 59 shows to be legitimate, we have 


and the matrix 


31 A 13 

X<.i 

All ^13 


ftp, <i — '£p3'p+l 

X 3i a l 

1 

J_ 

x s 

Al2 ^sa 


Az —i — q__-y — suppose, 


An X] 


X 3 2 %Q 


An X u 

AiS -^23 


X 43 x 3 

1 


Ail 

Ai 2 X. 2 , n—i 
Ai3 A 3)H _i 

/^?i4 ^-4, n—1 


M'ni X lt ?i „ x 


^«2 
*^2, ?*- 


/^S ^3, «-1 


and the new particular redundant product is 


__ 

/^4 ~^“4, 7i—1 


/% -^sa 


+ 

X 3 1 ^2*^1 

+ Asi ^31 

+ 

A11 Xu. 

+ 

ffi Ail X wl 

) f ‘ 

+ 

a: 3 

+ ^32 *8*2 

+ 

At2 X i2 

+ 

+ A*2 X n2 


+ 

1 

+ 

*3 

+ 

X43 ^4*3 

+ 

+ A «3 

; 

+ 

X42 

7*42 

+ 

L 

+ 

*4, 

+ . 

1 Aji4 X* 

T 


| K* | ^ 7:3 j ^ 74 | 

ftl 2 /^» X Wi8 /^ 713 -^- 77 — 1 , 4 /^»1 5 

x 2 


“h ^77 
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Art 63 In this product we may mterpiet the coefficient of 


ry» S] rv* £2 

R 2 




From the natuie of the condensed form we know that this coefficient is an integral 
function of the quantities We may prove that if a portion of the expansion be 


cX 2 v %? s V'"’ K\ lx i 2 3" 




the number c indicates the number of permutations of the quantities m 


rv* £2 


X 


£n 

n ? 


which possess exactly s 21 contacts 


f yi ry> 


a 


/yi ryi 
tAjqdjp 


Regard the above product, as written, as being a square form of n rows and n 
columns involving elements 

Obseive that if s t the element common to the s th low and ? tl1 column is 


A st 

/J'st X/, J— 1 


while the element common to the i ih row and 6 th column is 




and that the product of these two elements is 

blow, take a particular permutation of the quantities and observe how it may 
be considered to arise m the multiplication Let a portion of the permutation be 

Xq j X^XqXj- | j J 

divided off by bars into compartments m such wise that m any compartment the 
suffixes are m descending order 
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The portion is a permutation of 


yt 3/yi 3 y> /yi 3,-y 

and we can obtain this portion by selecting for multiplication 


2 elements from the row appertaining to the exponent 


o 

33 

33 

33 

33 

53 

3 3 

& 

1 

33 

33 

33 

33 

33 

33 

ft 

l 

33 

33 

33 

13 

33 

33 

ft 

3 

3 3 

33 

33 

33 

33 

33 

ft 

1 

33 

33 

33 

33 

33 

33 

^8 


The permutation is divided into five compartments as shown 

In the first compartment we have simply x 2 which is to be taken from the 2nd row 
2nd column In the second compartment we have 

ry ry ry 

1 

which is obtainable by multiplication of elements taken from the 4th, 2nd, and 1st 
lows as follows — 


In row 4, column 2, we take 

A-|tj . 1 

/Ua ®s 

33 

2, 

33 

1, 


1 

33 

I, 

33 

4, „ 



multiplication gives 











In the third compartment we find 







( 'Y» /■y» /V 1 /V* O 1 



Fiom row 8, column 5, 

we take 

^85 

1 

„ 

33 

3, 

33 

\s 

^68 

1 

*4 

J! 3, 

3 3 

2, 

33 

1 


„ 2, 

33 

k 

33 

1. 


33 *^3 

33 

8, 

33 

it ry ry ry ry ry ry yt ry 


Multiplication of these five elements yields 

^85^63^32^21*^8'^ 5*^3"^ 2*^ l* 
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In the fouith and fifth compaitments we have simply x b , and in each case the 
element selected is that m the 5 th low and 5 th column Altogether we have obtained 
the product 




and we observe that the contacts 

x q x p (q > p) 


are correctly indicated by the quantities 

Kj P 


Art 64 The piocess is obviously a general one, and the iule of element selection 
to demonstrate the desired lesult may be set forth as follows — 

If a compartment of the permutation be 


rp rp 7 ry* ry> rp 
kkj (pU fjiAJ A y 

a, b, c, cl, e being in descending order of magnitude, w^e take elements in 

row a , column b 9 

55 ^5 55 

55 ^5 55 ^5 

55 ^5 5 5 ^5 

5 ? ^5 5 5 

and thus obtain the product, 

l^ab^bc^cdl^dffXaXbX(pC(iXf, 


wherein the contacts are correctly represented by the quantities X. 

If a compartment contain the single quantity oc s , we take the element m the .9 th row 
and s th column. 

By the above process 

£i elements are taken from row 1, 


L 


n, 


x^x^ . 



to form the product 


55 


55 
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Art. 65 Hence it has been established that the coefficient of the ter 


ra 


X-n S21 A.^ 32 A 6,,p T ^ T ^ V £' 

2 1 /v qp ^1 ^2 l n 3 


in the product, ennmeiates the peirautations of the tg quantities m 


/» &I y* £2 

t l-t i 


* 




which possess exactly 


•s 21 contacts x 2 x ]} 

<•**32 5 5 ^ 2^25 


, - 5 '/ /j 5 J t-l/Vp J 


and since the redundant pioduct can assume the appealance derived fiom the matrix 


( 1 ^21 
1 1 

\ 1 


^«i ) 

f 

X(2 


we find that the enumeration is identical with that of the permutations which aie 
such that the quantity x q occuis s qp times m places origmally occupied by the 
quantity x p) when q > p, and, as before, we take the coefficient of 

X X X T f 1 T ^ / Y 1 . £' 1 

/Vox /\-32 (\.qp » 

Hence, an arithmetical correspondence, and, also, the fact that the tiue generating 
function for the enumeration of these permutations is 

_1__ 

1 — — X — 1 ) — X (X j3a — 1) (A,^ — 1 ) 

— . — (A, 31 — 1) (X 3 g — 1) 1) &»—i 


The above example is only a solitary one of a large number that might be furnished 
An advantageous method for procedure appears to be to take some simple interpret¬ 
able redundant product, and to then pass through the condensed form to the general 
redundant product, involving n — 1 undetermined quantities as well as quantities c xyi 
which admit of a choice of values. The assignment of these quantities then leads to 
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a variety of arithmetical correspondences which, as before remaiked, is absolutely 
limitless. 

The theory, moreover, includes an exhaustive Theory of Pei mutations, and gives m 
every case the tiue condensed Generating Functions Its lmpoitance m the Geneial 
Theory of Determinants has been touched upon 

In conclusion, the paper wall have achieved its object if it is successful in indicating 
the arithmetical and algebraical power of the mam theorem consideied 
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Y Flame Spectra at High Temperatures —Part I Oxy-hyclrogen Blow-pipe Spectra 

By W N. Hartley, BBS 

Received May 10,—Read Juno 1,18 Q 3 

[Plates 6, 7 ] 

Sib David Brewster, m 1842, appeals to have been the first to examine the 
spectra of salts by means of the oxygen and coal-gas flame, about 180 of which were 
deflagrated in a platinum spoon (Edinburgh ‘Roy. Soc Pioc / vol 6, p 145), 

Professor Norman Lockyer* has given us a map of metallic spectra at the tem¬ 
perature of the oxygen and coal-gas blow-pipe (‘Roy Soc Proc vol 23, p 120). 
The region observed in the case of twenty-two metals does not extend beyond wave¬ 
length 4000 , and, although we have both arc and spark spectra for the region up to 
wave-length 1800, we are still unacquainted with the spectra of elements and 
compounds obtained by means of flames at high temperatures m the ultra-violet 
region 

Methods of Obtaining Spectra with Flames at High Temperatures. 

In studying the spectra of flames there are many points worthy of consideration 
arising from the structure of the flame, the nature of the combustible, the heat 
evolved during combustion, and the temperature attained The temperature of a 
candle-flame is high enough to give all the spectra capable of being produced by the 
oxy-hydrogen blow-pipe, for by such simple means we can melt Wollaston’s platinum 
wnes and produce the band spectrum of carbon The reason for such a flame being 
practically useless for spectroscopic purposes does not arise from the temperature 
being too low, but from the area of maximum temperature being too small, so that 
the material to be tested and the support upon which it is held in the flame exercise 

* [The following quotation contains a passage which is perhaps the earliest reference to such 
spectra — 

££ The pure earths, when violently heated, as has recently been practised by Lieutenant DrirMMorD, 
by directing on small spheres of them the flames of several spirit lamps urged by oxygen gas, yield 
fiom their surfaces lights of extraordinary splendour, which, when examined by pusmatic analysis, are 
found to possess the peculiar definite rays m excess which characterize the tints of flames coloured by 
them, so that there can be no doubt that these tints arise from the molecules of the colouring matter 
reduced to vapour, and held m a state of violent ignition.'’ 4 Light,’ Sir J F ¥ Herschel, London, 
1827, also ‘ Encyclopaedia Metropolitans ’ p 438, vol 4, 1845 — W. N H, September 29, 1893 ] 

MDCCCXCIV —A, Y 7 H 
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too great a cooling power. A candle or gas flame owes its shape to the rapid 
ascension of heated combustible vapour and air, or aii and gas mixed, and the 
maximum temperature is to be found near the tip of the flame. The cross section of 
the flame near its tip should therefore be sufficiently large to completely envelop the 
support and substance upon it; hence it will be seen that to have a support as small 
as possible is a distinct practical advantage For some time a difficulty presented 
itself in the study of flame spectra of solid substances at high tempeiatures owing 
to the necessity which arises for providing an infusible material suitable as a support 
for the substance to be tested, capable of withstanding the temperatuie of the oxy- 
hydrogen blow-pipe flame, and incapable of chemical action upon metallic oxides I 
formerly used strips of iridium for the alkaline eaiths and their salts, but they are 
quite unsuitable for use with several substances 

I propose to place on record a most convenient method of observing spectra with 
the oxy-hydrogen flame, and to describe a considerable number of spectra which weie 
photographed preparatory to undertaking the study of spectroscopic phenomena con¬ 
nected with the Bessemer “ blow ” and the manufacture of steel generally. 

The flame of hydrogen, pioceedmg from a large lead generator, is burnt with com¬ 
pressed oxygen m a small Bunsen blow-pipe, so fixed that the flame is veifcical. 

The blow-pipe measures 3 inches m length and ftlis of an inch m external diameter 
The substances to be examined are suppoited in the flame on small plates of kyamte 
about 2 inches m length, -^-th of an inch in thickness, and £tli of an inch in width 
This mineral, which is found m large masses in C° Donegal, contains 96 per cent 
of aluminium silicate, a practically infusible material It was analyzed in my labo¬ 
ratory some years ago, and owing to the intractable nature of the mineral, the 
analysis was made with some difficulty 

It is exceedingly difficult to pulverize it, but it readily splits into laminae 


The Instruments and Method of Photography Employed 

The instrument used for the first senes of experiments had but one quartz prism 
of 60°, composed of right and left handed halves, each of 30° The photographic 
plates used were “ Ilford rapid ” and Edwards’ Isochromatic Plates. 

A number of expenments were made with various sensitizers, such as erythrosine 
used by Waterhouse and by Mallmann and Skoliok, and cyanine, employed by 
V Schumann. Their use proved advantageous m rendering gelatine emulsion plates 
sensitive to the yellow and red rays. 

It was found that diphenylamine blue, used m a similar manner as, and mixed with, 
cyanine, rendered gelatine-bromide plates rather more sensitive in the region between 
E and F of the solar spectrum Schumann has found that emulsions made with 
5 parts of silver iodide, precipitated along with 95 parts of silver bromide, are also 
sensitive m this part of the spectrum. 
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A trial was made with vanous developeis m older to ascertain which weie the most 
suitable The spark spectrum of cadmium was photographed on plates of the same 
kind, with an exposure of five seconds m each case, and development was carefully 
timed. Developers containing the following reducing substances weie used — 
(1) pyiogallol, (2) eikonogen, (3) amidol, (4) rodmol, (5) hydroxylarnine hydrochloride, 
(5) hydroquinol, (6) feirous oxalate, already piepared from potassium oxalate and 
ferrous sulphate, (7) feirous oxalate, prepared just pnor to use by mixing ferrous 
sulphate and potassium oxalate solutions kept separate 

Some years ago a similai trial of the then existing developers was made by me and 
pieference was given to hydroxylamme hydrochloride, as prescribed by Eglt and 
Spiller, because it gave a brown deposit of silver showing under the mi croscope no 
structure or granulation A commercial sample of the salt, recently purchased which 
proved to be strongly acid, was reciystallized from hot alcohol and rendered neutial 
It gave good results, but the image was slow m appealing. 

Freshly prepared ferrous oxalate was excellent, but best of all was hydroquinol, 
because it not only produced a dense black image with as much freedom from granu¬ 
lation as any other substance, but it also reproduced lines of feeble intensity, and it 
developed completely m three minutes as against seven minutes foi hydroxylamme, 
and four or five minutes for other substances 

Granulation appears to be caused by a condition of the gelatine now geneially 
used rathei than by the nature of the developing solution as was formerly the case. 
It was decided to use sensitized plates and hydioquinol as a developer 

Method of Measuring the Positions and Wave-lengths of Lines. 

The most convenient and simple method of measuring the spectra emitted by 
flames is to take a photograph of the spark spectra of tm-cadmium and lead-cadmium 
alloys superposed upon the former. From the lines of these metals and those of air 
which accompany them we obtain measurements ftom which, by an interpolation 
curve, the oscillation-frequencies and their corresponding wave-lengths may be 
ascertained. # 

The measurement of the lines is made m the same manner as the measuiement of 
the bands m absorption spectra, namely, by simply applying to the photograph an 
ivory scale which is divided into hundredths of an inch, and by means of a lens or 
low-power microscope with cross wires m the eye-piece, reading by judgment to 
tenths of each division To do this with the greatest accuiacy it is necessary to 
have a straight line ruled down the middle of each spectrum, against which the edge 
of the scale is fixed m position To rule this line a very slight nick is made in the 
jaws of the slit of the spectroscope, which admits more light at this than at any other 
point, and causes a feeble continuous spectrum to be photographed, upon this the 

* Several prominent iron lines beyond \ 3900 weie used m drawing the curve 

Y 2 
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lines due to the flame spectra are maiked out by the appealance of minute dots 
Where the insensitive portion of the film occurs, strong lines aie easily seen on the 
continuous linear spectrum in consequence of tire slit being slightly widened for a 
minute portion of its length, so that the effect caused by want of sensitiveness m the 
silver salts is diminished. 

It is a little difficult to lead the measuiements and descnbe the spectra at the 
same time, hence enlargements were made upon which the measurements were 
recorded as they were read off Another convenient plan was to adjust the scale to 
the photograph and take an enlargement therefrom at once, so that piints from the 
same give approximately their own measurements Only those measurements are 
exact which are exactly at the centre of the photographic lens, even when the scale 
is precisely adjusted to the photograph, so, for instance, that the 20th division was 
exactly at the sodium line. In cases where the lines were not newly discovered, and 
it was only necessary to identify them, nothing more was requned New lines and 
bands were measured by a micrometer screw with a pitch of 100 threads to the inch, 
and a wheel head divided into 100 parts. The screw carries a nut on which a micro¬ 
scope, magnifying 10 diameters, is fixed, by which arrangement it is easy to measure 
to fo^oofch of an inch, and, where desirable, to ro"o 7 ooodh This instrument was 
made by Mr A. Hilger, of London. Each measurement was lecorded at the time 
by writing on an enlarged print of the same photogiaph. 5 ' 

The Spectrum seen when supports of Kyanite alone are heated in the 

Oxy-hydrogen Flame 

Just as m the ordinary use of the spectroscope we are prepared to see the lines of 
sodium, and under certain circumstances the bands peculiar to carbon, so m these photo¬ 
graphs, the sodium lines and the strongest groups of lines belonging to the emission 
spectium of water vapour, are also always present. In addition to these, the kyanite 
yields the red line of lithium, which is no inconvenience, but a positive advantage, as 
it serves to indicate where the spectrum commences, and fiom which point measure¬ 
ments may be made. 

The Extent and Character of the Spectra observed 

Although the apparatus is capable of photographing on one plate rays lying 
between wave-lengths 6708 of lithium m the red and 2194 m the ultra-violet, 
nevertheless the flame spectra of a large majority of the metals and their compounds 
terminate somewhere about the ultra-violet emission spectrum of water. The first, 

* •^ or several of the enlarged negatives made exactly to the same scale X am indebted to the kindness 
of my friend, Professor Alec Fraser, 'who devoted much of his own valuable time to making negatives 
with as peifeot a definition as possible, the prints from which have greatly facilitated my woik 
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second, and thlid series of lines measured, Liveing and Dewar, always appear m 
these spectra, m some cases the fourth and fifth series are well rendeied 

Although the number of lines exhibited by some of the metals is large, yet the 
extent of spectrum is small compared with that yielded by condensed sparks 
Typical band spectra are exhibited by sulphur, selenium, and tellurium The first 
yields a continuous spectrum, m which a series of beautiful bands is seen, the second 
a senes of fine bands occurring at closei intervals, the third is characterized by 
bands still closei together, and near the more lefrangible termination of which four 
lines occur ling m the spark spectrum of tellurium are visible 

Thus we see that increase m atomic mass causes shorter penods of lecunence of 
bands, while we know that it causes greater periods m the recurrence of lines 

It is also worthy of remark that the most volatile of these elements emits a 
continuous spectrum, with a band spectrum just, emerging from it, the second gives 
us a beautiful and purely a band spectium. while the third least volatile and more 
metallic substance of largest atomic mass, and producing the densest vapour, yields a 
band spectrum, together with a line spectrum. Seveial metals, such as nickel, yield 
nothing but lines, others give us both lines and bands, as manganese and iron, while 
tm, lead, silver, and gold yield very beautiful band spectia Metalloids and non- 
metallic elements are generally considered to be essentially different from metals, 
since they emit channelled or band spectra at one temperature and line spectia 
at another It was, m fact, first laid down by Plucker and Hittorf that “ There 
is a certain number of elementary substances, which , when differently heated ', furnish 
two hinds of spectra of quite a different character, not having any line or any band 
m common ” ( c Phil Trans / vol 155, p 6) 

The discovery of this fact was of gieat importance, for it led to the conclusion that 
as one spectrum of an element is replaced by anothei and totally diffeient spectrum 
of the same element, there must be an analogous change m the constitution of the 
ether, indicating a new arrangement of the gaseous molecules, and this implies either 
a chemical decomposition, or an allotiopic condition of the vapour of the substance. 
Pltjcker and Hittorf concluded that the same matter, m two allotropic states, 
emitted different spectra, but the allotropy was dependent solely on temperature. 
Band spectra they designated spectra of the 1st Order, and Line spectra, spectia of 
the 2nd Order The former have been fully recognized as the spectra of metal¬ 
loids, such as carbon, phosphorus, sulphur, selenium, and tellurium, but it seems to 
have been overlooked that Plucker and Hittorf observed spectra of the 1st Order 
in the case of a few heavy metals, particularly lead and manganese. Metallic lead 
and its compounds weie found to yield the same band spectrum m the oxy-hydiogen 
flame, and manganese exhibited a curious spectium of the 1st Order, most similar 
to that of carbon, but with the lines composing the bands differently distributed. 
The well-known spark spectra of these elements are spectra of the 2nd Order 

Lecoq be Boisbaudran has observed a beautiful spectrum of aluminium of the 
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1st Ordei, obtained by means of an uncondensed spaik That this metal at so high 
a temperature yields such a spectrum is undoubtedly due to the fact that it is 
almost, if not absolutely, impossible to vaporize it with the oxy-hydiogen flame 

Liveing and Dewar have recently obtained a band spectium by the combustion 
of nickel tetracarbonyl which is also accompanied by lines (‘ Hoy Soc Proc ,’ vol 52, 
p 117) This spectrum, I expect, will be found to be due to metallic nickel and not 
to the compound substance. 

Yttrium and scandium, m solutions of them chloudcs, each yield a line spectrum, 
with a gioup of bands in the led and orange region, when submitted to the action of 
a condensed spaik Fiom the foregoing facts, and from the descriptions of spectra 
which here follow, it will be seen that several metallic elements emit banded spectia 

Characteristic Flame Spectra of Elements emitted at High Temperatui es 

I. Line Spectra. —Lithium, thallium, nickel, cobalt 
II Band Spectra. —Antimony, bismuth, gold, tin, sulphur, selenium, 

Ill Band Spectra with Lines —Copper, non, manganese, tellurium, lead, and 
silver 

1Y. Mote or less continuous Spectra with Lines —Sodium, potassium, magnesium, 
chromium, cadmium. 

V. A continuous Spectrum —Zinc, caibon, arsenic, aluminium 
YI. No Spectrum, —Platinum. 

It might be supposed that the band spectra were due to the oxides and not to the 
metallic elements in Group II, but there is evidence against this in the case of 
silveit and gold, since no oxides of these metals can exist at the temper atui e of the 
flame employed. 

In the case of manganese the evidence is of a different character, and may be 
referred to at somewhat gieater length, since Marshall Watts has attributed the 
band spectrum seen m the Bessemer flame to the oxide of manganese, chiefly on the 
ground that it was yielded by manganese chloride ( Spectres Lummeux), and in the 
oxy-hydiogen flame by manganic oxide. No evidence was adduced to show that the 
spectrum m either instance was due to the metal, 

* See Appendix 5, p. 211 

t [Channelled emission spectia of silver and tin, produced by the electric aic, have been noticed, by 
Liveing and Dewar 

“Tin gives flutings m highly refiangible portions of the spectrum, and silver gives a fine fluted 
looting spectrum m the blue ” ‘ Roy Soc Proc ,’ vol 34, p 122, 1882 

The same observers have described the channelled spectrum of magnesium oxide A set of seven 
bfinds m the green beginning X 5006-4 and fading towards the violet side of the Bpcctrum are stated to 
he due to the oxide or to the process of oxidation, * Roy. Soc, Procvol 44, p 243 .—W N H 
September 29, 1893 ] 
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On the otliei hand, the evidence that it is due to the metal is of the following 
character — 

(1 ) It may be produced from the metal in a 1 educing flame, and it disappears 
when an excess of oxygen is present (2 ) Although it may be produced by heating 
manganic oxide containing 66 pei cent of mauganese, the spectrum is weak 
(3 ) A stronger spectrum is obtained by heating spiegel-eisen containing 18 to 20 
per cent of manganese, and by heating ferro-manganese, containing 80 pei cent 
of manganese, than that which it is possible to obtain by heating, to the same 
temperature and during the same penod, manganic oxide containing 66 per cent, of 
manganese. Silico-spiegel containing L0 pei cent of silicon and 18 to 20 per cent 
of manganese did not yield the manganese bands so strongly as the spiegel-eisen 
containing the same proportion of metal, probably because the manganese is conveited 
into silicate Even Turton’s tool steel yields a fairly strong indication of the man¬ 
ganese bands. 

If we examine the spectrum of air of the first order as obtained by sparks 
uncondensed, it appears to consist of bands only, but a more minute examination of 
spectra taken with an instrument giving considerable dispersion and excellent 
definition has shown that the bands aie composed of thiee over-lapping senes of 
lines. Such a chaiacter is usual with degiaded band spectia of elements If the 
pressure be reduced from the normal of 760 millims to something like 5 millims or 
less, then the bands disappear, and the strongest edge of each band lemams as a line 
to lepresent the spectrum of the element at diminished pressure Now, this change 
is one which is observed m the case of those metals which give band spectra, hut, if 
they give bands and lines togethei, then the lines remain after the bands have 
vanished This is to be observed in the spectra of silver, lead, bismuth, and 
tellurium. 

The most interesting case, however, is that of silver, for the spectrum is composed 
of a number of regularly disposed and closely placed lines 

The hands are degraded towards the rays of lesser refrangibihty, that is to say, m 
this direction the lines are of diminishing intensity, and they are of increasing width 
apait When the quantity of silver diminishes, and consequently the vapour exerts 
less pressure, being mixed with the vapour of other metals, the bands become narrower 
until at last nothing but lines remain, and these are the strongest lines belonging to 
the strongest bands They correspond to those on the spaik spectrum with wave¬ 
lengths 3382 3 and 3280 1. 

Thus we see how the line spectra aie related to band spectia, and that there is 
really no essential difference between the constitution of the matter which enteis 
into the vapours of metals and metalloids, there is, in fact, something m their 
constitution common to both, which is apparently dependent on their vapour 
pressures and probably due to the action of the molecules upon one another when 
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their mean path is so extended that their motions become rhythmical Reduce the 
freedom of their motions and the result is a continuous spectium 

Mitsoherlich first drew attention to the distinct spectra, for the most part com¬ 
posed of bands, which are emitted by compounds (‘Pogg Annalen ,’ vol 121, p 459) 

Diacon also (‘Theses de Physique et de Chimie,’ Montpellier, 1864, Boehm et 
fils), using a flame the interior of which was fed with chloime, obtained distinct 
spectra of chlorides such as those of the alkaline earths, also gold, lead, lion, cobalt, 
and nickel 

The alkalies gave no spectrum except where the conditions w r ere such that they 
became converted into oxide or metal, as in the mantle of the flame Of the various 
compounds examined, some gave degraded band spectia, others plain hands, and 
many yielded line spectra, or bands and lines together. Plucker and Hittorp first 
showed that the alkali metals and their salts emit, even at a low temperature, spectra 
of the 2nd Order or lines, while metals of the alkaline eaiths, and compounds of the 
same emit hand spectra, accompanied by a principal line When the bands aie well 
developed they constitute a spectrum of the 1st Order, this was proved m every 
respect to be the case with the hand spectrum of banum 


Flame Spectra Emitted by Compounds at High Temperatures 

I. Spectj'a of Elements Chiefly Lines —Iron, nickel, cobalt, chiomium, manganese, 
sodium, potassium, lithium, thallium, rubidium 

II. Spectra Peculiar to Compounds Lines and Bands together .—Calcium oxide 
and salts, calcium fluonde, strontium oxide and salts, barium oxide and salts, 
beryllium oxide and salts, magnesium oxide and salts, aluminium oxide and salts, 
cadmium oxide and salts, copper oxide and salts, chromic trioxide, phosphorus 
pentoxide, cerium oxide and salts, cerium chloride. 

The study of the spectra of compounds is one of much interest, particularly m its 
bearings on the peiiodic law, and the prosecution of this subject is being continued 

Application of the Oxy-hydrogen Flame Spectra to Chemical Analysis. 

Alkali Metals —The examination of insoluble minerals such as silicates, m order 
to detect the alkali metals, may be readily made with the oxy-hydrogen blow-pipe 
Proof of the presence of lithium and sodium m kyamte is evidence of this My 
assistant, Mr Ramage, examined a microchne felspar from the granite of Dalkey, 
C°. Dublin, by fixing a piece of it m the flame for half-an-hour while a photograph 
was taken The lines of sodium, potassium, lithium, and rubidium were identified 
Alkaline Earth Metals ,—A piece of dolomite gave the lines and hands characteristic 


* See Professor Schusteb’s British Association Report, 1880 
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of lime with the hands of magnesium. The sulphates of calcium, strontium, and 
barium readily yield their spectra by exposure to the flame. 

Metals Yielding Band Spectra —These are elements of considerable volatility, the 
lines of which become converted into bands as their proportion m the substances to 
be examined diminishes 

The lines which serve for the detection of small quantities of the respective elements 
are the following —• 



X 


Copper 

3273 2 

3246 9 


Silver 

3382 3 

32801 


Tin 

30331 

3007 9 


Lead 

4059 

3684 

3639 5 

2832 2 

Mean of {^7 a} 

Or (3682 9) 

(3639 2) 

Thallium . 

(5349 6) 

3775 6 


Bismuth 

4724 5 

3067 0 

Appioximately 

Cadmium 

(3261 17) 


Manganese bands 

f 5845 to 5700 

4 5700 „ 5645 
f5645 „ 5591 


„ lmes 

(4031 8) 

(4029 9) 

These lines are visible after the 
bands have disappeared most 
completely- 


As an illustration of the method of testing for these substances it may be 
mentioned that a finely crystallized specimen of bismuth was volatilized m the flame 
A number of conspicuous lmes on the photograph were measured with the ivory 
scale and their wave-lengths ascertained Thus two lines were identified with 
thallium, three with lead, two with copper, two with silver, and the remainder proved 
to be bismuth lines. Copper was detected in steel. 

Metals which emit Line Spectra —‘The spectra of these elements are somewhat 
complicated, taking for instance iron, nickel, and cobalt, as examples. Iron is readily 
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detected by the gioups of lines lying between 3929*7 and 3749 4, also between 
3745 4 and 3683 Chromium is recognized by its two sets of tnplets A. more 
particular examination of nickel and cobalt has not yet been made with a view of 
ascertaining their most peisistent lines 

The piominent manganese lines were detected in the spectra obtained from 
malleable cobalt and nickel, also m fine steel. 


Descriptions or Spectra and Measurements of Lines and Bands , with their 

approximate Wave-lengths, 

The Oxy-Coal-Gas Flame 

The flame was non-lummous. Photographs were taken with a somewhat wide slit, 
and the exposure was one hour. The edges of the bands are as sharp as they aie 
generally seen m the spectrum of a Bunsen flame, and the lines of which the bands 
are composed aie somewhat wide. No attempt was made to purify the coal-gas, as 
the object of examining this spectrum was to deteimine the origin of any lines which 
might be caused by hydrocarbons m the oxy-hydrogen flame. Lecoq he Bots- 
baudran has carefully described variations m the spectrum seen undei different 
cncumstances m the flame of a Bunsen burner, hut there is no occasion to refer to 
these Anther (Spectres Lmnmeux.) 

All the principal bands observed are probably due partly to carbon and partly to 
what is geneially considered as the cyanogen spectrum They are indicated by (C) 
carbon, and (CN) 3 cyanogen The measurements of lines and bands made by other 
authors are indicated thus — K and R, Kayser and Bunge, L., Lecoq de Bois- 
baudran , L and D , Liveing and Dewar , D, Deslandkes , W., Watts , F., 
Fievez. Tlie lines and bands were all measured twice and their wave-lengths 
ascertained on two separate occasions /3, y, 8, e are groups or hands described by 
Lecoq de Boisbaudran 
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Lithium. 


Lithium chloride. Exposure 30 minutes. Kayser and Ruuge’s measurements 
refer to arc spectra oC the alkalies and alkaline earths e Ueher die Spectren der 
Elemente/ Konigl. Preuss Akademie, 1890, IV. 


Ivory scale 
numbers 

1 

X 

Kayser and Rung 

1 

X 

e’s measurements 

X 


28 

• * 

1490713 

6708 2 

Ps 

641 

2173 

2172794 

4602 37 

Ds 

90 3 

2420 

2419878 

4132 44 

D s 

174 55 

3094 

3093322 

3232 77 

Ps 


P s Principal senes 
D s Diffuse series 

Sodium 

Sodium chloride. A perfectly pure specimen specially prepared. Exposure 
35 minutes. A very strong continuous spectrum extends from X6020 to 3600, it 
continues weakly to X3320. Log. cit Kayser and Runge. 





Kayser and Runge’s measurements 


Ivory scale 

1 

X 



Remarks 

numbeis 

X 

1 

X 

X 

60 

15340 

6518 

• m 

* * 

Bands and lines not pre- 

80 

15574 

6420 

* • 

• « 

nonsly observed Some 

95 

15748 

6349 


* 

ratber broad, otters narrow 

r 108 

15898 

6290 


) 

Band with lmes upon it 

< 112 

15946 

6271 

• 

> 


L 12 3 

16042 

6233 


J 

Stronger edge of band 

14 2 

16290 

6138 

• • 


Stionger edge of band at 






15 81 

16 8 

16595 

6026 

* • 

• • 

Centre of band with strongei 




j 


edge at 17 25 

20 0 

16975 

• * 

/1696091\ 

\ 1697738/ 

/5896 16\ 

V5890 19; 

S 1 *■ 

25 3 

17575 

j , 

/1758007\ 

^1759665/ 

75688 26 \ 
l 5682 9 ) 

D s 

47 8 

2007 


/2006610X 
\2008314/ 

/ 4983 5\ 

\4979 3 ) 

D s 

611 

2142 


/2141603\ 
l 2143531 / 

74669 4\ 

\4665 2 ) 

Ds 

165 6 

30280 

k 

/3027487X 
\3028037/ 

73303 07\ 
\3302 47 J 

Ps 


P s Principal senes 
D s Diffuse series. 

2 A 


MDCCOXOIY.—A 
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Potassium. 


Potassium chloride. Exposure 25 minutes. A very strong continuous spectrum 
extends from X.4610 to 3440, continuing more weakly to 3057, loc. cit., Kayser and 
Bunge 




Kayser and Runue 



Ivoiy scale- 
numbers 

1 




Remarks 

A 

1 

A 

A 


211 

1714 

1714610 

5832 23 

Ss I 


22 3 

1723 

1723541 

5802 01 

Ds 

> B group 

22 8 

1729 

1729305 

5782 67 

Ds J 

L BIO B 

34 9 

1866 

1865713 

5353 6 

S s. 1 

! Measured also by 

35 4 

1873 

1872631 

5340 08 

Ss j 

r L dhB. 

9615 

2471 

2470746 

4047 36 

Ps 1 

Measured also by 

96 3 

2473 

2472622 

4044 29 

Ps J 

L BE B 

148 7 

2902 

/2900661\ 
\2901503 ) 

73447 49 \ 
\3446 49 / 

Ps 


176 7 

3110 

31080 

/3217 76\ 
\3217 27/ 

Ps. 



P.a Principal series. 
D s Diffuse senes 
S.s. Sharp series, 


Cadmium. 

Metal and also cadmium sulphate yield the same spectrum, consisting of one line 
only. It is the least refrangible of the tiiplets at Cd 17. Exposure 30 minutes. 


Scale- 

numbers 

Oscillatiou 
frequencies 
from curve 

Oscillation frequencies 
for companson 

Wave-lengths 


170 9 

30663 

306C384 K and R 

3261 17 K and R. 

I 

Kayser and Runqe 


Zinc and Zinc Oxide. 

Zmc foil was burnt in the oxy-hydrogen flame during 30 minutes. Nothing but a 
continuous spectrum is visible. Zmc oxide was intensely ignited in the flame for 
60 minutes; it yielded nothing but a continuous spectrum. ' No lines or bands were 
visible. 


* Measured also by Lecoq de Boisbaudran. 
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Calcium Fluoride 


Tlie substance used was fluor spar Exposuie 40 minutes 


Ivory scale- 
numbers 

1 

X 

X 

Remaiks 

12 5 

16094 

6213 5 

The centi e of a band 

17 2 

16642 

6009 


/ 24 to 
[_ 28 2 

17425 

17910 

5739 1 

5583 5 f 

A faint band 

f 28 2 to 

130 5 

17910 

18171 

5583 5 1 
5503 j 


Band stionger than tlie preceding 

/ 35 15 to 

18683 

5352 5 ' 


Band 

136 3 

18812 

5316 j 


/ 36 3 

18812 

5316 1 


Band 

136 7 

18855 

5303 5 


•84 35 

23637 

4231 

A strong line 


The last is possibly a line measured m the calcium spectrum by Kaiser and Rttnge X, 4226 91 
‘Ueber die Spectien der Elemente,’ Komgl Preuss. Akademie, 1891, IV. 


Strontium Oxide. 


Strontium sulphate was the substance used. Exposure 30 minutes. 


Ivory scale 
numbers 

1 

X 

1 

X 

A 

Remaiks 

/15 4 to 

16434 


60851 

A band. 

116 3 

16520 


6053/ 

"21 9 

29 2 

18028 

1803918* 

*5543 49 

Weak line 

Weak nebulous line 

63 8 

21697 

2170365* 

*4607 52 

Strong be 

64 8 

21780 


4591 

Paint Sr ? 

84 25 

23650 

2365794* 

*4226 91 

Paint 

85 0 

23700 


4216 5 

Faint 

93 9 

24517 

2452254* 

*4077 88 



* Lines measui cd by Kaiser and Rtjnge £ Ueber die Spectren der Elemente,’ Konigl Pieuss 

Akademie, 1891, IV. 


2 A 2 
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Barium Oxide 


Barium Sulphate Exposure 30 minutes 


Ivory scale numbers 


l 

X 


X 


Remarks 


24 5 


to 



25 



25 

3 to 


26 

1 continues 

to 

27 

2 


28 

0 to 


28 

9 continues 

to 

30 

5 


29 

3 


30 

5 


34 

0 to 


35 

0 


36 

0 to 


39 

5 


41 

5 to 


44 

0 


50 

to about 


54 



51 

8 to 


52 

8 


54 

0 


59 

to 


60 




17483 

17508 mean 
17551 
17575 
17667 
17795 
17900 
18002 
18183 
18037 
18170 
18572 
18670 
18789 
19154 
19373 
19648 
20275 


5720 

5712 

5697 

5690 

5660 

5619 5 

5587 

5555 

5499 

5544 

5503 

5384 

5356 

5322 

5221 

5162 

5089 5 

4932 


The centre of a weak band. 

A strong band overlapping a weak 
one 

A band which is weakened botween 
28 9 and 30 9 

A line lies on the preceding P s 
band 

End of band, shaip 

End of band, shaip 

End of band, sharp 
Band 


20463 

20565 

20690 

21208 

21312 


4887 
4862 5 
4833 
4715 
4692 



Stronger part of band 


Very faint band. 



The bands of magnesia are remarkably distinct and strong, lying between X 3980 and 3680. The more refrangible of 
the two strongest and principal bands is the broader, and in a marked manner it is degraded towards the less refrangible 
side With a plate exposed 30 minutes, magDesram sulphate yields a very strong spectrum, which m parts is too dense to 
show the details in the bands to advantage. A specimen of dolomite showed the spectrum extremely well 
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These measurements are taken from dolomite and from pure lime 
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Phosphorus Pentoxide. 


A strong continuous spectrum extends fiom near the yellow sodium line to about 
X 4090. A number of lines were observed many of which 'were identified with those 
of iron at wave-lengths 3888 2, 3860 5, 3749 4, 3747 6, 3736 9, 3733 5, 3722 8, 
3720 2, 3705 5, 3440% and 3431 1 The following lines, all very faint, were not 
identified with any other substance, and it is probable that they are indications of a 
feeble band spectrum 


Ivory s c ale-numb ei s 

X 

168 5 

3279 

169 2 

3274 

169 7 

3271 

170 05 

3268 

171 6 

3255 

172 9 

3245 


Arsenic. 


This element gave a faint nebulous line at 168 4 or X3280, which approximates 
the first line m the P 3 0 5 spectrum 
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The spectrum of the metal, a very fine series of 47 narrow bands extends from near the sodium line to wave-length 
3033 1 Exposure 30 inmates These bands are deg'raded towards the rays of least refrangibility 
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Nickel 

The metal and oxide were both examined, and the lines photogiaphed were 
compared with those obtamed by Cornu m the arc, and by Liyeing and Dewar in 
the arc, the spark, m explosions of oxygen and hydrogen within tubes containing 
nickel, and also m the flame of nickel tetra-carbonyl 

Cornu “Spectre Normal du Soleil.” ‘Annales del’]5coleNormale/2ser ,vol 9 1880 
Liyeing and Dewar, f Phil Trans./ vol 179, pp. 231-256, and ‘Boy Soc Proc / 
vol 52, p 117. 

The lines were measured by the ivory scale and were all identified with the 
exception of two, about which there is a slight doubt, namely 3574 and 3496 

The metal used was rolled nickel, which owes its malleability to a little manganese 
The indications of the presence of this element were very evident from the bands 
between 5700 and 5300, and the double line 4031'8 and 4029 9. 

The metal was exposed for half-an-hour, and the oxide, which yielded the better 
spectrum, one hour 





Liveing and 


Ivory scale 



Dewar’s 


1 

X 

measurements 


Remarks 

numbers 







X 


110 1 

25900 

3859 

3857 8 

Common to Ni(CO) 4 , aic and spaik 





spectra Nob seen m explosions 

114 2 

26255 

3809 

3806 6 

Unless exceptions are stated, all lines 

116 2 

26426 

3784 

3783 0 

are common to the five different 

116 9 

26485 

3776 

3775 0 

spectia (arc, spaik, nickel carbonyl 

1310 

27628 

3619 

3618 8 

flame, and oxy-hydrogen explosions) 

131 85 

27695 

3611 

3609 8 
or 3612 1 

as observed by Liyeing and Dewar 

133 0 

27785 

3599 

3597 0 

Not m Ni(CO) 4 flame 

135 5 

27980 

3574 

• • 

3572 9, Cornu 

136 0 

28020 

3569 

3571 2 

3570 8, Cornu 

140 25 

28347 

3527 

3527 1 

Not m explosions 

141 25 

28425 

3518 

3519 1 

jj j j 

1418 

28467 

3513 

3514 4 


142 8 

28547 

3503 

35018 


Not m Ni(CO) 4 nor explosions 

143 6 

2S607 

3496 

3492 3 


144 5 

28675 

3487 

3485 2 

JJ 5) 55 

145 8 

28777 

3475 

3470 8 

)j JJ 5} >3 

147 0 

28878 

3462 

3461 1 


147 25 

28900 

3460 

3457 9 

3457 8 in. Ni(CO), Nob m explosions 

148 0 

28962 

3453 

3452 9 


Not m Ni(CO) 4 spectrum A line at 
3452 3 occurs m Ni(CO) 4 spectinm, 
arc, and spark, but not m explosion 

148 75 

29025 

3445 

3445 7 


149 75 

29105 

3436 

3436 7 

— >1 

spectrum 

1501 

29131 

3433 

3433 0 


1512 

29213 

3423 

3423 1 



152 2 

29284 

3415 

3413 8 


]>Not m explosions 

154 8 

29477 

3392 

3392 4 


155 0 

29492 

3391 

3390 4 



1561 

29573 

3381 

3380 0 

J 

1 

J 


1574 

29673 

3370 

33713 

3368 9 

3367 2 

3371 3 in Ni(C 0) 4 Not in explosions 
^ 3370 is probably the lme 3368 9 

163 9 

174 5 

30157 

30934 

3316 

3233 

83151 

3232 6 

L 

t Not m explosions 


2 D 2 
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Cobalt. 


The metal and oxide were both examined The lines photographed were compared 
with those measuied by Liveing and Dewar m the aic and spark ( c Phil Trans / 
vol 179, p 231 ) 

Measurements were made with the ivory scale, and all the lines weie identified 
The oxide and metal, as m the case of nickel, give the same spectrum The 
exposure of the oxide was double that given to the metal As m the preparation of 
malleable cobalt, some maganese is added , the bands and lines of this element appear 
m the photograph, but less distinctly than m the metallic nickel. 





Liytsing and 





Dg war’s 


Scale 

numbers 

1 

X 

X 

measurements 

Remarks 



X 


91 2 

24277 

4119 


4120 Huggins 

09 8 

25026 

3996 

3997 3 

On companng the two senes of 

107 3 

25640 

3899 

3905 2 

wave-lengths it will be seen that 

109 0 

25804 

3875 

3873 2 

the difference between them is 

111 15 

25990 

3847 5 

3844 8 

lather larger than usual, which 

1310 

27628 

3819 5 


appeals to bo due to the scale 

131 85 

27688- 

3612 

3611 3 

not being quite accuiately ad- 

132 6 

27755 

3603 

3601 6 

]usted between certain points 

133 25 

27805 

3596 

3594 4 

which are cleaily indicated 

135 1 

27950 

3578 

3577 4 

The wave-lengths do not approxi- 




(more piobabh 

mate so closely to Liveing and 




3574 9) 

Dewar’s measurements as is the 

135 75 

28000 

3571 

3588 9 

case with those m the nickel 

139 4 

28280 

3536 

3532 8 

spectrum 

139 9 

28320 

3531 

3529 3 

1401 

28335 

3529 

3528 4 


140 3 

28352 

3527 



1414 

28437 

3517 

3517 7 


1418 

28467 

3513 

3512 0 


142 15 

28495 

3509 5 

/ 3509 31 
[3509 7/ 


142 7 

28537 

3504 

3502 


143 6 

28607 

3496 

3495 1 


145 7 

28710 

3483 

3482 7 


146 5 

28835 

3468 

3465 2 


147 0 

28878 

3463 

3462 2 


147 2 

28895 

3461 

3460 6 


147 9 

28953 

3454 

3452 9 


1484 

28995 

3449 

/ 3448 6 1 

1 3448 9 / 


149 0 

29045 

3443 

3443 0 


150 2 

29137 

3432 

/ 3432 9 \ 

1 3432 4/ 


1522 

29285 

3415 

3414 2 


1524 

29300 

3413 

/ 3411 71 

13412 0/ 


152 9 

29336 

3409 

3408 6 


153 3 

29365 

3405 

3404 5 





FLAME SPECTRA AT HIGH TEMPERATURES 


205 


Chromium 


The spectiuin obtained fiom feiro-chrome containing 22 per cent of chromium, 
contains six hnes due to chromium, and m addition bands and lines of iron The 
bands extend from 24 to 28 3, and continue weaker as far as 35 Manganese lines 
are also very strong 


Ivoiy scale 
numbers 

Resumption of 
spectrum 

1 

i 

A 

Remaiks 

80 G 1 
814 

82 75 , 


A gioup of three 
well-defined lines 

f 2331 
< 2338 

[ 2350 

4290 

4277 

4255 

Angstrom and Thalen 
4289 4 

4274 6 

4253 9 

132 2 1 

133 3 1 

134 9 J 


A group of tlnee 
well-defined lines 

f 27724 
< 27810 

L 27935 

3607 

3595 

3580 

Liveinc; and Dewar 
3606 

3593 

3578 


Chromic Trioxide 

This substance gives, in addition to the above, two groups of three lines, a con¬ 
tinuous spectiuin, strong, from close to the sodium, line m the yellow, but a little less 
refiangible up to X. 3820. 

Iridium 

This element occasioned some difficulties Strips of indium, twisted into loops, 
were obtained from Messrs Johnson and Matthey some years ago for the purpose 
of serving as supports for the alkalies and alkaline earths m the oxy-hydrogen blow¬ 
pipe. To this use it was put with some success and found convenient, but with 
oxides capable of undergoing reduction, even such as cupric oxide, it became corroded. 
It was found to be a convenient support foi silicates which are fusible, but on 
examining the spectrum of silica, several lines were discovered which were not due 
to silica 

Three vaneties of silica were tested— 1st, Silica precipitated from sodium silicate. 
This yielded lines identified with iron even after treatment with hydrochloric acid. 
2nd, Silica precipitated from silicon fluoride by passing the gas into water. The 
silica was evaporated from the hydrofluosilicic acid by filtration through absolutely 
pure ashless filter-paper. Even this showed a number of lines which at first were 
taken to be those of iron. 3rd, Rock crystal exposed to the hottest pait of the 
flame on indium for one hour gave nothing beyond the sodium lines in the yellow, 
mean X 5892, and in the ultra-violet X 3303. 

To prove the origin of the lines which had been previously observed, a piece of 
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clean iridium was heated in the flame for seventy minutes and the spectrum 
photographed 

When the wire was at its highest temperature the flame assumed a peculiar bluish 
colour and the wire became very thin The spectrum obtained proved to be similar 
to that previously obtained from pure silica. 

A second spectrum was taken on the same plate, a little silica being placed on the 
loop of indium. The spectrum was similar to the first, the lines being the same, but 
weaker, as the silica acted as a glaze and protected the wire. 

It is perfectly evident that this metal was to some extent vaporized m the flame, 
and that the vapour emits a line spectrum 

The following are measurements of the lines photographed — 


X 

* 

\ 

X 

4386 


3599 

3479 

4256 

3812 

3596 

3475 

3965 

3772 

3533 5 

3464 

3937 

3705 

35115 

3436 4 

3860 

3696 

3508 7 

3400 

3815 

3C63 

3484 3 

3328 


These lines have not yet been identified, but they are suspected to be due to 
osmium. 

A small strip of pure indium, for which I am indebted to Mr George Matthey, 
F.R S , was exposed to the flame for three hours and a quarter, and a line spectrum 
with a small portion of a continuous spectrum was photographed Undoubtedly the 
iridium was volatilized, for it lost weight to the extent of 0*0826 grm , and the end 
was worn away by the flame impinging upon it. The spectrum was very weak, the 
lines were not those referred to above, and it is suspected that some of them at least 
are due to a gaseous spectrum, or possibly to a series of the lines belonging to the 
spectrum attributed to water vapour which have not previously been observed. 

The fact that iridium is slightly volatile has undoubtedly been proved, but if the 
metal is pure it may be used advantageously for the purpose of supporting irreducible 
oxides in the oxy-hydrogen blow-pipe flame. 

Aluminium 

When the metal, m the form of foil, is burnt in the oxy-hydrogen blow-pipe, it 
gives a spectrum which is contmuous, but m which some few lines or narrow bands 
are visible. There can be little doubt that these are due to impurities, principally 
iron. With the exception of three the lines are all very faint. The measurements, 
which are only approximations, owing to the indefinite character of the lines, are the 
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following —X. 4047 broad line, Fe ; 4033, Fe ; 4023, Fe, 4004*5 Fe, 3996, Fe; 
3975, CaO , 3963 ^, 3947*5 3989 ? , 4013 ? The pure metal cannot be vapor¬ 

ized except by the arc and spark.* Evidence of this is afforded by the fact that an 
uncondensed spark yields a very beautiful band spectrum. The lines of silicon have 
been looked for but not detected in this spectrum 


Ivoiy scale 
numbers 

Description of spectrum 

1 

a’ 


6 

—S 




20 


Continuous band of rays from 6 to 170 strong 



120 


7 Very intense from 20 to 120 



170 





96 5 


Lines at 

24740 

4042 

101 7 



25300 

3968 3 

102 8 



25294 

3953 5 


Copper 

Copper foil was heated in the flame. Two silver lines were observed m this 

spectrum, X 3383 5 and 3282*1. 


Micrometei 
measurements 
in hundredths 
of an inch 

Description of spectrum 

1 

X 

X 

Remarks 

30 3 

The centre of a broad line 

18160 

5506 5 

This spectrum is partly due 
to CuO apparently 

44 35 

A faint narrow line 

19684 

5080 

167 31 

The centre of a bioad line 

30398 

3290 

3289 9, spaik, Hartley and 
Adeney 

170 76 

33 33 ■>> 

30652 

3262 5 

3265 2, 3260 2, two Bpark 
lines, Hartley and Adeney 
T he lines 3290 and 3262 5 
are frequently seen in 
photographs wheie they 
would he least likely to 
be found 


* This statement is not quite correct. See Appendix (5). 
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Appendix. 

[1. Reference has been made to the fact that Mitscherlich (Togo. Ann vol. 121, 
p 459,1864) compares the band spectia of metalloid elements with those of compound 
substances. He used both the oxy-hydrogen and oxy-coal-gas flames. He attributes 
only line spectra to copper, bismuth, lead, gold, iron, manganese, chromium, tin, 
potassium, sodium, lithium, zinc, cadmium, mercury, silver, barium, strontium, and 
calcium. He figures banded spectra of the following elements, magnesium, lines and 
bands , sulphur, selenium, tellurium, phosphorus, boron, iodine (bromine and chlorine, 
by absorption), and caibon. 

Cyanogen and ammonia are also figured as giving channelled spectra, as well as the 
following metallic chlorides and oxides — 

PbO, PbCl 2 , AuCl s , Fe 2 0 3 or PeO, MnO or Mn 2 0 3 , CuCl 2 , CuBr 2 , CuT 3 , CuF 3 , and 
CuO or Cu 2 0, Bidg, BiBr 3 , Bil 2 , Bi 2 0 3 , BaO, SrO, CaO, BaF 3 . 

The following salts gave lines, or lines and bands together :— 

BaCl 2 , BaBr 2 , Bal 2 , CaF 2 , CaCl 2 , CaBr 2 , Cal 2 , SrF 2 , SrCl* SrBr 2 , Srl a . 

It will thus be seen that several metals enumerated on pp. 174 and 179 yield 
channelled emission spectra, and that these are not credited by Mitscherlich with 
other than line spectra, except in the case of magnesium, to which he assigns lines 
and bands. The most refrangible rays observed by Mitscherlich were about X 4,000, 
and, though wave-lengths were not determined, the positions of lines and bands were 
measured and the spectra very carefully drawn. 

2 LrvEiisrG and Dewar, in their " Investigations on the Spectrum of Magnesium,” 
( Roy Soc. Proc vol. 44, p. 243, give the following description of a spectrum ascribed 
to the oxide or to the process of oxidation :— 

The component parts of the spectrum are the following—(1) The b group, X 5183- 
5172-5166. ( 2 ) The MgH series, close to it, 5210, &c, and 5186, &c. (8) Bands in 

the green. (4) The triplet near L, X 3838-3831-3829. (5) Triplet near M of the 

flame of burning magnesium, X 3730-3724-3720, with the group of bands in that 
region. (6) The line, X 2852. 

The spectrum which I have described differs from the above inasmuch as the least 
refrangible ray photographed was X 3929, which is at the edge of a strong band 
degraded towards the less refrangible side. Next, there is a strong line and a well- 
marked band, very strong from 3834 to 3805. Liveing and Dewar place the triplet 
near L, in or about this region The triplet near M, and group of bands mentioned 
above, occupy the place of a band with lines upon it, extending on my photographs 
from X 3805 to 3682. 

Lines belonging to triplets near L and M were not recognized, though by varying 
the exposure and using sulphate, nitrate, and carbonate of magnesia, the conditions 
under which the spectra were obtained were modified. It is possible to obtain an 
intense continuous spectrum by prolonging the exposure to one hour and using the 
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nitrate. Strong lines are visible in the continuous spectrum or at its edge. Liveing 
and Dewar obtained their magnesia by burning the metal and holding the ash m the 
oxy-hydrogen flame. 

The line A. 2852 is common to both spectra 

3. As to any possible relation of emission to absorption spectra, it may be remarked 
that Roscoe and Schuster found that there was apparently none in the case of sodium 
and potassium (‘Roy. Soc. Proc / vol. 22, p. 362, 1874), though the spectra weie care¬ 
fully measured 

Lockyer and Chandler Roberts (‘Roy. Soc Proc ,’ vol 23, p. 344, 1875) observed 
several channelled absorption spectra of metals by volatilizing them in tubes filled 
with hydrogen. No measurements were made, probably on account of the difficulties 
involved, and consequently the absorption spectra cannot be compared with channelled 
emission spectra of the same elements. 

Channelled absorption spectra were observed m the vapours of silver, manganese, 
chromium, antimony, bismuth, and selenium. 

Continuous absorption was noticed in copper, cadmium, iron, cobalt, nickel, tin, 
lead, gold, and palladium 

4. The spectra of sulphur, selenium, and tellurium were carefully investigated by 
Salet (‘Ann. Chim. Phys,’ [4], vol. 28, p. 47, 1873, also ‘Tiait^ Effimentaire de 
Spectroscopie/ p. 221), but only so far as the visible region, chiefly the green and 
blue rays. There are, howevei, many bands in the spectra of selenium and tellurium, 
which he in the ultra-violet region, which appear on my photographs and have been 
measured. 

5. According to a recent photograph, aluminium foil, when burnt, yields a beautiful 
channelled spectrum. 

I have ro express my thanks to Mr. Hugh Ramage, F.I.O., Assistant Chemist, 
Royal College of Science, for the care with which he has photographed many of these 
spectra, and otherwise rendered me valuable assistance. 

W. N. H„ %>J. 29, 1893.] 
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Description op Plates 

Photographs of spectra of the oxy-hydrogen flame, and of various salts, oxides, 
and metals, heated m the same for a uniform period of one hour. Dispersion 
used equal to one quartz prism of 60° Enlarged about two diameters. 


PLATE 6. 


1. Oxy^ hydrogen flame, water vapour lines. 

2. Lithium mtiate, lines of lithium and sodium. 

3. Sodium chloride 

4. Potassium nitrate 
5 Magnesium nitrate 
G. Calcium sulphate 
7 Strontium sulphate 

8. Barium chloiide 

9. Iron 

10. Nickel oxide 

11. Cobalt oxide 

12. Manganic oxide 
Qhromium sesqui-oxide 


Band spectra o± oxides and chlorides, 
with line spectra of metals. 


Line spectra of the metals chiefly. 


PLATE 7. 

Batod spectra of arsenic, antimony, bismuth, lead, and silver, with a dispersion of 
four quartz pnsms of 60°. Enlarged about two diameters. 



Phil Trans 1894 A Plate C 
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VI. On a Spherical Vortex. 

By M. J. M. Hill, M.A , D Sc., Professor of Mathematics at University College, 

London. 

Communicated by Professor Henrici, F.R.S. 


Received January 19,—Read March 1, 1894 


1. In a paper published by the author in the ‘ Philosophical Transactions’ for 1884, 
“ On the Motion of Fluid, part of which is moving rotationally and part irrotationally,” 
a certain case of motion, symmetrical with regard to an axis, was noticed (see pp. 
403-405). 

Taking the axis of symmetry as axis of z, and the distance of any point from it as r, 
and allowing for a difference of notation, it was shown that the surfaces 

r 2 (—„ + ~ ' , 3 ^ -1) = constant, 

where a, c are fixed constants, and Z any arbitrary function of the tune, always 
contain the same particles of fluid in a possible case of motion. 

The surfaces are of invariable form. If the constant be less than — J a 2 , the 
surfaces are imaginary, if the constant lie between — \<P and zero they are ling- 
shaped , if the constant be zero, the single surface represented breaks up into an 
evanescent cylinder and an ellipsoid of revolution; if the constant be positive, the 
surfaces have the axis of revolution for an asymptote 
The velocity perpendicular to the axis of symmetry is 

2 f(z-Z), 

the velocity parallel to the axis of symmetry is 

Z -^(2»’ 3 - -2 |(s - Zf; 

where k is a fixed constant and Z = dZjdt. 

m 94 
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These expressions (which make the velocity infinitely great at infinity) cannot 
apply to a possible case of fluid motion extending to infinity Hence the fluid moving 
m the above manner must be limited by a surface of finite dimensions. This limiting 
surface must always contain the same particles of fluid. 

Where, as m the present case, the surfaces containing the same particles of fluid 
are of invariable form, it is possible to imagine the fluid limited by any one of them, 
provided a rigid frictionless boundaiy having the shape of the limiting surface be 
supplied, and the boundary be supposed to move parallel to the axis of z with velocity 

Z. Theu the above expressions give the velocity components of a possible rotational 
motion inside the boundary. So much was pointed out in the paper cited above 

2. But a case of much greater interest is obtained when it is possible to limit the 
fluid moving m the above manner by one of the surfaces containing always the same 
particles of fluid, and to discover either an irrotational or rotational motion filling all 
space external to the limiting surface which is continuous with the motion inside 
it as regards velocity normal to the limiting surface and pressuie. 

3. It is the object of this paper to discuss such a case, the motion found external to 
the limiting surface being an irrotational motion, and the tangential velocity at the 
limiting surface, as well as the normal velocity, and the pressure being continuous. 

The particular surface (containing the same particles) which is selected is obtained by 
supposing that the constant vanishes, and also that c == a. Then this surface breaks 
up into the evanescent cylinder 

ri = 0 , 

and the sphere 

y 2 + {% - Z) 2 = a 3 . 

The molecular rotation is given by to = 5/cr/a 2 , so that the molecular rotation along 
the axis vanishes, and therefore the vortex sphere still possesses to some extent the 
chatacter of a voitex ring. 

The irrotational motion outside a sphere moving in a straight line is known, and it 
is shown m this paper that it will be continuous with the rotational motion inside the 
sphere provided a certain relation be satisfied. 

This relation may be expressed thus :— 

The cyclic constant of the spherical vortex is five times the product of the radius of 
the sphere and the uniform velocity with which the vortex sphere moves along its axis. 

The analytic expression of the same relation is 


4 Jc = 3Z. 


This makes 


co = 15Zr/(4a 2 ). 
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All the particulars of the motion are placed together m the Table below, m which 
the notation employed is as follows •— 

If the velocity parallel to the axis of r be r, and the velocity parallel to the axis of 
% be u\ then the molecular rotation is given by 

3 t 3 io 

2o) = *- . 

Ov 01 

Also p is the pressure, p the density, and Y the potential of the impressed forces. 
The minimum value of p/p -f Y is n/p, wheie n/p must be determined from the 
initial conditions. 

Fuither B, 6 are such that 

r = B sin Q, 

% — Z = B cos 0. 

The whole motion depends on the following constants 
(l.) The radius of the sphere, a, 

(2.) The uniform velocity with which the vortex sphere moves along 
its axis, Z. 

(3.) The minimum value of pjp -j- Y, viz, n/p. 



Rotational motion inside spheie 

At the surface of 
the spheie 

Irrotational motion outside sphere 

Velocity paiallel to axis of r 

3Z? (s — Z)/(2a 2 ) 

•yZ sin 8 cos 6 

3o»Z»(u-Z)/(2R«) 

Velocity parallel to axis of z 

Z{5a 2 - 3 (z - Z) 2 — 6» 2 }/(2a 2 ) 

Z(1 sm 2 6 ) 

n 8 Z{3 (z — Z) 2 - R 2 }/(2R 5 ) 

ftp + V - n Ip 

9Z 2 

8a* [(»*-fa 8 )*-{(*-Z)*-«?}* + «*] 

£Z 2 cos 2 d + 7 ®y Z 2 

{Z 2 

l- + {5-4(«/R)*-(«/E)*J- 
_+ 3 cos 4 «{4r (a/B) s — (ct/R)«}_ 

Current function . 

3Z? 2 {R 2 -j a 2 }/(4a 2 ) . . 

• 

- a 3 Z? 2 /(2R 8 ) 

Surfaces containing the 
same particles of fluid 
throughout the motion 

3Zr{R 2 - ffi 2 }/(4& 2 ) = constant. 


Z? 2 (R 3 - ft 8 )/(2R 3 ) = constant 

Velocity potential 



- a 3 Z(z - Z)/(2R 3 ) 

Molecular rotation, 

15Zi/(4ci 2 ) 




Cyclic constant of vortex 

5aZ . , 

■ 


* 

Kinetic energy . 

23jr/)a 3 Z 2 /21 

i 

7Tpcfi Z 2 /3 
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4. If c be not equal to a, then the surface containing the same particles, when the 
constant vanishes, breaks up into an evanescent cylinder and an ellipsoid of 
revolution 

Now the velocity potential of an ellipsoid moving parallel to an axis is known 
This velocity potential, with a suitable relation between 1c and Z, will make the 
normal velocity at the surface of the ellipsoid continuous with the normal velocity of 
the rotational motion inside the ellipsoid, but it does not make the pressure con¬ 
tinuous Hence, if fluid can move outside the ellipsoid continuously with the 
rotational motion inside (described m section 1 above), then the motion outside the 
ellipsoid must be a rotational motion 

5 It cannot be argued that the application of Helmholtz’s method to determine 
the whole motion from the distribution of vortices inside the ellipsoid must determine 
an irrotational motion outside the ellipsoid continuous with the rotational motion 
inside, because Helmholtz’s method determines the irrotational motion by means of 
the distribution of vortices only when that distribution is known throughout space. 
This is not the case m the problem under discussion For here the rotationally 
moving liquid has been arbitrarily limited by rejecting all the vortices outside the 
ellipsoid, and it is not known beforehand that the rejection of these voitioes is 
possible. 

6 Yet, on account of the interest of the problem, the paper contains a calculation of 
the velocity components in Helmholtz’s manner, supposing the only vortices to be 
those inside the ellipsoid, i.e,, starting from the values of the velocity components 

2k t v\ 
u =jx(z- Z), 

2th ! jy, 

v = 7 y ( z - z )> 

w = Z - lr ( 2 “® + 2l / - « 9 ) - 2 4 (z — Zf, 

W (j 

the components of the molecular rotation are first found, viz..— 



Then the potentials L, M, N of distributions of matter of densities -- 

2* 7 T 2tt 

respectively throughout the ellipsoid are determined. 
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These are, outside the ellipsoid, 

r ,, , ( 4 . 1 \ 


- (- 3 + 7.) y l (x 

**«*(£+ 7)* l (x 


o 

(* - Z) : 

« 2 -f- u 

C 2 -f* U 

r 2 

(* - Z) 2 

a~ + n ~~ 

C 2 -f 11 


M = 

N = 0, 


where e is the parameter of the confocal ellipsoid through cr, y , z 
Then 


du 

71 i ~\9 /„3 


Wc ( 4 0 + V) x (z 

\ or cr} v 




-Z)[ 

z)f 




(a 2 +- uf (c 2 + «) 8 ' 2 ’ 


(a 2 -j- u) 2 (c 2 + u)^' 2 } 


2r 2 __ Q - Z f\ du 

a 2 + w c 2 + it / ( c “ + w)W 


To obtain the corresponding expressions inside the ellipsoid, it is necessary to 
replace e by zero. 

Outside the ellipsoid ~ — are the differential coefficients of 

x ay dz dz ox dx dy 

the potential function 


1** (4 + 4) (. - z) f( i - — 4" Z) h 

2 \ a 2 e- / ' ' J e \ + c~ + % J 


du 

(a 2 + u) (c 2 -f m)3'' 2 


which, with a suitable value of h, gives the potential of the iirotational motion outside 

the ellipsoid moving parallel to the axis z with velocity Z. 

■d . . j x , ,, 8N SM 0L 0N 0M 0L , x 

Jdut inside the ellipsoid -r —, zr —- tt- » w-w are not respectively equal to 

1 ay 03 dz dx dx dy 2 J x 

the values of u, v, w, from which the investigation commenced. 

In fact 

3P 9N 0M 

U dx dy dz 

_ 0P , 0L __ 0N 
V dy dz dx 

0P 0M 0L 

W dz dx dy 5 

where P is the potential function 

MDCCCXCIV.—A. 2 F 
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+ 


-***>(3 + 7)1 

— ka^c ( ^ 


du 


Z + 2 h 


\rfi + c 2 


o ( a 2 4 - u ) 2 ( c 2 + u) z 12 

1 \ r du 


o(rd + uf (6*+ tt) 1/9 


{r>(z-Z)-i(z-Z?} 
(* - Z). 


* mi 0N 0M 0L 0N 0M 0L , , , , , , , 

7. The expressions ~ ~g7 > !p ~~ d$ ’ ~dx ~~ dy cannot be ta ^ en b y themselves to 

represent the velocities inside and outside the ellipsoid, for, though they would 
furnish continuous values of the velocities at the surface of the ellipsoid, they would 
not make the pressure continuous. 


Art. 1. The Equations of Motion. 

If the velocity components of a mass of incompressible fluid at the point x, y : z be u, 
v, w at time t ; if the pressure be p, the density p, and the potential of the impressed 
forces V, then the equations of motion are 


du 

+ 

du 

+ 

0 M 

+ 

du 

dt 

M-r 

ac 

cy 

iv^r- = 
oz 

dv 

+ 

dv 

+ 

dv 

+ 

dv 

dt 

u-~- 

ao 

V-5- 

W- 7 T = 
&J 

dw 

+ 

dw 


dw 

+ 

dw 

dt 

Vr~- 
d,1 

% 

W— = 
Ol 




du , 0u dw 



If the motion he symmetrical with regard to the axis of z, let r = (x 2 -J- v/ 2 ) 1/2 , and 
let the velocity perpendicular to the axis and away from it be r 
Then 


u = rxjr 
v = ry/r 


(in), 


and the equations of motion become 


0T 

dt 

dw 

dt 


, 0 r . 0 T 0 

+ T a7- + ^ = — & 

, dw dw 0 

+ T F +u, & = -& 


(f +v ) 

(7 + t ) 




> ■ 


(IV), 


0T T 

dr ’* r 




dw 

dz 


= 0 


(Y.). 
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These are equivalent, on elimination of — + V, to 


and 


/ 3 , 3 . 3 \ [" 1 9r 3 w\~ 
\ dt T dr W dz J _ r \ dz 3 ? )_ 


= 0 


3 / \ - 3 / . 

_ ( rr ) + — (rw) = 0 . . . . 


(VI), 


. . (VII.). 


Art. 2 The Equation satisfied hy the Current Function 

From equation (VII.) it follows that a function iff exists, such that 

} r = dxfj/dz 
nv — — dxjfjd r 

Substituting in (VI.), if follows that 
3 1 d^ 3 1 3^ 3 

dt r dz dr t dr dz 

Hence, the whole motion depends on the current function xJj defined by (IX ) 


v 3s 2 3r 2 



= 0 . . (IX.) 


. . . (VIII) 


Art. 3. The Particular Integral selected. 


The following is a particular integral of (IX.).— 



wheie a, c, k are constants. 

A particular integral of (X) is 


= ,,s \f (r - ai ) + -j(<>- zy +/(«)} • 


where Z and fit) are functions of t only. 
Substituting this value of iff m (VIII.), 


r= aL r (a_ Z), 

w — - 2 “T ( a ~ Z )' — 2 Jr ( 2r ~ — ® 2 ) - 2/(i). 

2 F 2 


(X). 


(XI), 
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Art 4. The Surfaces which contain the same particles of fluid. 

Tlie next step is to find the surfaces which contain the same particles of fluid 
throughout the motion. 

If X = const, be one family of these surfaces, 


3a, . 9X , d\ 

¥ + T ¥+ w s; = 0 


(It 

T 


Therefore 

3a, 7l/ / ry y 0A, 

¥ + 2 -r( 2 -Z) ¥ - 

The auxiliary equations for X aie 
dr 


2 L(,_ Z Y+ 2^(2,-’-a») + 2 m 


0/\. 


(XII.) 


0 (XIII). 


ch 


2 -J- r (* - Z) - 2^ (, - Z)» - 2^ (2.* - a 3 ) - 2/(J) 


(XIV.), 


24^(3 -z)^+ [241 - (2 -z) s + 2■4»• (2r 3 - « 2 )1 </,■+ 2 4 ,= (z - Z) * 

(it (Y* (( ^ 


-2^-r s (z-Z) 


f + 2 / W' 


d 

>{4(z - Z) 3 + 

-4 (r 3 — a 2 ) 

n 

— 2-4 _ i 3 (2 — Z) 

<r s 7 

3 + 



rl7 

Hence if/ (i) = — l — = _ AZ, one solution of (XIII) will be 


X = kr 


or 


+ 


Y ~ Z ) 3 


6 3 


- i 


(XV) 


Hence the component velocities 

r = 2 f(z-Z) 

w = z-^-^)-2L(,_ Z ).J 


(XVI.), 


belong to a motion m which the surfaces X = const, given by (XV ) contain the same 
particles of fluid throughout the motion. 
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Also by (XT) 


'A = ^ I Jr O’ 2 - ® 2 ) + -j (* - z) s 


1 


iz 


(ZVII) 


Art. 5 The Pressure. 


Substituting the above values of r and w m equations (IV ), they become 


4 n 

- — r (2r 2 — a?) = - 

z + f (z-zy-f (z 


■ z >=-!(f+ v ! 


>• 


(XVIII). 


Therefore 


jP 


+ V = %(^ ™ (* - Z)< + f (. - Z)> 


2 / ' ' C* ' ■ 6* 

+ an arbitrary function of t ... . . (XIX) 


Art 6. The Molecular Rotation. 


If 2cj be the molecular rotation, 


Therefore 



. (XX). 


Hence the molecular rotation varies as the distance from the axis of symmetry, 

The vortex lines are circles, whose centres are on the axis of symmetiy, and whose 
planes are perpendicular to it. 


Art, 7. Further simplification of the Particular Integral 


Amongst the surfaces given by making X constant in XV,, there is one, viz — 


h ,a 



(* - zy 


c 2 



which bleaks up into the evanescent cylinder 


r 2 = 0 . 


. (XXI), 
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and the ellipsoid of revolution, 



(« ~ Z) 3 

o 


1 = 0. 


If, further, it be supposed that c = a, the ellipsoid becomes the sphere 


r 


s + (z - Z) 2 = ct 2 


. . (XXII). 


The discussion will now be limited to this case 
In it 

r =2 \r(z — Z) 

a* v 7 

i» = Z - 2 4 (2/ a - a s ) - 2 4 (a 


I 


~Z) 2 


(XXIII) 


(li 


Mr 




. (XXIY), 


L 

p 


+ V = f - 4T- (z-Z)Z-‘§(* ~ 2)* + f (* - 2)“” + -. (XXV ), 


cr 


a 1 


where n/p is an arbitrary function of t 


iff = r 2 








# 


X = r» {r 2 + (* - Z) 2 - a 2 } 

CLr 1 % 


-» 1 


J 


. (XXVI.) 


* The suifaces A. = const are a paiticular case of some surfaces that wcro noticed by Professor Lamb 
in a paper “On the Vibiations of an Elastic Sphere,” published in fclio ! Piocoedings of the London 
Mathematical Society,’ vol 13, p. 205. 

In equation 75 of that paper, viz., 

f = i *r 9 {f i (hr) - (La)}, 

where 

(«) = !- 2 ~5 + 2~47577 “ ' ’ 

the current function may be written 

C*r» to (hr) - (to)} = CV [- it _ a!) + 2 - 4 - r7 ((*-»•)- ] 

If we suppose, C# 2 to be finite, but k = 0, this becomes 

CV 3 (r 3 — a 3 ), 

or, m the notation of this paper, 

CV 3 {r 3 + (* - Z) 3 ~ a 3 }, 

which agrees with the above 
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Hence, at the surface of the sphere (XXII.), putting 


r = a sin 9 1 


•*-Z = acos0J ’ ' ’ ’ 

(XXVII.), 

r = 2& sin 6 cos B 

(XXVIII), 

w — Z — 2k sm 3 6 ... 

(XXIX), 

— + V = 2 Jc 2 cos 3 0 + h k % — a cos 9 Z -{- — 

P P 

(XXX ), 


Art. 8. The Irrotational Motion outside the Sphere 


The velocity potential of a sphere of radius a , moving with velocity Z parallel to 
the axis of z, at external points, is 

<£ = - a s Z (z - Z)/(2B S ) = - a 8 Z cos 0/(2R 3 ) . (XXXI), 

where 

R 3 = r 3 + (z- Zf 


(see Basset’s ‘Hydrodynamics/ vol. I., Art. 143). 
Whence 

g = 3^Zr(*-Z)/(2RS) 


(XXXII), 


^ = a s Z {3 (« - Z) a - R*} /(2R 6 ) 


(XXXIII.), 


— + V = a s [R s {(z — Z) Z — Z 3 } + 3 (z — Z) s Z S ]/(2R 6 ) 

P 

a 6 Z 3 [R 3 + 3 (» - Z) 3 ]/(8R 8 ) + T (XXXIV.), 


where T is an arbitrary function of t. 

Hence, at a point on the surface of the sphere (XXII.), 

^ = fZsin0cos0. . . . . (XXXV.), 


d<f> 

dx 



f sin 3 9) . 


(XXXVI), 
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P 


+ y = i a cos 6 Z - £Z 3 + I cos s e Z 3 + T . . (XXXVII.) 


The value of the current function ifj, corresponding to the velocity potential <f> of 
(XXXI) is 

^ - a 3 ZrV(2R 3 ) (XXXVIII). 

If X = const be a family of surfaces containing the same particles of fluid 


0 \ , 1 0 \ 1 d\jr 8X 

dt r dz dr i dr dr: 


(XXXIX) 


An integral of this equation is 


for Z being constant. 


therefore 


Jj 


■ (XL.), 


0\ _ 0^ 0^ / fr. 

0x 0^ , r> 

*=£+ rz > 

0 ?l _ d'yfr 

~dl “ 07’ 

0x i _L ^ i 0^ 8 x 

0<5 ' r dz dr r dr dz 

r da \dr y 


l_dfd± 

r dr dz 


- 0. 


Hence the surfaces X = const, are 


a 3 \ 


Z f 1 —• ~ j = const. 


(XLL). 


Art. 9. The Conditions for the continuity of the rotational and irrotational motions 

In order that the motion inside the sphere (XXII) may be continuous with that 
outside, the equations (XXVIII.) and (XXXV.) must make r = 0<£/0n 
Therefore 

2&=|Z .(XLII.). 

The equations (XXIX.) and (XXXVI.) must make w =s d(j>/dz. 
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This leads again to (XLII). 

The equations (XXX.) and (XXXVII) must give the same value for p/p -f- V 
This requires that 

Z = 0, 

2P = | Z 2 , 

and 

T = 4 Z s + * P + — 

P 

The first and second of these follow from (XLII) 

The last gives 

T = § 1 2? + - • 

P 

Hence (XXXIV ) can be written 


— + V = a?Z 2 [3 (s - Zf - R 3 ]/(2R 6 ) 

P 

- a«Z- [3 {z - Zf + W]/(8B a ) 

+ f|Z s + 7- 

r 

Therefoie 


il- + V = iZ s 

p 



+ 3 cos 2 0 




(XLIU ) 


Hence at the surface of the sphere 

£- + V*=iZ?(?oos?6 + l) + j . . . (XLIY) 


Further, outside the sphere It > a, therefore, 


therefore, 


15 _ 



> 0 
> 0 , 


■£- + v> 

p 


n 

p 


How using the value h = | Z from (XLII.), putting Z = 0, equations (XXIII) and 
(XXV.) give inside the sphere 

MDCCCXCIV—a. 2 a 
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T = 3 Zr (z - Z)/(2a 3 ) 1 

w = Z (5a s - 3 (z - Zf - 6r s }/(3a 2 ) J 

(XLV) 

i^ + v 

p 

= J [7 - ff - - z f - +«’] + 7 

(XL VI.) 

Also from (XXVI) 

= 3 Zr"- [R s - -f n s ]/(4-ffl s ) 

(XLVII ) 

and 

X = 3Zr 9 [R 3 - a s ]/(4a s ) 

(XLVIT1 ) 

Also from (XXIV ) 

co = 15Zr/(4« 3 ) 

(XLIX) 

It may be noted that the value of p/p + V given by (XLVI ) is 
(i 3 — J« 2 ) 3 is least, and {(z — Z) 3 — a 3 } 3 is greatest, i e , when r 3 
z — Z = 0 ; and then p/p -f* V = U/p 

least when 
= \a°, and 


Hence U/p is the minimum value of p/p -j~ V thioughout the whole mass of moving 


fluid 

Further, all points on the circle r = ct/y/%, z = Z represent the mu face 

X= - 3Za 2 /(16), 

for this surface is 

r 3 (R 3 — a 2 ) = — 0-74, i.e , (r 3 •— 4n 3 ) 3 + p 9 (a — Z) 3 = 0 

A neighbouring surface is 

(r» - ^o 3 ) 3 + r* - Z) 3 = 2e 4 ', 

where e is small 
Putting 

r — F -j- o 2~* 

2 = S' + Z 

and retaining only the principal terms, it becomes 

(e 2 /«) 2 ^ (2e»° = ^ 

proving that the section by a plane through the axis of z is an infinitely small 
ellipse, with its major axis double the minor axis, the minor axis being perpendicular 
to the direction in which the vortex sphere moves. 
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Art. 10 The Cyclic Constant of the Sphencal Vo> tejc 


Tlie cyclic constant of the vortex is 


h a 


f v'(a~ - J) 


n 

£(0 


ch dr 


+ a fV(o*- -) 15 £ } . 


-ft JO 


r+ tc r\ 

J - a Jo 


2« 2 


ch dr 


1 K7. r+ti 


4a 3 

1GZ 

4a 3 


5~]+ ti 


ar% — - 

o 


— 5aZ 


• (L) 


Hence the cyclic constant of the vortex sphere is equal to live times the ladius of 
the sphere multiplied by the uniform velocity with which the voitex spheio moves 
parallel to its axis 


Ait 11. The Kinetic Enenjy of the Vortex 


The kinetic energy of the vortex 


rz + « ,v{<e - o - z)-} 


+ a rv L 

ch I J dr r (r 2 + w 2 ) 

z - a J o 


,Z + a , v^{« J - ( - Z )4 Z 3 

iTp ch di r 

> Z — a Jo 


4u 4 


'25a 4 — 30a 2 ( z — Z) 2 + 9 (z — Z) i 
+ 45r 3 (a - Z) 3 — 60cr/ 2 + 36/ 4 J 


?rpZ 3 f z + tl , [~{25a 4 — 30a 2 (2 — Z) 2 + 9 (2 — Z) 4 } {a 2 — (2 — Z) 3 } 
8^ 1 dz 


z — it 


.+ i [45 (2 — Z) 3 — 60a 2 } {a 2 — (2 — Z) 3 } 2 + 12 {a 3 — (2 — Z) 3 j 3 J 


7 T/)Z 3 ^ + " 


16« 4 


f dz {14a 6 — 17a 1 (2 — Z) 2 -J- 3 (2 — Z) b ] 
J L - a 


TT/oZ 3 

8a 1 


{14a 7 — ^-a 7 + t a7 i 


_ 23t rpZff 


21 


The kinetic eneigy of the 11 rotational motion outside che vortex is 


2 a 2 
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7 rp 


cffi dm sin 6 {-P + w s ) 

J 0 

f x rtr 

cZft ddftf sm 6 (3 cos 2 # + 1) 

a *’ o 

am 4 irpam 


rrp 


4 3 rfl 


Ait 12 The Distribution of Matter winch would produce the Velocity Potential 

of the Irrotational Motion 

The velocity potential — a 3 Z (i — Z)/(2B 3 ) at points outside the spheie is due to a 
distubution of matter inside the spheie of density 


- 15Z (z — Z)/(8ira~) 

and the potential of this distribution of matter inside the sphere is 


For 


Z(e -Z) {3R 3 - 5a 3 }/(4a*) . 


■ — + ±±,<L\/ZC 

\cr /• 0j* 0: ,2 y 


(* 


Z) (3R 3 - 5<d) \ + 4?t / 15Z (xi — Z) v 


Ad 


Sira 2 


Fmther, when ft = a 


Z( 4 - Z) {ZW - 5a*}/(4a») = - JZ (« - Z) 


and 


y. 


Again, when It = a 


O 


dr 


- a?Z(z - Z)/(2R 3 ) = _ \Z (; - Z) 


Z 5 (» - Z) (3R 3 - 5a"-)] = f| r (s - Z)'J 


4« 


and 


U 


« ■ 


|[- « J Z (* - Z)/(2» 3 )] = g, r (* ~ Z) 


Also when B = a 


.0. 

02 


z 


4a : 


l{z — Z) (3ft 2 — 5a 2 ) 


and 


, 3Z 

2 2a s ^ 


-Z) s 


>• 


J- a s Z(s-Z)/(2R 3 )] = 


Z , 3Z 

T + i5 (2: 


-Z) 3 


J 


(LI). 


(LIT.) 


= 0 (H1I) 


(LIV) 


(LY.) 


(LYI) 
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The equations (LIY.) show that the potential function m (LII) is continuous with 
the velocity potential of (XXXI) at the surface of the spheie. The equations (LY) 
and (LYI) show that the differential coefficients are also continuous Finally (LIII) 
shows that the density of the distubution of matter is that given m (LI) 


Ait 13. Expression of the Velocity Components of the Rotational Motion in 

Clebsch's Form 

Clebsch has pioved that the velocity components can be expiessed as follows — 


wheie 


d - 

■gU 

II 


. (lvii ) 

11 

+ 


(LVIII) 

(0 , a a \ 

( x ¥ + T a 7 + ir 

I A = 0 

(TJX) 

/a a a > 

WT ~h r Y - + V' , 
' ct or cz) 

1 p = o 

(LX) 

/a , a a\ 

\Tt +T d 7 +w %) 

)x=~f + y) + h(r + ^) 

\ r * 

(LXI.) 


The value ol A may be taken as 

3ZF (W - a 2 )/(la 2 ) 

(See equation XLYIII) 

To find y, theie are the equations 

dt dr dz dp 
1 r 10 0 

Theiefoie 

dt dr dz d(i 

1 “ 8Z r (v — Z)/(2u 2 ) ~ Z {5« 3 - 3 (z - Z) 3 - 6F}/(2?) “ "o’ 


(LXII) 
(LXIII) 


One mtegral of (LXIII) is 


A = constant, 


i e, } 


oZr 2 [R 2 - « 2 j/(4« 2 ) = 3ZL/(4a~) 


. (LXIY.), 


where L is some constant. 
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Fiom (LXIV ) it follows that 

r(z — Z) = ^(L + r 2 a 2 — >■*) . 


Substituting in (LXIII) 


oZ 

2a? 


dt = 


ib 


Tlieiefoie 


Hence 


f 


ih 


v/(L + ? 2 « 3 -^) 2ft 3 


\/(L + r 2 « 2 — ; 4 ) 


— ~ = constant 




= C 


* 

3Z~ 


2c? 


wlieie, aftei the integration is performed, L must be replaced by r 2 [K 2 — 
To detemune C, it is necessaiy to substitute m the equation 


i e , 
3Z 


3t Bit? 3\ 3/i dx dfi 

3- 3r 3s 3r 3r 3? 


= b 2rZ (> - z ) bc^-z, - 0 f < R2 - -> + ^ f(L+ 

- 5 ^- “ J ) + 2) ' 3 J [- C ' J (» -Z)l(L+ ;^-,y a 

Therefore 


+ - 


3 Z /* \ 32 n 

~-(5r) — —r 0. 

2ft- v y 2ft 3 


Therefore 

Hence 

Hence 
3 ft 15Z 




= 5 f 


0 = 5 

di 


1 5Z 


a/(L + ? ,3 ft 2 — / 1 ) 2ft 3 


x sf = ^* ( R2 - “ 3 > U;- h) “ c- ( R2 - “■’) + '- 3 } (f 




<£■ _ ' 
(£ + r-a a - r 1 ) 8 " 


. (LXV) 

(LXVI) 
(LXYI1) 
(LXVIII), 

a-] 

(LXIX.), 

ih 

. (LXX) 

(LXXI.) 

(LXXII.) 


Therefore 
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cx 

07 


= T — X 


Sf 


3E / yx 
2^r(*-Z) 

~ ^f 1 " 2 - a 2 ) ,-(7rzj ~ M R2 - f,: ) + »•’] [ 


d) 


(L+ / V -,0 


3 2 


A 

3: 


w — X 


C~ 


= 2 I 2 * 5a? - 3 (^ - Z) ! - 61 *} + (R : - a 1 ) (•- - Z) ' 


dr 


(L + ? v-?*r 


Next, 3x/d£ can be found by means of (LXI.) 


5% 

a* 


5a. 

a* 


-(f+ v )+i (TS + w 2 ) - T -l- 

_(A + Y) + i (T c + tt , S) _ T ( T _ x A)_ 

- (f + V) - i (t* + ® s ) + X (V| + u'|' 
7 + vj-*(t*+«*)-^ 


( v 3/x N 

W r- X F, 


n _ 9Z2 

p 8« 4 


,4 _ r V + -j- - (- _ Z) 4 + 2n J (c - Z) 2 j 


<72 

- — [25a 4 - 30a 3 (2 - Z) 3 - G0r% 2 + 9 (« - Z) 4 + 36 (r - 

+ g, = (R 2 -tf) 


15Z 

2« 2 


- 5Zr 2 (z - Z) 


dr 


(L 4- yV-/0 33 J 


therefore 


5*^ 

dt ” 


II 

P 


Z 

8« ; 


[ 109 

~a 2 - 247- -12 (z - Z) a 
15ZV (R 2 - a 2 ) (s - Z) f dr 


4rt 2 


f: 


J(L + 2 — ? 4 )’ 


3 2 


(LXXIII), 


(LXXIY) 


Z)V--h 367’ + J 


. (LXXV.) 


Next taking IT as the potential of the distribution of matter inside the sphere 
which would produce the potential of the irrotational motion outside the sphere 
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U = Z(z-Z) [3R 3 - 5a 2 }/(4 a 2 ) 


by equation (LIT ), theiefoie 


f = ^(,-Z)2r 


0U __ 3Z 
3r 4« 3 


2 (z — zy + r 2 


5Z 

4 


Hence 


0U 

dt 


3Z 2 

4ft 3 


2 (z — zy + R 3 


+ 


5Z 2 


dfr-P) . 
0 /’ 


- 5\ 


1 


|_r (« — Z) 


- {^(R 2 — a 2 ) + r 3 }f; 


dr 


(L + r~ci 2 — r 4 ) 3/3 


g(x-R) _ 
0“ “ 


d fr-U) 

df 


- 5A 


(- - Z) [ 


dr 


(L + ? 3 o 3 - r 1 ) 33 


--HZ- + 5X2: 
P 


A_^(*_Z)f; 


dr 


J(L + ? 2 ft 3 - 7*)3 


therefore 


|-[x-n + {(7 + !!z 2 )^ 

= - 5)1 [ r ( 3 l Z ) - {’• ( R8 - « 2 ) + ’ ,3 ] [ 




(L 4- 9 3 a s — r 4 ) 3 ' 


dr 


X-U + 




= ■— 5\ 


- — /y>& 


r% ( z - Z) {; 


dr 


(L -f ? 3 ft 2 — 7 14 ) 3 ' 3 


0 

Si 


X~ u + fiT + tt 4 *)* 


p 

= 5\Z 


i s (z — Z) | 




(L -f ?% 2 - r 4 ) 3 2 


. (LXXVI), 

(LXXVII), 

(LXXYIII.) 

. (LXXIX.), 
(LXXX), 
(LXXXI.), 

(LXXXII), 

(LXXXIII.), 


(lxxxiy.) 
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From (LXXXIII.) and (LXXXIY.) it follows that 


A 

dt 


X - u + [(7 + ft zj *] = - Z ![x - u + [(7 + St zj ch 


Hence y — U -f \(~ "1“ f ^rZ^jdt is a function of r and z — Z only, therefore 


9 (z — Z) 


X 


U+K7 + HZ 3 )*] 

= — 5x[~tr — i 2, (z —Z) f—- - -- 

{_ r 2 v 1 J(X + ? 3 « 3 — ? 4 ; 3 ' 2 


. (LXXXY.) 


Before proceeding further it is necessary to prove that 


f 


(L + ,2*2 _ ? i)32 

r 5 (L + 7 2 a 2 — 'i 4 ) 1 ' ^ f i A 1 


dr 


-f 


L ih' 


(L + 5 V-7*p J ; 4 (L + 7~V -9 4 ) 33 


(LXXXYI) 


Differentiating both sides with regard to r, an identity is obtained 
Hence the result holds. 

Making use of (LXXXYI.) in (LXXXII), and remembering that after the 
integrations in (LXXXYI.) are effected, L may be replaced by r 2 (B, 2 — a 2 ), 


l [ x-v + 0 + «z°)a 


= — 5X1 


1 

r (R 2 — a 2 ) 4- r 8 

_L 3L f 4 r §l 

r Lf?7’ 1 ~ 

1 

csT 

1 

r 4 (: - Z) 

2 07’ 1 h 4 (L + rW-r*)^ 

J / 4 (L 4 - 7 V 2 ~ 7 4 ) 3 3 J _ 


= — 5X 


r_ L _3Lf ft f dr T f 


dr 


-1 1 


^ J27 4 (L -f r 2 « 2 - 7*) d ' 2 j J 


15Z 
4 a 2 


A _ T 2 ?k f _ dr . OT 8L f dr 

_?>V(L + ~ ri ) dr i2?'HL4-?V-r 4 ) s3 ' r 3/J/*(L4 ?~V-? 4 ) 12 _ 


15Z0r,f dr _ 

4a 3 07* [_ J r 4 (L 4 - r 3 a s — r 4 ) 1,2 


(LXXXYII). 


MDCCCXCIV —A. 


H 
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Also 

3 


3 (z~Z) 

= - 5X 
1 


X-U+Ky + M^)* 

!-»«(*-Z)[ 


f dr 


J(L + rV 



— — 5X 


{j’(L + jV-j 4 ) u ^i/ 4 (L + 7’V —7 4 ) 1/2 f?*(L + 5V — 7 4 ) 2/2 } 

_15 Zj 3L J 0 f_ di 

“ 4^ L 37 1 L J^ 


15Z 

4a 3 


'3L 3 f 

a* ■ 


? , (L +? 3 « 2 — J 4 ) 1 '" 1 J / 4 (L + r 2 ct 2 — i 

__ fi_*_l 

(L + 7 V - 7 4 ) 1 ' 2 "r r*(L + 7% 3 ~ 7 4 ) 3/3 j 

" + L ’1(: * 


i 5 z a r T „ r 

= 4 ?¥L L 'J 


7 4 (L + iV - ? 4 ) 1/2 

dr 


r 4 (L + 7% 2 — 7 4 ) 1/2 J 


15Z _3 

4a 3 8(2 


7 4 (L + r 2 a 3 - i 4 ) 1/2 J 

dr 




* • 


r* (L + 5 "-a 2 - r 4 ) w J 
Now by (LXXXVII.) and (LXXXYIII.) 

X ~ 'U + K” + If dt = § L»| f , (L+ -^, - r ^i a + const 

Therefore 


(LXXXYIII) 


^7’ 


x= n-g + |fz>) ( i 1+ |i>f 7 




iTj ~j- const. . (LXXXIX 


(L + 7 2 « 2 — I’ 4 ) 

where, after the integration has been performed, L must he replaced by 

4a 2 X/(3 Z) 


Art. 14. The Figure, 

The figure has been constructed from the two following tables. 

Table I. gives the form of the surfaces 

# r 2 (R 2 — a 2 ) = — d 4s ) 

which are inside the sphere, and which always contain the same particles of fluid 
throughout the motion. 

* For the time taken by the particles on one of these surfaces to go once completely round, see the 
Note at the end of the paper 
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When d 1 j a*, the section of the surface, by a plane through the axis, shrinks 
into a point ellipse whose major axis, which is parallel to the axis of z, is double of its 
minor axis. 

As d 4 diminishes from od/4 to Cf the suifaces increase in size until finally they 
become merged in the sphere R 3 — a 2 = 0, and the evanescent cylinder r 2 — 0. 

Table II. gives the form of the surfaces 

** {1 - (a/R) 3 } = d\ 

which are outside the spheie, and which always contain the same particles of fluid 
throughout the motion. 



When d 2 = 0, the surface merges in the evanescent cylinder r 2 = 0, the spheie 
1 — afR — 0, and the imaginary locus 1 + a/R + (ci/R) 2 = 0 

As d increases from 0 to oo, the sui faces tend to become cylinders. It may be 
noticed that the surface r 2 (1 — (ctj R) s } = d? has the asymptotic cylinder v = d 
The greatest distance of this surface from the axis is found by putting z — Z = 0, 
and, therefore, R = r. Hence, the greatest distance is a root of the equation 


1 — 



V 


When r = 10 a is a root of this equation. 

2 h 2 
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d = 10 a (l - = 10 a (l - neaily = 10 a - ^ 

Tliis result shows how rapidly the disturbance due to the passage of the vortex 
sphere dies away as the distance from the axis increases 


Table I —Table for calculating the sui faces of i evolution r 2 (B, 3 — a 3 ) = —■ cr 


ah* 

II 


/ j il 

71 





(p 

-7i),a 

0 




9 


rja 

58 

63 

69 

75 

(- 

-Z)/a 

0 

23 

24 

21 

~e I 10 

II 


r^a 

53 

55 

6 

67 


o 

~Z)/cc 

0 

19 

29 

32 

II 

% 


7 (a 

46 

5 

6 

64 


(* 

- Z)/a 

0 

29 

42 

43 

9 


ija 

36 

•4 

5 

58 


(- 

- Z)/« 

0 

•38 

55 

58 

d l = — 

81 


? ja 

11 

13 

2 

33 


(- 

- Z)la 

0 

V 

0 

81 

88 


82 

0 

8 83 85 

22 14 0 

7 8 80 

41 82 0 

7 8 93 

53 -43 0 

4 5 6 7 8 9 95 09 

•87 84 78 7 58 42 29 0 


Table II.- 

—Table for calculating the surfaces of revolution r 3 

(- 


1), 

tja 

103 

1 

9 

8 

7 

6 

5 

4 

36 

34 33 


(i3 - Z)/u 

0 

27 

53 

•69 

82 

94 

108 

133 

1 6 

192 2 28 

tZ-= a 2 (3), 

ija 

11 

105 

1 

9 

8 

7 

6 

57 

56 

55 


(s - Z )[a 

0 

*37 

52 

74 

94 

118 

1 72 

2 28 

2 79 

CO 

cZ 2 = a? ( 5), 

rja 

117 

11 

1 

9 

8 

75 

71 





{z - Z )ja 

0 

'46 

77 

104 

I 46 

1 94 

co 




tP = a-, 

tja 

1325 

13 

12 

11 

1 







(s - Z)/a 

0 

*36 

•87 

142 

00 






ti 3 = a 3 (1 6), 

ija 

1*5 

14 

13 

126 








(5 - Z }ja 

0 

106 

2 3 

00 
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Art 15. Consideration of the case where the rotationally moving fuid is limited 
by the ellipsoidj of revolution 


4 + ^- 3 =i 

cr e 2 


In this case 


r = 2 ±r(z-Z) 


w = Z- 2 h (2?- - ci J ) - 2 \{z- Z f 

if - V ' 


Also 


f + v = §(r-ff-z(z-z)-fe-zy + f(z-zy- 

+ an aibitiary function of t 

Now the velocity potential due to the motion of the ellipsoid. 


fi+jc , 1 

2 + 7,1 + .1 — 1 


a 


moving with velocity Z parallel to the axis of 2 , is 

|>X ^ 

^ = fl (z — Z) (a 3 + ^ L3 (J3 + M )W ( C 2 + up 2 3 

wheie 

7 _ f_tht_2 /a 

Ho (*' + «) u (& 2 + m ) 1 ' 3 0 " + «) 43 afe ’ 

and e is the parameter of the eonfocal ellipsoid through the point x } y t * See 
Basset’s ‘ Hydrodynamics/ voL I., Art. 147 

Then if q he the perpendicular from the centre of the ellipsoid on to a tangent 
plane, the velocity components at the surface aie— 

d<f> _ (s — Z) rfc 

ox abc" a? 

d<j> _ 2fz(z — Z) q 2 if 

3 y cibd b 2 

d<f> _ 2/i{v — Z) q 2 (z — Z) f* du 

dz abd t 2 * ^ ] 0 (id + (b 2 + if ) 12 (o 2 + v) 6 ' 2 

The normal velocity at the surface is theiefore 

(J Z (r - Z) 


J 
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and 


as 


qj q(z — Z) 

T + w 

CL“ 


tf 3 


is equal to the same expression, it is obvious that the normal velocity is continuous at 
the surface of the ellipsoid 

But pip + V is not continuous. 

For 


P + + 3i T 2 




= an arbitiaiy function of t, 


and since (taking Z constant), 

a t~ z d * 5 

and since, m this case, b = a 


Z.. V_ 7 f” ^ 

p + v 'j 0 (ft 2 + ft) (* 3 + ft ) 32 + aV 

, iTJ r i a 4gV( g -Z ) 3 r du W- (z -Z) 3 " 

2 L i jo (ft 2 + ft) (c 3 + ft) 3 ' 3 J ft 2 ^ 5 Jo (ft 3 + ft) (c 2 + 2t) 3/ ‘ 1 ‘ ah 6 

— an arbitrary function of t. 


Therefore 


P_ 

P 




du 


+ ft) (c 3 + uf lz 1 o) 


+ -y -1 = an arbitrary function of i. 


But 


therefore 


r 

Z ~ ** f o (ft 3 


du 2/jj 

(ft 3 + u) (c 3 + ■ft) 3 ' 11 ah 


■y + V = ^ + an arbitrary function of t. 


This value of p/p -f- Y is not continuous with the value of pjp + Y inside the 
ellipsoid. 

Further, on returning to rectangular axes in three dimensions, 


u== 2~x(z-Z), 

«=2 Ay(,_ Z ), 

w = Z- 2 4 ( 2 a: s + - a 2 ) - 2 ~(z-Z)\ 

Gs* * ^ 

Hence, if 17 , £ be the components of the molecular rotation, 
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Now, Helmholtz’s method gives the following values for u } v, w as deduced from 
£ V’ £> 

ap ax 9M 

dz dij 9 z 

— ?P . 9L 9N 

dy + 9J“* T£’ 

9P - 9M 9L 

W 9 z dx 3 y* 

where 

** + ?*+?* =0 
9/j 2 ' 9 y 2 ’ 9s 3 ’ 

and L, M, N, are the potentials of £/2 tt, ^/27t, £/27t respectively, taken throughout the 
rotationally movmg fluid. 

Hence, if the rotationally moving fluid be limited to the ellipsoid of revolution 
above, the values of L, M, N may be woiked out completely. 

For it is known that a solid ellipsoid of density, jxx, gives for potential outside the 
ellipsoid, 

_ si Cfi a ' 2 y a ~ &2 \ clu 

IXTra + u - &3 + w ~ f + u) ( a 3 + *)« 3 (63 + «)» 2 (c 3 + u) 12 ’ 


where e is the positive value of X satisfying 


a? + X 


+ 


f 

b 2 + X 


+ 


c 2 + X 


= 1. 


Inside the ellipsoid the potential has the same value if the lower limit of the 
integral, e, be replaced by zero, 

(See a paper, by Mr. Dyson, te On the Potentials of Ellipsoids,” m the * Quarterly 
Journal of Mathematics/ vol. 25, 1891.) 

Hence, outside the ellipsoid, 


L = 


£ 4 r/ g _ p-z) 3 \_ du _ 

a? c 2 / 2 a ^ j e \ ft 3 + u e 3 + u I (a 2 + «) 2 (c 2 + ?<) 1/2 3 



h 

2 


cftcx 



r 2 (z — Z) 3 \ _ chi _ 

o? -j- n e 3 + u J (a 2 + it) 3 (c 2 -F u) 1,3 


N = 0. 
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Hence, 

<3N 

Sy 

0L 


0M 




0M 

a*. 


M 

dx 

0L 

% 


c (£ + -j)*(*- Z) {.(? 

l<! (v + v) y _ ^ 1 (S* + uf (c°- + v'f 2 ’ 


H- ft) 3 (c 2 + u) 

du 


Ct*C 


2 ?‘ 2 (s - Z) 3 \ 


du 


/u i\ r / _^^ _ 

V< 2 d 2 I J e ^ + u c~ + n ) ( a 2 + ?/) 2 (« 2 + u) 112 


The values inside the ellipsoid are obtained by replacing e by zero 
Outside the ellipsoid the expressions 

0N _0M_00 

dry dz dj: 

0L __ 0N _ 00 

dz dx dry 

0M_0L _'00 

db dy dz 

where 




Q - Z) 2 \ du 

c~ + u J (rr + ft) (c 2 -f- ?i ) 3/2 


as may be immediately verified by differentiation 
(j> is obviously a potential function, viz., it is what 



ar 3 


a 2 + u 


V 2 + % 


(z — Z ) 2 \ du 

(?+U ) (ft 2 + «) 1/2 (J9 + zz) 1 ' 2 (c 2 + up 


becomes when a = b. 

Moreover, if & be suitably determined, it is the velocity potential for the fluid 
outside the ellipsoid moving with velocity Z parallel to the axis of z '(See Basset’s 
“ Hydrodynamics,” vol. I., Art. 147.) 

^Inside the ellipsoid the values of 0N/0y - 0M/03, &c , can be deduced by putting 
e — 0, and it appears that they do not give the oiiginal expressions for u, v, w. 

Hence m this case the function P exists. 

It is such that 


0P 

dx 

0P 

dy 

0P 

rk 


2 i*(*-Z)-a*c(£ i+ ±) x ( z - Z ^ 


du 


(ft 2 + 'll) 2 (e 8 + ft) 3/2 

_ du 

(a 2 + uf (c 2 + u) m 


k 


= 2-** <**-«*)-a-y ( .-Z) 


h 
c 2 

,, [4J& Jc\ 
a c (— 4- — 
V ft" ~ c s i 


1 — 


2?* 2 


(*-zy\ 




a 2 + ft c 2 + ft y (a 2 + «)9 + % y/‘‘ > 
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so that 


dP 

3; 


= 2^(*-Z )-c^ + A), (s _ Z) j^ 


du 


+ v? P 3 + v) 1 ’ ‘ 


Hence 
P = 


'A _ A 4 /i 1 \r da 
y 2 * 0 V u 2 + i? ) J„ (a? + uy (e> + ,<) S '2J 


+ z + 21-<a,(£ + 


(,»(*-Z)-#(*-Z)>) 

(S - Z). 


and P is a potential function, for it satisfies 


3 2 P 1 3P 3 2 P 

a ? 2 + 7 dr + a^ — 0 


It appeals, then, that on attempting to obtain the values of the velocity com¬ 
ponents fiom the molecular rotations by means of Helmholtz's method, it is necessary 
to introduce the function P This points to the existence of lotational motion outside 
the ellipsoid (as was pieviously lemaiked), P being the potential of the iiiotational 
motion inside the ellipsoid due to the voitrees outside the ellipsoid 

If P be left out of account altogether and an attempt be made to see whether the 
velocity components 3N/3y — 3M/3s, 3L/3^ —- 3N/3a, 3M/3.r — 3L/3y, which give con¬ 
tinuous velocity at the surface of the ellipsoid, will not also give continuous pressuie, 
then inside the ellipsoid 




du 

4-” a) 2 fi 2 + u)^ ‘ 


w = La*c 



2>- (z - Zy \ _ du _ 

a 2 + u i? + v J (« 3 + ^) 3 (° 2 4" r u) 1/2 * 


or putting 


then 



du 

{ci? + Zi) 2 (t" -p /')* ~ 5 
du 

(a 2 + vy (o 2 + u) hZ > 
du 

{a? + «) 2 (c 2 + u) 6 ' 2 ’ 


r = nr {% — Z\ 
w — l — — (z — Z) 2 n. 

2 i 


MDCCGXCIV.—A. 
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Hence the equations 


St 3t . Bt 

+ T 3T + W, ar = 


9 1 

duo 

Jt 


dw , div 

+ T U + W 3T = 



become 

— nr (Z — l) — 2mnr* = — &(fp' ^ r )’ 

- 2»(a - Z) (Z - Z) + 2)i l (z - Z) 3 = - ~ ^ + Y). 


Therefoie 


P 


+ V= | »»«•* +A ft (Z — l) r + n(l - Z) (s - Z) J - i ir (s - 

-f- an aibitraiy function of t 


This value of p/p + V is not continuous with the value of pjp + Y for 
outside the ellipsoid 


Summary of Results 

A j Rotational Motion iiibicle the Sphere r~ + (z — Z) 2 — a? 

Telocity parallel to axis of r = 3Z r (z — Z)/(2 a 2 ) | 

Telocity parallel to axis of z = Z {5rt 2 — 3 (z — Z) 2 — 6r 3 j/(2a 3 ) J 

x + Y= 9Z 3 [()-’ - iffl 3 ) 3 - {(I - zy - o s j« + a*]/(8a + ) + — 

P P 

Cunent Function \jt = 3Zr 2 {R 2 — -J a 2 }/(4a 2 ) . . 

Sui faces containing the same paitides of fluid 

3Z?^{R 3 — a 2 }/(4a 3 ) = const 
Molecular Rotation = 15Zr/(4a a ) . . 

Cyclic Constant of Tortex = 5ciZ . ... 


zy 

the motion 

. (XLT). 

(XLYI) 
(XLYII.) 

(XLYIIL) 

. (XLIX.). 


(L). 
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B, On the Surface of the Sphere . 
Velocity parallel to axis of r = -§■ Z sin 6 cos 6 
Velocity paiallel to axis of c = Z (1 —f sirr 0) 

r n * q 72 IT 

JL + V=fZ 3 cos^ + — + - 

P iZ P 


C. Ii rotational Motion outside the Sphere 


Velocity paiallel to axis of r = 3a 3 Zr (c — Z)/(2R 5 ) 
Velocity parallel to axis of: = cdZ\ 3 (z — Z) 3 — R 3 ( /(2R 3 ) 



Cunent Function iff = — a 3 Z? ,2 /(2R, 3 ) 

Surfaces containing the same particles of fluid 

Zr 3 (R 3 — a 3 )/(2R 3 ) = const 
Velocity potential — — a 3 Z (z — Z)/(2R S ) 


(XXXV) 
(XXXVI) 

(XLIV) 


(XXXII) 
(XXXIII) 

. (XLTII) 
(XXXVIII) 

(XLI) 
(XXXI) 


Supplementary Remarks 

The velocity potential outside the sphere is the same as that which would be 
produced by the distribution throughout the sphere of matter of density 

— 15Z (z — Z)/(87rcr) ... . , (Bl) 

The potential of this distribution inside the sphere is 

Z (z - Z) (3R 2 - 5a 3 )/(4« 2 ) . 

2 1 2 


(LII). 
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Calling this potential U, and expressing the velocity components in Clebsch’s 
form, viz, 

t = a +x a, 


where 


Then 


dy \ d/t 
W — -4“ A. "o -5 

OZ OZ 


(d d 


S , 3 u 

rr + »r * 


3 , 3 , _3_, 

a? + T a; + w a - ) f 1 

3 . 3 . 3 \ 

- + T% + W -\ X 




= 3 Zi- {R 2 - a 2 } /(4ct 2 ) 


(XLvm), 


(L + iV-7*) 1 ' 3 2 a? 


(LXX), 


x = TJ- ff— + HZ 2 ) + f— = - v 

A J \ p 3 2 / 3Z J (L -f- r~t 


+const. (LXXXIX), 


(L + r 2 a 2 —• ? *) 


where L is to he replaced by 4crX/(3Z) after the integrations with regaid to r have 
been performed 

Note added May 2nd 


The time taken by the particles on the surface 


r 3 (R 2 - a 3 ) = - C P 


to revolve once completely round is 


3Z Jo + - &) “ 2 sin 2 y/Qafi ~ d*)}" 1 '* d<p. 


or putting 


it is 


\ = 2 (ia« - + </($«* - cZ*)} , 


^ (2 - X) 1 * Hi - X sin 2 
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The extieme limits of cZ 4 corresponding to surfaces inside the vortex sphere are 
and 0, and as cZ 4 diminishes from ^a 4 to 0, X. increases from 0 to 1 
Putting 

F (X) = (2 - X) 1 ' 2 ftl - X sin 2 A)- 1 ' 2 cU, 

3 0 

F (X) = - i (2 - Ceos 2 <f> (1 - X sin 2 <f>)- sl * d<f> 

3 o 

= i (2 - ['"cos -24> [(1 - X cos 2 4>)- 312 - (1 - X sm 2 cj>)- 3 *] d<j> 

Jo ^ v 


Since 0 < <fi < r, every element of the integral is positive. 

Hence F' (X) is positive, and, therefore, as X increases from 0 to 1, F (X) increases 
fiom tt to co . 

Hence as c? 4 diminishes from to 0, the time of revolution increases from 
4a7r/3Z to oo 

The fact, that when cZ 4 = 0, the time is infinitely great, may be verified by finding 
the time along the axis of the vortex sphere from end to end, and the time along a 
mendian from one end of the axis to the other 
These are 

2a? cl (c — Z) 

4Z L a ,p-(~-zy~ 5 

and 



cosec 6'cW, 


both of which are infinitely gieat 

This result does not constitute a difficulty, for if a paiticle anywhere on the axis of 
the sphere could reach the extremity then it would not be clear along which meridian 
of the sphere it should subsequently move 

If again the particles on any meridian of the sphere could reach the extremity of 
the axis, there would at that extremity be a collision of the particles coming m from 
all possible meridians 




[ 247 ] 


VII. On Plane Cubics 
By Charlotte Angas Scott 
Communicated by Di. A H Forsyth, F R.S 

Received Sept 9,—Read November 23, 1893 


No s) stematic investigation by simple geometrical methods of the variation of the 
Hessian and Ca) ley an as dependent on the variation of the fundamental cubic 
appears to have been undertaken hitheito, though the geneial l elation of the thiee 
curves has been thoroughly studied both geometrically and analytically. This 
mvestigation however appears desirable, not only for itself, but also for the sake of 
the explanation it offers of the importance and interest of some special cubics 

In the following pages the first few sections are devoted to ceitam constiuctions 
for the thiee curves, which aie then applied to special cubics, among these the ecjm- 
anharmomc cubic, whose known properties piesent themselves very simply by means 
ot the piehmmary constructions The cubics here considered aie, as appeals m the 
next section, the critical ones when we follow out the variation of the Hessian and 
Cayleyan In conclusion the results are compaied with those denved hy analysis, 
and aie exhibited graphically by means of a single diagiam 

I Construction of the Cubic, its Hessian and Cayleyan Figs 1-3. 

1 Let thiee collmear inflexions of a cubic be I x , I,, I 3 (fig l), call the luteisections 
of the tangents at these inflexions D x , Lb, D 3 , the points m which they meet the 
haimomc polars T x , T : , T 3 , the points m which the harmonic polars T X D X , T 3 D 3 
T 3 D 3 , i e , h lt h 2 , h s meet the line of inflexions H x , H 2 , H 3 , and the mtersection of the 
harmonic polars 0, so that 0 and the lme (I) are pole and polar with regaid to the 
tiiangle D x D 2 Do 

Let the points of contact of the three tangents from I x , which aie necessarily 
on the harmonic polar h v be K x , l 1} k x , &c. The airangement of the K's is deter¬ 
mined by a consideration of the sixteen lines that have (I) for satellite These 
sixteen lines are 

(1 ) Ws 

(2 ) I 1 K 3j which must pass through one of the three points K 3 , k d , k 3 , call this 
point K 3 , and similaily select K x by means of I 3 K 2 , then will LK X K 3 be collineai. 
For {I X I 2 H X I 3 } is haimomc, as also {I X K 3 V X K 2 j, V x being the point m which I X K 3 K 2 
meets the harmonic polar h x 5 hence I 2 K 3 , I 3 K 2 must meet on H x V l3 i.e , on h lt and 

21 7.94 
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theiefoie necessanly at K x Similaily the three points k 1: k 2) l 3 are giouped, and 
also the leraammg thiee #c 1} k 2 , k 3 , thus giving nine of the sixteen lines. 

(3.) For the lemammg six , K^ 2 must go through one of the points on h d , now this 
cannot be K 3 or l s hence it must be k 3 , thus these six lines aie of the type K ik 2 K, A , 

Now let the tangents at K,, K 3 meet at G 1# which, by harmonic symmetry, is of 
couise on hj We have thus three groups of G’s, viz —G 1? G 3 , G 3 , g lt g%, g 3 , 
y l3 y 2 , y 3 , airanged m triangles, conespondmg to the K’s, and, moreover, collmear m 
thiees, again coiresjionding to the K’s The proof of this last statement depends on 
a property pioved m the next paiagraph, that l l3 k } are harmonic with regard to 
0, Gj, for then 

JIiHjHjHj} = (OIAKii. 

i e, 

{0 I 1 H s H 1 H 3 } = {I,. O^GjKj} 

Theiefoie the thiee points (OH,,) (1^), (OHj) (IjG,), (0H 3 ) (IjK,), i e , g, u G,, y 3 , 
are colhneai 


2 The three collmear inflexions with their tangents amount to eight conditions , 
thus any one of the nine points K completes the determination of the cubic , conse¬ 
quently the two points l, k, must be determinable fiom K'“ , as a matter of fact they 
present themselves as the foci of a certain involution 
(a ) k, k are harmonic with legald to OG One of the four poles of the line (I) 
(fig 1) with legaid to the cubic is 0, hence, estimating on the tiansveisal h , 
we have 



1 . JL- 3 

Ok' 1 'Ok OH * 



Now consider the triangle GG 3 G 3 , OG, % e , h, meets G 2 G 3 m K, &c , and K 3 K 3 
meets G 2 G 3 m I, &c, therefore the line (I) is the polar of 0 with regard to this 
triangle Hence, again estimating on the tiansversal h, 


From (i) and (ii), 


JL.JL- 3 

OK + OG ~~ OH 


I, 1 = 1 

O&^O/c OG* 

i.e., k, k are harmonic with regard to OG. 



* Points on the three harmonic polars are naturally distinguished by suffixes 1, 2, 3, but as the con¬ 
clusions are applicable indifferently to the points on any one harmonic polar, though all the constructions 

start from /q, the suffix 1 is in general dropped m the text, while the suffixes 2, 3 aie letamed The 
points K IP Oq, in § 4 are special positions of K x , G-j. 
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(b ) Let IK meet H 2 D m a (fig. 1 ), and let I 3 a meet h m Y x , ? e Y Then l } k aie 
harmonic with regard to I)Y 

By harmonic symmetry, constructing a! by means of H S D, I 2 a' passes thiough Y , 
let H 3 a meet I 2 a'm and similarly foi sr', then sm' passes through I, hence the 
quadulateial has I, Y for two of its vertices. We have to show that J 3 ct, 

Lot, which by harmonic symmetiy meet on h, actually meet at K 

We have 

{I BYVKj = {IgYw'a} = [I 3 LH 3 IJ 

[by projection through a! on to the line (I)], and is theiefore haimonic, u , K is the 
intersection of the diagonals 

Now considei the triangle Y aa', and deteimme the polar of D. Y, a, a, pi ejected 
through D on to the sides, give K, 755 3 7X575 ^ 7X5 'K, Kot meet act', a Y, Ya at 
I 1} I 2 , I 3 , hence the line (I) is the polar of D, and estimating on the tiansveisal h, 
we have 

_1_ , J_ ±_ ( \ 

DK DY 1)H ‘ ^ 11J ' 


Now the line (I) is the polai of D with regaid to the cubic, and theiefoie 


Flora ( 111 ) and (iv ), 


*> 

J 


1 , 1,1 _ 

DK ■*" 1 )l ^ Dk BH 


1 


hi 


+ 



(iv) 


1 e, L t k aie harmonic with 1 eg aid to DY Thus l, k are the foci of the involution 
OG, DY, and are therefoie given when K is given 


3 Now the IDH scheme depends on a triangle and one other stiaight line Thus 
any two such schemes can be projected into one another, i e , excluding for the 
present ( 1 ) the cubic with three real concurrent inflexional tangents, ( 2 ) the crunodal 
cubic, (3) the cuspidal cubic, we may say “ all cubics have the same framewoik ” But 
m connecting projectively the frameworks of two cubics we have exhausted the possi¬ 
bilities of projection, and so have no means of bringing the Ks of the two cubics to 
coincidence , thus different positions of the three K’s on h give essentially distinct 
cubics, so exhibiting clearly the known fact that the essential nature of the geneial 
cubic depends on one parameter only. 

Since we can project so that the triangle D 1 D 2 D 3 becomes equilateial, while the 
line (I) goes to infinity, we can always use a symmetrical diagram. This snnplifica- 
tion is adopted for most of the diagrams here given 
MDCCCXOIV — A 2K 
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4 The two points k, k, will be leal or imaginary according to the position of K; 
they will coincide, so giving the acnodal cubic, when Y comes at O, i e., when I 3 a 
goes through 0 Thus the position of K for the acnodal cubic is the inteisection of 
h with IJ, wheie J is the mteisection of I 3 0, H 2 D , call this point K 0 . If now we 
take K a very little further away from D, Y is no longer at 0, but is between 0 and 
T , thus the involution OG, DY, being overlapping, has imagmaiy foci, and the cubic 
is umpartite , and similarly taking K a little neaier to D, we see that the cubic is 
bipaitite. 

Now suppose that 

K travels from K 0 towards H, 

then 

Y travels from 0 through T towards H, 

and 

G travels from G 0 towards H. 

Thus G is initially beyond Y (estimating from O on the symmetrical diagram) 
(fig 2), and travels at the same rate as G 2 , which travels at the same rate as a, and 
therefore at the same rate as Y; consequently G remains beyond Y, i.e , the involu¬ 
tion remains overlapping, and the foci are imaginary. Thus when K is anywhere 
between H and K 0 the cubic is unipartite. 

Now let 

K travel from K 0 through D, 0, T, towards H, 

then 

Y travels from 0 through D, . . towards H, 

and 

G travels from G 0 through . . O, D, towards H. 

The cubic is initially bipartite, and the segments OG, DY keep clear of one 
another until G comes at D, ie., until K is at T; thus the cubic is bipartite when K 
is anywhere in K 0 OT. Similaily taking K m TH, we see that the cubic is unipartite. 

5 We next consider the Hessian and the Cayleyan The Hessian has the same 
inflexions and harmonic polars, and passes through T l3 T 2 , T s ; let the triangle formed 
by the inflexional tangents be B^Bg, the sides of this meeting the harmonic polars 
in P l3 P 2 , P s . We have to determine B and P, which can be done by a linear 
construction ; and £, r, the remaining points in which 7i meets the Hessian, are found 
as the foci of a certain involution. As regards the Cayleyan, we know that T is 
again a point, and that the harmonic polar h is a cuspidal tangent; we arrive at a 
linear construction for the cusp S; and z, £, the remaining two points m which h 
meets the Cayleyan, present themselves as the foci of an involution. 

6. Both the Hessian and the Cayleyan are explicitly dependent on the system of 
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conic polais, which is constructed from three independent ones The collmear 
inflexions give thiee known conic polais, but these being syzygetie, amount only to 
two independeat ones, leaving one to be determined, the one that is most easily 
found is the conic polai of K, let this meet h m K 7 . Since the conic polar of a point 
on a cubic divides any chord through this point harmonically, K, K 7 are harmonic 
with legard to Ik, and are therefoie conjugate m the involution OG, DY , K 7 is 
therefore determinable by a linear construction as follows — 

By harmonic symmetry H 3 a, H 3 a 7 meet on h, at e (figs 1 and 2) Consider the 
triangles aDH 3 , OG 3 K , DH 3 , Ho a, aD meet G 3 K, KO, OG 3 in a!, e, H 2 , three 
collmear points, the triangles are therefore m perspective, and uO, DG 3 , H 3 K meet 
in a point /3 , by means of the quadiilateial T 3 G 2 «/3 we see that I s /3 deteimines the 
conjugate to K m the involution OG, DY K 7 is shown m fig 2 

7. How I, T being conjugate poles, we know that t, r aie also conjugate poles, and 
are therefore conjugate with regaid to every conic polar , t,r aie thus conjugate with 
regard to KK', and also with regard to OD (since the conic polar of I 3 is the line pair 
T 3 D, T 3 0), i e , t, t are the foci of the involution OD, KK 7 . 

8. For a certain choice of K, I s /3 will go through 0, le , K 7 will come at 0, and 
then t, t coincide, at 0, but I 3 /3 can go through D only if G 2 he at D 3 , which makes 
K come at T, an impossible anangement unless the cubic, and therefore also the 
Hessian, should degenerate , [or if K be at D, which has the same effect ] Thus 
the Hessian has a double point when I 3 /8 goes thiough 0, i.e , -when I 3 a/20 are 
collinear, i.e , when a is the intersection of I 3 0 and H 3 D, the condition already found 
for the occurrence of a double point on the cubic Now when K is in the segment 
TH, K 7 is m DH, when K is m HK 0 , K 7 is in HTO , the foci of OD, KK 7 are real, 
and to the unipartite cubic corresponds a bipartite Hessian. When K is m K 0 D, 
K 7 is in OD; when K is m DO, K' is in DHO, and when K is m OT, K 7 is m OD , 
thus the bipartite cubic gives a umpartite Hessian; and for both cubic and Hessian, 
the transition from the one form to the other takes place through the nodal form. 

9. As legards the Cayleyan, the cusp which has h as a tangent being at S, we 
know by the ordinary construction for the point of contact of a tangent to the 
Cayleyan that T, S are harmonic with regard to tr, and are therefoie conjugate m the 
involution OD, KK 7 . Let I 3 T meet DG 3 in 3 (figs 2, 3), and let I 3 0 meet 3K in rj, 
by means of the quadrilateral I^drj we see that goes through S. 

10. The inflexional tangent to the Hessian is determined when S is known; let JS 
meet IT in X (fig. 3), then XH 3 goes through B. For the proof of this compare the 
Hessian, qud cubic, with the original cubic, and apply to it tbe properties of the 
diagram for the cubic; for comparison, points on the Hessian may for the moment be 
denoted by the same letters as corresponding points on the cubic, accented. 

2k2 



252 


MISS C A SCOTT OH PLANE CUBICS 


We found that k, k must be the foci of OG, DY, and therefore t, r aie the foci of 
OG', D'Y'. But K' and G' aie respectively T and D, therefore t, r a,re the foci of 
OD, DY ', also they aie known to be harmonic to TS. Now m the original cubic 
(fig 1), h 2 d, I 3 Y meet on the tangent at K.; hence, referring this to the Hessian, H 2 D', 
I 3 Y' meet on the tangent at T, % e , on IT , call their point of meeting A (fig S), we 
have to deteimme A Since OD, D'Y', TS are in involution, 

{D'ODT} = {Y'DOS}. 

Project the left-hand side through H 2 , and the right-hand side through L, on to IT, 
we then obtain (the points M, N, p being as shown m fig 3) 

{ADjMT} = {AD.N P }, 

i.c , 

{\D,MT] = {D 2 ApN} , 

therefore A, D 2 are conjugate in the involution Mp, NT Hence by means of the 
quadulateral I 3 DJS, we see that JS goes through A and then AH 2 goes through D', 
i g , through B Thus the inflexional tangents to the Hessian are found. A more 
convenient consti notion may be deduced, from the identity 

{AD 2 TM} - {DoAMT}, 

there follows, by piojection on to h from H 2 and J, 

{BOTD} = {QSDTj, 

i g , BQ, OS, DT are m involution. Thus to find B, let I 3 T meet H s S m p,, then by 
means of the quadrilateral H s T 2 L 2 p, we see that L,p goes through B 

11 The points z, £ on the Cayleyan are its points of contact with the conic polar 
of T Now the inflexional tangent to the Hessian, % e., IP, is known to be the line 
polar of T with regard to the original cubic ; it is therefore the line polar of T with 
legald to the conic polar of T , and consequently T, P are harmonic with regard to z£ 
Also I 2 , T 2 are conjugate poles, and are therefore conjugate with regard to the conic 
polar we are considering, viz, with regard to Iz, I£; therefore projecting from I on 
to h (fig 3), we see that W, H are conjugate with regard to zt, Thus z, £ are the 
foci of the involution TP, WH, 

12 The constructions are therefore *— 

(l ) IK meets HgD m a \ I 3 a meets h in Y, k } k are the foci of OG, DY (fig 2) 
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(2 ) 0 a, DG 2 , H 3 K meet m ft ; I B ft meets h m K', t, r aie the foci of OD, KK'. 

(3 ) I 3 T meets DG 2 m 3 , I 3 0 meets 3K m y , ftr) goes through S (figs 2, 3) 

(4) I 3 T meets H 3 S in fi , L 2 is the intersection of H 3 D with h 2 ; L 2J u goes 
through B 

(5 ) z, £ are the foci of TP, WH (fig 3) 

13 Now £ being the foci of the involution TP, WH, will be imaginary if P he in 
the segment WDH, otherwise real When P is at W, B is at T, and as P travels 
over WDH, B travels in the opposite direction over TH Thus the Cayleyan is 
umpartite when B is m the segment TH, otherwise it is bipartite. Now when B is 
in TH, X (fig. 3) is m TD S I, S is therefore m THK 0 , and when B is in TDH, X is m 
TD 2 I, and S is m TDK 0 Thus the Cayleyan changes from umpartite to bipartite 
and vice versd when the cusp passes through T and K 0 , but of these two, m the 
series here considered, K 0 corresponds to the case K = H, which gives a degeneiate 
cubic. 


II Application to Special Cubics Figs 4, 5 

14 The Harmonic Cubics —If the cubic be harmonic, let K be the one of the 
thiee points on h that is conjugate to T, i e , let K, T be harmonic with legard to £/c. 
Then since K, K' are harmonic with regaid to Jzk } K' now comes at T. In the 
general case T, S are points m which h meets a series of conic polars , hence, T being 
K', S must be K, i e , for a harmonic cubic, the cusps of the Cayleyan are on the 
cubic. Conversely, if S come at K, K' must come at T, and the cubic is harmonic 

Now m the case we are considering, the conic polar of K goes through T, hence 
the lme polar of T goes through K , u., the inflexional tangent to the Hessian goes 
through K , thus P is at K. Conversely, if P be at K, i e , if the line polar of T 
pass thiough K, then the conic polar of K passes through T, thus K.' is at T, and as 
before, the cubic is harmonic. 

In the general case, t, r are harmonic with regard to KK', and therefore m this 
case with regard to TK, i e , with regard to TP , hence the Hessian is harmonic , and 
as s, £ are harmonic with regard to TP, i e , with regaid to TS, the Cayleyan, qud 
-class-cubic, is also harmonic 

The question now is, where must K be in order that the cubic may be harmonic 

When S comes at K, H 3 S coincides with H 3 K, therefore ya is on K/3, rj is also on 
Kjd, since ftr) has to go through S, likewise 3, smce 3 rj goes through S. But ftd goes 
through D, hence 3 must be at ft , and since 3ya goes through I 3 , and 3 must 
coincide at ft % 

The pencils {T 3 . G^ySDW}, {K. Gg/hDH^} (fig. 4) estimated on the line (I) are 
equal to 

and {IjHgHjH,} respectively, 
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but these aie equal, and therefore 

{T 3 .G 2 /5DW} = (K G 2 /3DH 2 }, 

hence T 2 W, KH 3 must meet on the line G 2 /3D, at S-. 

Projectmg {DWOK} from 3- on to h. 2> it becomes = {G 2 T 2 OH 2 }, which by projec¬ 
tion from I on to h = {KWOH}, therefore 

{DWOK} = {HOWK}, 

therefoie K Is self-conjugate m the involution HD, OW , i e. } for a harmonic cubic 
the point K is a focus of HD, OW. Hence there are two such cubics, one with K 
as in fig 4, giving a unipartite cubic; one with K between O, W, giving a bipartite 
cubic. These points are at once found in the symmetrical diagram , for H being at 
infinity, D is the centie of the involution, and since DT 2 2 = DW DO, we must have 
DK = DT 2 Thus the two positions of K are as in figs. 8, 12. 

15. The Equianharmonic Cubics. —In special cases three inflexional tangents may 
be concurrent, this being allowed by the class of the cubic being = 6 , but not more 
than three. Eurthei, the three will be tangents at colhnear inflexions , for the lme 
polar of the intersection of two inflexional tangents is the join of the inflexions, and 
thus if a third inflexional tangent pass through this point, the third inflexion must 
be the one that lies on this line We can certainly find a line of inflexions for which 
the tangents are not concurrent, and therefore if we disregard the distinction 
between real and imaginary, we can still use the symmetrical triangular diagram; the 
three concurrent tangents cannot meet in 0 (for the polar line of 0 is the lme (I), 
which joins inflexions having non-concurrent tangents), therefore by triangular 
symmetry there must be three sets of concurrent tangents , plainly if one of these 
be composed of the three real tangents, the other two must be composed of 
imaginary ones; m the other possible arrangement, the sets are composed each 
of one real and two imaginary tangents. 

Considering the two tangents that are concurrent with IT, we know that these two, 
being tangents at inflexions colhnear with I, must meet on h ; their intersection is 
therefore at T, How the Hessian has to touch each of these inflexional tangents, m 
addition to cutting it at the inflexion; passing through T, it cannot meet the 
inflexional tangent again so as to touch it, consequently for every one of these three 
inflexional tangents the li contact ” has to be at T; there can therefore only be 
improper contact, i e , the Hessian must have a double point at T l5 and similarly at 
T g and T 3 ; it is therefore composed of the three lines T S T S , T 3 T l3 ^T* How we 
know that the line polar of T is the inflexional tangent to the Hessian at I; and we 
have seen that, for the case we are considering, the line polar of T is the line joining 
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the inflexions whose tangents are concurrent m T , this line polar is therefore the 
tangent to the Hessian at each of the thiee inflexions, i e , it forms a part of the 
Hessian Thus the line T 3 T 3 joins thiee inflexions, and the tangents at these three 
inflexions pass through T : ; i.e ., the Hessian is composed of the three lines joining the 
inflexions whose tangents aie concurrent 

Conveisely, if the Hessian be composed of three straight lines, the inflexional 
tangents to the cubic (if a proper cubic) are concurrent in threes. For these nine 
inflexional tangents have to “touch” the Hessian, they must therefoie have improper 
contact, t.e , they must pass thiough the three double points T ls T 2 , T 3 of the Hessian, 
and there being nine of them, three must go through each point T. 

Thus the two conditions, “ the inflexional tangents are concurrent in thiees,” and 
“ the Hessian is three straight lmes ” are coextensive , and there is plainly no need to 
exclude the degenerate cubics from this enunciation 

The two points t, r now come at T, W ; therefore T, W aie the foci of OD, KK 7 , TS ; 
i e , S must come at T, and therefore the Cayleyan is composed of the three points T. 
For P is at W, therefore z, £ are the foci of an involution which degenerates into 
TW, WH, i e , they are at W, and consequently double points and double tangents 
(at W) are introduced on the Cayleyan. But it has already its maximum number, 
and therefore it is now a degenerate cuive. Being a class-cubic, and preserving its 
triangular symmetry while degenerating so as still to pass thiough T 1? T 3 , T 3 , it can 
only degenerate into these three points 

Conversely, if the Cayleyan split up into three points, smce the cusps cannot 
disappear, and the points T are m all cases points on the Cayleyan, we know that the 
three points are the points T, and that the degeneration is brought about by the 
coincidence of S with T. Now T, S have been proved conjugate in OD, KK 7 , hence 
in this case T is a focus of OD, KK 7 ; but t, t are the foci of this involution, and 
therefore one of the two points t, r, must come at T; and thus the Hessian has 
a double point at T 1} and similarly at T 3 and T a 

The condition therefore that “the Cayleyan splits up into three points’ 5 is 
equivalent to those already discussed. 

We have now to show that if three inflexional tangents be concurrent, the cubic is 
equianhaimomc Referring the diagiam to the concurrent tangents, a. comes at G 2 , 
Y at G, and thus the construction requires modification In the general case T, I, 
and therefore in the present case O, I, are conjugate poles on the Hessian, and are 
therefore conjugate "with regard to any conic polar; similarly for 0, I 3 and for 0,1 3 . 
Thus the line (I) is the polar of 0 with regard to every conic polar; i e., O, H are 
conjugate with regard to the conic polar of K, and therefore with regard to K K 7 ; 
thus K 7 is known. 

Now {KGHO} by projection through G 3 (fig. 5) 

= {IiIAH,} 
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and as KK' are haimonic with legard to OH, X in the equation 

{KGHOK'} = {I^H^X} 

must he such that LX may be harmonic with regard to HjHg, i>e , X must be H 3 , 
therefore 

{KGHOK'} = {I^H^H,} , 

therefore 

{KGOK'} = {I&R&} 

How the foci of the involution OG, KK', are h, k , call the foci of ^Hp I 3 H 2 , I 3 H 3 , 
x, x , from the ielation just proved we have 

{GOKK'fo} = {I^LH^'} 

We wish to piove {OKJck} equianharmonic, i.e , we have to prove {B^Igira/} 
equianharinomc, loi which it suffices to show 

Consider the IH involution, whose foci are xx. From the way it is constructed 
(viz, tlnee pomts I, their harmonic conjugates H), we know that any cross-ratio m 
the Fs and H’s is unaltered 

(1) by any interchange of the suffixes, 

(2) by the interchange of I and H. 

It is convenient to write 1,1', for I l3 H L , &c. 

We have to prove 

{2 Lasse'j = {2x'l'x} 

We know that xx } 12, 1'2' aie harmonic with regard to 33', and therefoie in 
involution; therefore 

{121'®} ~ {212V} = {2V2L} . . (i) 

How {ll'xx} is harmomc, as also {2'213} , applying these to (i) we have 

{121VF} = {2V213} . r (u) 


Again, {121'3} is harmomc, as also {2V2a?} , applymg these to (n) we have 

{121W3} = {2V213®}, (iii). 
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from which 
i e , 

Similaily 
and theiefore 

Fiom (iv) and (vi) 


{12£c3} = {2’aIx}, 

{al23} — {12'xjc} 
{212W3} = {lVl23a} 


{^123} = {2 x'l'xj . 
[12'x'x] = {'2x'l\ c' } 


Now since xx aie the loci of 11', 22', we have 


(iv). 

(A 

(vi). 

(vu) 


{12 V*j = {1'2 x'x], 

theiefoie (vn) becomes 

[l'2x'x] = {2x'l'x} ) 

i.e.y 

{2\'xx} = {2x1' x], 

ie. } {IoHjCcaj'} is equianharmonic, and therefore {OIUck} is equianhaimomc, le, if 
three inflexional tangents be concurrent, the cubic is equianhai momc 

Conversely, if the cubic be equianharmonic, the inflexional tangents aie con cm rent 
m threes. We know that [KK'h} is harmonic, and therefore 


= IWA1 . . H 

and for this special case {TKXk} is equianharmonic, and therefore 

= {IiHgCCo:'} ..... (ix). 


Now by (viu) and similar relations, 

(MWj = [1231'2'3'}, . . (x) 


and t, t are the foci of the left hand side, x, x' of the right. 

By means of (ix.), (v.), and (x.), 

{TK&c} = {12'xx'} 

= {a/123} 

= {tKJck}, 

where r is one of the pair t } r. Thus one of the two points £, r comes at T, and 
MDCCCXCIV.—a. 2 L 
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therefore the Hessian is three straight lines, and the inflexional tangents to the 
cubic are concurrent m threes 

Now for an equianhaimomc cubic, the three points K, k 3 k are not differentiated 
as they aie for a harmonic cubic, therefore they cannot be found by linear and 
quadratic constructions But plainly they cannot all be real, and the cubic is there¬ 
fore unipartite. 

16 Other special cubics might be considered, as for instance the one for which B 
and P coincide, this coincidence is necessarily at O, and thus the Hessian is equian- 
harmomc In the general case, BQ, OS, DT are in involution, thus in this case 
OQ, OS, DT are m involution, and therefore S comes at Q Moreover, z, £, the foci 

of TP, WH aie now the foci of TO, WH, and are therefoie real, giving a bipartite 
Cayleyan 

Again, the three cusps on the Cayleyan may be collmear, i e , S may be at H. In 
this case B is conjugate to Q m the involution OH, DT, and therefore comes at L, 
and t } t are now the foci of OD, TH, and are therefore real, thus the Hessian is 
bipartite In both these cases K cannot be found by linear or quadratic constructions. 


HI* Variation in the Hessian and Cayleyan as the Cubic varies. Pigs 6-13 

17. The cubics just consideied aie of interest m studying the variation of the 
Hessian and Cayleyan as dependent on the variation of the original cubic Figs 6-13 
exhibit this variation ; the cubic is represented by the heavy lines, the Hessian by the 
faint lines, and the Cayleyan is dotted. For these figures the point K was assigned, 
and the points k, k; t, t; S, B, a, £, determined by the constructions of § 12, for 
figs 7 and 11 the position of K was determined by approximation and trial. 

K starts from D, and describes the segment DHT, the segment TOD being 
described by the complementary k t k for the bipartite cubic. The inflexional triangle 
for the Hessian (fig 6) is at first tinned the same way as that for the original cubic, 
but then by transition (fig 7) through the form for which the Hessian is equian- 
harmonic, it turns the other way The tncusp of the Cayleyan shrinks up, until the 
cusps, initially outside the oval of the cubic, are on the cubic (fig, 8), which is now 
harmonic, and accompanied by a unipartite harmonic Hessian, The tncusp is now 
inside the oval, and both shrink up to the point 0, giving the acnodal cubic, with an 
acnodal Hessian, and a degenerate Cayleyan composed of the point 0 and a conic, 
which for the symmetrical diagram is the circle inscribed in the triangle DjD^Dg. 
At this stage all trace of the oval is lost, but the oval of the Hessian makes its 
appearance. The tricusp of the Cayleyan cannot disappear, so it now expands from 
the point form, reversed in position (fig. 9) as compared with its original form. The 
cusp and the point B approach T together, and we have the equianharmomc oubic, 
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with degenerate Hessian and Cayleyan. Through the degenerate thiee-pomt form 
the Cayleyan passes from bipartite to unipartite (Eg. 10) The cusps recede fiom T 
through H towards D, passing through the form for which they aie at H (fig. 11), 
and therefore collinear on the lme infinity After this, we have the unipaitite 
harmonic cubic, with a bipaitite harmonic Hessian (fig 12) , the infinite btanclies of 
the Hessian are outside the limits of the diagram, but fig 8 lepresents, on a smaller 
scale, the relation of the cubic (fine line) to the Hessian (heavy line) As K still 
recedes towards H, the cusp approaches K 0 , when K reaches H, the series gives a 
degenerate cubic, but if we substitute foi this the one that belongs to the series of 
proper cubics (see No. 351, in vol 5, of Professor Cayley’s collected papeis) viz , the 
ODe with the real inflexional tangents concurrent,'* we have the change as in the case 
of the other equianharmomc cubic—the Hessian is three straight lines, and the 
Cayleyan change's from unipartite to bipartite thiough the thiee-pomt form. We 
then have (fig. 13) the quadrilateral unipartite cubic, with the bipartite Hessian and 
Cayleyan, these, as K approaches T, tending to coincidence with the sides and 
vertices of the triangle r> 1 D 2 D 3 


IY. Analytical Expression. Fig. 14. 


18. In considering 
equation 


the appearance of the cubic and its deiived curves, the 
(x + y + ~) 3 — Gkxyz = 0 


(discussed and compared with Hesse’s form by Professor Cayley, loc. cit ) appears 
more convenient than Hesse’s canonical form It postulates only three inflexions, so 
excluding only the cuspidal form, and is therefore more comprehensive; it relates 
only to elements all of which may be taken real, except for two special cubics, and is 
therefore convenient when diagrams are required 
The invariants for this form are 


S = — A. 0 (4 — A), T = — 8A 4 (6 — 6A. -j- A 3 ) ■ 
A — T 2 - 64S 3 = — 4 X 64 X A 8 (2A - 9); 


* In order to deal with the cubic whose real inflexional tangents are concurrent, while preserving 
the distinction between real and imaginary, suppose the lines (I), 7 q, 7h, 7s 3 , to remain fixed, while the 
triangle formed by the inflexional tangents changes, D approaching 0 and then passing through it, so 
that the segments ODH, OTH are interchanged. The point K 0 is indefinitely near to O, so K is 
beyond and the cubic is unipartite. Let K remain fixed, and let it be initially m the segment 
ODH, then "by the interchange of segments it is finally m OTH, consequently B, initially m OTH, is 
finally in ODH , and (§ 13) the Cayleyan changes from, unipaitite to bipartite 

2 L2 
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and the “numerical characteiistic” h 

(= 64S 3 /T 3 ) = - X (4 - X) 3 / (6 - 6X + X 2 ) 2 . 

The cubic is therefore bipartite or unipartite according as 2X — 9 is positive or 
negative. 

The Hessian is 

v 3 — Qjix'y'z = 0, 

where 

(6 — X) x' = 2v — Xx, &c , 
v = x -f y + z == x ' + y' + z ’» 

P = (6 — X) 3 /3 (4 — X) 2 , 

therefore 

2ji — 9 = — X 2 (2X — 9) / 3 (4 — X) 2 

The inflexional tangents to the Hessian are 2v — Xx = 0, &c. ; these are concurrent 
if X = 6 , they coincide with T 3 T 3 , &c, i.e , with v — 2x = 0 } &c, if X = 4 
The Cayleyan is 

w 3 — GpS'rj'd = 0, 

where 

2 (3 — X.) f' = — to — (2X - 9) £ &c, 

w = ( + V + £ = S' + V + f, 
p = 2 (3 — X) 3 / 8 (4 — X), 

therefore 

2p — 9 = — X (2X — 9) 3 / 3 (4 — A) 


The cusps are (2X — 8) £ -f- nj -j- £ = 0, &c ; ie , they are at (2X — 8, J, 1), &c. ; 
they are therefore collmear if X = 3 ; and they are on the inflexional tangents to the 
Hessian if 


ie , if 


2 (2X — 6) — X (2X - 8) = 0, 


X 2 — 6X + 6 = 0 , 


thus for the harmonic cubics X = 3 fl; \/ r 3 


When X assumes the values 6 (fig 7), 3 + \/3 (fig. 8), 9/2, 4, 3 (fig. 11), 3— y/s 
(fig 12), the numerical characteristic has the values 4/3, oo, 1, 0, —1/3, — co 


19. The diagrams here given have been made by means of §12; but from the 
analytical expressions just quoted a graph can be constructed, by means of which 
these may be readily drawn, and the variation possibly more easily grasped. 
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Arranging the coordinates so as to give actual distances, with x + y -f % = 1 for 
fundamental identical lelation, we wish to determine the various points on h, t,e, on 
y = z , we have therefore 

a? + 2 y — 1. 

For the cubic, 

1 — 6\xy 2 = 0 , 
ie, 

BXx(x — l) 3 — 2 = 0 . . (l) 

For t, r, points on the Hessian, 

A (x — l) 2 + 6 (x — 1) 4- 2 = 0 . . (2) 

For S, the cusp on the Cay ley an, 

x'y z — 2A — 8 1 1, 

therefore 



% c 

(A - 3) (x — 1) + 1 = 0 . . (3). 

For B, the intersection of inflexional tangents to the Hessian, 

2v — Ay = 0 , 2v — = 0 , 

therefoie 

x = 1 — — > 

Aj 

% 6 

A (x — 1) + 4 =r 0 .... . (4). 

For P, the intersection of h with the inflexional tangent to the Hessian, 

2v — Aa? = 0, 

ie, 

\x — 2 == 0. . . . . (4') 

For z, £, points on the Cayley an, most simply determined as the foci of TP, WH, 

Ate {x — l) -f- 1 = ^ . . .... (5). 

By means of these six curves, all of which can easily be drawn with a considerable 
degree of accuracy, we have a diagram (fig 14), in which for any arbitrarily chosen 
ordinate A the abscissse # give the positions of all the points required in constructing 
the selected cubic, its Hessian, and its Cayleyan It will be noticed that the curves 
(P) and (£t) touch at x = A = 4 ; that (K), (P), and (S) meet where X=3 ± \/3, 
and that (P) and (B) meet where A = 6, agreeing with the conclusions of §§ 14-16. 

* For the sake of distinctness, m fig 14 the abscissa x is measured on a scale three times that of the 
ordinate X 
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Note added February 19, 1894 

[It may be proper to give the point equation of the Cayley an, the cubic being in 
the foim here considered, 

(x -f- y + ~) 3 — 6\xyz = 0 
The line equation of the Cayleyan is 

(f + v + - e P e v 'c = o. . . (i), 

eliminating £' from this and 

&'£' 4- y'v + Z 'C — 0 

we obtain a cubic equation in £’ . rj', 

f 3 Y 3 + 8fV {XY 3 + 2 px'z'*} + Sf V {X 2 Y + 2 py'z' 2 } + V ' B X* = 0, 
where X = z' — Y = z — x 

The discriminant of this, equated to zero, gives the reciprocal to (i ) 

With the oidinary notation for the coefficients of the cubic equation, the lesult is 

a- 2 # -f lac 3 6abcd + 4b 3 d — 3fr 3 c 2 = 0, 

which may be written 

Writing for a, b, c, d their values, we have 

a 2 d 3 + ae 3 + c W = 3X G Y 6 + 6pz 2 X 4 Y 4 (x'X + ij'Y) 

-f 12pV 4 X 3 Y 2 (a: /2 X 2 + y'*Y 2 ) + 8pV G (x'*X s -f y’* Y s ); 

—^ - = X 3 Y 3 + pz'*XY (x'X + y'Y) + 2p s xyz't 

Substituting, and noticing that 

x'X — y'Y = z (x f — y), 

and that therefore a factor pY 6 divides out, we have the reciprocal to (L) in the form 


cdd 2 + no 3 + db & - 3 (Y--+ 
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+ 4 p [2 yz — x (y' + z)} {2 zx — y (z + x)} {2xy — z (x + y')} — 12 p 2 x' 2 y' 2 z ' 2 = 0. 


Here a/, y', z are the point coordinates associated with y, £', we have theiefoie 
to transform to x } y , z, the ongmal point coordinates 
Since 


— (‘2X — 9) f = w + 2 (3 — X) fAc 

— (7 — 2X) + i] 7 + & c > 


the formulde of transfoimation foi x, y\ z (the inverse substitution) can be written 

a = (7 — 2 X) x y z , Ac 

= v + 2 (3 — X) a*, Ac, 

w hei e 

d = x + y 4 ~ 

Hence 

y — * — 2 (3 — X) (y — 2 ), Ac 

and 

2y'z — x' (y + s') = 2 (3 — X) v [y + ^ — 2a } + 4 (3 — X) 3 {2 yz — a - f 2 )], Ac 


By means of these, and the value of p m teims of X, the point equation of the 
Cayleyan is found to be 

108 (4 — X) 3 (y — z) z (z — x) 2 (a — y) 2 

+ 4(4 — \){v(y + z — 2x) + 2(3 - X) (2 yz — zx — xy)}{z, x]{x } y } 

— {v + 2 (3 — \)x} 2 {v -f- 2 (3 — X) y} 2 {v 4 2 (3 — X) z] 2 = 0. 

The agreement of this with equations (3) and (5) of § 19 may be exhibited by 
writing it in the form 

(y — z) 3 $ 4 — (9 — 2\fx{x + (4 - X)(y -f- z)} 3 {xr -f (2 — X) a; (y 4 z) + (y 4 c,) 3 } = 0, 

■which shows that there is a cusp, tangent to y — z = 0, at the intersection of 
y — z = 0 and x 4 (4 — X) (y 4 2 ) = 0, 1 e., at x 4* (4 — X) (1 — x) = 0 i e., at 

(X — 3) (x — 1) 4” 1 = 0 (3), and that the line y — z = 0 also meets the curve on 

x = 0 and on the two lines x 2 4- (2 — X) x (y + z) 4 (// 4- ^) 3 = 0; Le , at y = z, 
x 2 + (*-*) X (1 — x) + (1 - x) 2 = 0 ; which last reduces to 

Xa 3 — Xa q- 1 = 0 (5) ] 
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CHAPTER I—INTRODUCTION AND DESCRIPTION OP EXPERIMENTAL APPARATUS. 

Introduction. 

1. It is well known that every shaft, however nearly balanced , when driven at a par¬ 
ticular speed, bends, and, unless the amount of deflection be Imuted, might even break, 
although at higher speeds the shaft again runs true The particular or “ critical ” 
speed depends on the manner in which the shaft is supported, its size and modulus 
of elasticity, apd the size, weight, and position of any pulleys it carries. 
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The theoiy for the case of an unloaded shaft first received attention at the hands 
of Professor Rankine,* who obtained numerical foimulse for the cases of an unloaded 
shaft lestmg freely on a bearing at each end, and for an overhanging shaft working 
m a shoulder at one end. 

Professor Green hill has also obtained formulae for the cases of an unloaded shaft 
resting on bearings at each end, and fixed m direction at each end t 

The theory has been further extended to the case of a shaft loaded with pulleys, 
by Professor Reynolds , and the object of this investigation is to apply that theory 
and so obtain formulae, and by experiment to verify them, giving the critical speed 
in terms of the diameter of the shaft, weights of pulleys, &c , in particular cases 
applicable to the different conditions under which a shaft works 

In many cases, as might naturally be expected, the “ period of whirl ” of the shaft 
is merely its natural period of lateral vibiation when m a state of lest. The two 
periods are coincident m the case of an unloaded shaft (however supported), and for 
a loaded shaft on which the pulleys are placed m such positions that they lotate— 
when the shaft is whirling—in planes perpendicular to the original alignment of the 
shaft With pulleys placed m any other positions, when the shaft is whirling, there 
is a righting moment, tending to straighten the shaft, which does not exist when it 
merely vibrates under the dead weight of the pulleys 

Hence, in an unloaded shaft, the period of whnl coincides with the natural penod 
of lateral vibration; but, generally, m a loaded shaft, the period of whirl is less than 
the natural period of vibration, to an extent depending on the size and positions of 
the pulleys. 

If, therefore, the period of disturbance (that is, the period of one revolution) be 
decreased, the shaft runs true until that period approximates to the natural period of 
vibration of the shaft (assumed at rest) under the given conditions If the shaft 
now receive any displacement, however slight, a violent agitation is set up, ■which 
will be most marked when the period of disturbance and the whirling period coincide 
As the period of distuibance is further decreased, the agitation becomes less, and, at 
a period of disturbance slightly less than the whirling period of the shaft, the shaft 
will again run true 

As in the vibration of rods, so in the whirling of shafts, there are a series of 
periods at which the shaft whirls. 

Experimental Apparatus. 

2. The experiments were made in the Whitworth Engineering Laboratory, 
Owens College, where the essential facilities for obtaining uniform rotation at any 

* Rankin e’ 8 ‘ Machinery and Millwork,’ p 549 
f * Proc of Inst. Meek Engineers,’ April, 1883 

2 o 
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speeds were afforded by one of Professor Reynolds’ quadruple turbines working 

under a constant bead of 118 feet of water. 

The essential parts of the apparatus by which the different formulae were verified 
consisted of a (see fig. 1) cast-iron led plate, of stiffened channel section, 3 feet 
6 inches long and 4 inches wide, with its top and bottom faces planed parallel; 
a headstoch which was 7\ inches high, 4 inches wide, and 4 inches long, with its 
bottom face planed , a headstoch spindle (which receives the motion), \ inch diameter, 
and provided with a shoulder at one end, a loose collar, and two speed pulleys, one 


Fig 1 



for directly receiving the motion, the other for transmitting the motion to a centri¬ 
fugal fan indicator, which approximately indicates the speed of the headstock 
spindle, at any instant, by the height of a column of liquid forced by the fan up 
a glass tube. The scale of the indicator was graduated by accurately determining 
the speeds required to force the liquid up to two or three definite heights, and 
so obtaining a formula by means of which the heights due to certain speeds can be 
calculated. The formula so obtained was 


where 


N = fllft 465 

N = number of revolutions of headstock spindle per minute, 
















AND VIBRATION OR SHAFTS. 


283 


and 

h = height of liquid, from level of still water, measuied in inches. 

The scale was graduated for every 100 revolutions per minute. 

The bearings in which the expenmental shaft lan consisted of biass castings of 
L section with then bottom faces planed. They were boied at exactly the same 
height as the headstock, and the length of the bearings was about an eighth of an 
inch. The deflection of the shaft, when whirling, was limited by the use of guard 
rings, which consisted meiely of ordinary bearing castings bored to a slightly larger 
diameter than the diameter of the shaft. 

The motion was transmitted from the shoulder end of the headstock spindle to the 
experimental shaft by means of a piece of steel wire (about lj- inch long and 
21 B WG diameter), one end, of which was soldered into the end of the shaft, the 
other end being soldeied into a piece of brass coned to fit into the headstock spindle 
By this means the shaft was subjected to very little constraint 

The headstock spindle was driven from a turbine which wa3 20 yards away 
from the expenmentalist’s bench. The motion was transmitted through 140 feet 
of quarter-mch cotton rope, the rope ascending vertically from the turbine and 
descending veitically to the headstock spindle The admission of water to the 
turbine was controlled by a hand-wheel close to the apparatus, by which an almost 
indefinitely fine adjustment of the speed of the turbine could be made from 200 to 
2000 revolutions per minute By having speed-pulleys on the turbine shaft and 
headstock spindle, a range of speed of from 100 to 10,000 revolutions per minute of 
the headstock spindle was obtained 

3. In taking the number of revolutions corresponding to any period of whiil, an 
ordinary counter pushed into the end of the headstock spindle was used. The 
whirling speed was taken to be at the commencement of whirl, that is to say, at the 
lowest speed at which the shaft definitely whirled. Headings were taken, m each 
trial, over a period of from 3 to 5 minutes, the speed (if it varied from some cause) 
being kept constant by means of the valve regulatmg wheel. The constancy of speed 
was shown by the steadiness of the liquid column of the indicator. In making any 
experiment three trials were made, and the mean of the results taken 

In all cases the theoretical speed was unknown when the actual whiiling speed was 
obtained. 

4. The headstock spindle was originally driven by hand. This was accomplished 
by means of two cast-iron speed pulleys turning on pins bolted to the two ends of a 
cast-iron bracket, the bracket being bolted to the headstock. By running fiom a 
large pulley on the hand-wheel to a small one on the second wheel, and from a large 
pulley on the second wheel to a small one on the headstock spindle, a very high speed 

2 o 2 
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was attainable The motion was naturally unstead}', and available only for short 
periods, whilst an additional observer was required. By driving tho shaft from the 
turbine a piactically constant steady speed was obtained, and the mcieased duration 
of the trial considerably reduced the personal errors with the counter Moreover, by 
an ariangement for regulating the turbine valve at the bench, the action of the shaft 
could be carefully obseived whilst the speed was increased, and so personal errors m 
determining the piecise moment of whirl reduced to a minimum 

5 The experimental shaft was of cast steel It was 32 18 inches long, and 
•2488 inch diameter. Tiie greatest variation in the diameter was To;ooof^ s a fl¬ 
inch. It was turned by Mr Thos. Forster of the Whitworth Engineering Laboratory, 
Owens College, Manchester, to whom the author is indebted for the preparation of 
the greater part of the experimental apparatus 

The shaft weighed 200 2 gims , or 4414 lb The weight per foot run was 1646 lb. 

The determination of E (Young’s Modulus), or rather El (I being the geometiical 
moment of meitia of the cioss-section about a diameter), was accomplished as 
follows —The experimental shaft was placed m bearings, 2 feet 8 inches apart, and 
loaded at the centre The deflection was measured by means of a micrometer, the 
distance measured being taken between the top of the shaft and the bottom of a pm 
fixed in one of the guard castings 

The mean of the results so obtained gives for the 

Yalue of El = 36 554 

„ E = 4,028,200,000, 

the gravitational system of units being employed 

[Note —The value of E expressed m pounds per square inch 
is 27,974,000] 

6 The experimental pulleys were of biass and of the 
section (fig 2) 


The moment of inertia taken (for a reason which will appear 
later) is 

A-B, 

where A, B are the mass-moments of inertia about the axis of 
the shaft, and about a diameter passing through the centre of 
gravity of the pulley perpendicular to the axis—both moments 
being expressed in gravitation units which, it may he remarked, 
are the ones adopted throughout the investigation. 


Pig 2 
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The following table gives the dimensions and other necessary information In it 
the notation used is as follows — 

W = Weight of pulley 

I 7 = Moment of inertia (= A — B) 

k' = \J ^(A — B), where g — 32*2. 

E = Young’s Modulus. 

I = Geometrical moment of inertia of cross-section of shaft about a diameter 



Web 

Nave 






Name 

of 

pulley 










Diametei 

m 

metes 

Thickness 

m 

inches 

Diametei 

m 

inches 

Length 

m 

inches 

W 

I' 

1 ‘3 

yEi 

w 

El 

r 

I 

II 

3 0050 

3 5134 

0497 

0882 

46 

488 

622 

738 

1216 

2735 

00001207 

0000403 

003197 

004745 

9681 

4303 

j 

3,028,000 

906,700 


The pulleys were bored so as to fit the largest part of the shaft, being kept m 
position on it by rubbing bees-wax on the part of the shaft required, and heating the 
pulleys sufficiently to melt the wax. On cooling, the wax was sufficient to firmly 
secure the pulley m its place. 

It may be mentioned that Pulley I. is the model of light pulleys generally used m 
workshops, whilst Pulley II is the model of a 3-feet belt pulley, weighing about 
500 lbs. In designing the experimental pulleys, account has, of course, been taken of 
the different sized shafts on which the actual pulleys run—the pulleys being designed 
for weight and inertia 

The following are the actual sizes of the pulleys, of which I. and II are models — 


Model pulley 

Diameter ol shaft, 
m ins 

Weight of actual 
pulley, m lbs 

Moment of 
inertia 

I 

2* 

. 

95 

716 

II 

i 3 

490 

10*04 

. 


CHAPTER II— GENERAL THEORY, AS GIVEN BY PROFESSOR REYNOLDS 

7. Take the axis of x to be the original alignment of the shaft; and that of y per¬ 
pendicular to it and revolving with the shaft 
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Let 


M = bending moment at a distance x from the origin, and let the deflection 
at this point be y. 

C = centrifugal force per unit length of shaft. 

I = geometrical moment of inertia of a cioss-section of the shaft about a 
diam. 

E = Young’s Modulus foi the shaft. 

&) = angular velocity of shaft. 
w = weight of shaft m lbs pei foot run. 

W = weight, m lbs, of any pulley which the shaft carries. 

I 7 = some moment of inertia of the pulley yet to be determined 


Neglecting the dead weight of the shaft, the ordinary equations of the beam 
give us 


and 

whence 

where 


d 2 M/dx 2 = C 
d*yldx 2 = M/EI . 


d { y 
do} 


C 


w 


El El \ g 
m = (waP/gEil)*. 


v*y) = vt'j 


(1) . 

( 2 ) . 

( 3 ), 


Equation (8) holds between every pair of singular points, that is to say, between 
bearings and pulleys. 

At a point of support, the difference of shearing force on the two sides must clearly 
equal the pressure, that is, 

dR/dx — dR/dx — P . . (4), 

where R and L are the bending moments to the right and left of the support, and 
P is the pressure on the support. 

At a load consisting of a revolving weight W, this equation becomes (neglecting 
the dead weight of the pulley) 

dRjdx — dL/dx = W/g. ory , ... (5). 

A further equation may be obtained by considering the “centrifugal couple” 
tending to straighten the shaft. The moment of the centrifugal forces about a 
diametral line in the plane of the pulley and passing through its centre of gravity is 
Vcx’.dyjdx where T = A — B, 
and 

A = mass-moment of inertia of pulley about an axis through its centre 
of gravity perpendicular to its plane, and 
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B = mass-moment of inertia about a diameter through its centre of gravity 
perpendicular to the axis of the shaft. 

Hence 

B —■ L = o) s (A — B) dy/dx . .. (6). 

8. The solution to equation (3) is well known to be 

y = A cosh mx + B smh mx + 0 cos mx -j- D sin mx • (7) 

The quantities A, B, C, D are absolute constants between any two singular points, 
but have not necessarily the same values between every pair of singular points 

If undashed symbols refer to those on the left, and dashed constants or symbols to 
those on the right of a singular point, then since the values of y " dy/dx , are 
continuous, we have, at all singular points, whether points of supports or pulleys, 

y — y\ dy/dx — dy/dx ; 

whence 

(A — A') cosh mx + (B — B 7 ) smh mx + (0 — G') cos mx -f (D — D') sin mx = 0 (8), 
(A — A 7 ) sinh mx + (B — B') cosh mx — (C — C 7 ) sm mx -f (D — D 7 ) cos mx — 0 (9) 

But, at points of supports, y = 0, y' = 0 ; whence 

A cosh mx + B smh mx -f C cos mx 4- D sin mx — 0 . . . (10), 

A' cosh mx + B 7 smh mx 4 * C 7 cos mx 4 - D 7 sm mx = 0 . . on 


Also, since the bending moment is the same on both sides of a point of support, 
d 2 y/dx 2 = d 2 y'/dx 2 , whence 

(A — A 7 ) cosh mx 4 - (B — B 7 ) sinh mx — (0 — C 7 ) cos mx — (D — D 7 ) sin 771a; = 0 ( 12 ). 

At a singular point, consisting of a concentrated load, we have, from equations ( 2 ) 
and ( 5 ), 

(A — A 7 ) sinh mx + (B — B 7 ) cosh mx + (0 — C 7 ) sm mx — (D - - D') cos mx 




co 2 {A cosh mx 4 - B sinh mx 4 - C cos mx + D sin mx} 


( 13 ), 


and, from equations ( 2 ) and ( 6 ), 

(A — A') cosh mx 4- (B —• B 7 ) sinh mx — (0 — C 7 ) cos mx — (D — D') sin mx 
apl' 

— — —^ {A sinh mx 4 - B cosh mx — G sin mx 4- D cos mx} . . ( 14 ). 




288 


MU S PPRKERLEY OR THE WHIRLING 


In addition to these equations we shall get equations according to the manner m 
which the shaft is supported at the ends If it merely rest on the bearing, so that 
the bearing exeicises no restiamt on its direction, the bending moment at that point 
is zero, that is, d?yjdx % — 0, and, therefore, 

A cosh mx + B sinh mx — C cos mx - D sm mi; = 0 . . (15). 

On the other hand, if the bearing be so long that it practically guides the direction 
of the shaft, m other words, if the shaft be fixed m direction, then we have dyjdx = 0, 
or 

A sinh mx + B cosh mx — C sm mx + D cos mx =0 . . (16) 

It will be found that, in every case, equations (8) to (16), inclusive, are sufficient in 
number to allow of the elimination of the ratios A B C D A' B' &c 

The resulting equation will give a relation between the whirling speed, size and 
weight of the pulleys, diameter of the shaft, &c., that relation depending on the 
manner m which the shaft is supported and loaded 

The propei value of x has, of course, to be substituted, m the above equations, for 
any particular singular point. 

The values of the constants A, B, C, D at the ends of a shaft are zero. 


CHAPTER III—SPECIAL CASES—UNLOADED SHAFTS 

Case I 

9. Overhanging- Shaft, length c, fixed in direction at one end. 
Thus 

Fig 3 

r<- C - >i 

! 1 



We have (§ 7, p. 286, equation 3) cllyjclx 41 = m 4 y, where m = (ivoi 2 jg^Tf, whence 
y = A cosh mx -f* B sinh mx + C cos mx D sm mx 
Taking the origin at the shoulder, we have, when x — 0, 

y = 0, dyjdx — 0, 

and, when x = c, 

d z y/dx 2 = 0, d^y/dx s = 0 
(shearing force zero). Hence we get 
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A + C = 0, , . (l), 

B -|-13 ^ 0 ... 4 . . . (2)^ 

A cosh me -f B smh me —- C cos me — D sm me — 0 . (3), 

A sinh me 4- B cosh me 4- 0 sm me — D cos me = 0 . (4). 

The elimination of A B C D, from these four equations, leads to either A = 0 , 


B = 0, C = 0, D = 0, or to 

(cosh me + cos me) 2 — (smh me + sin mo) (smh me — sin me) = 0, 

cosh me cos me 4- 1 = 0 . . . [A]. 

The least value of me which satisfies this equation is 

me = 1*87001.* 

Case II. 

10 Shaft, length /, merely resting on a bearing at each end 
Thus— 


Fig 4 

r*--— i -si 



We have (§ 7, p. 286, equation 3) d*y/dx* = mh/, whence 

if = A cosh mx + B smh mx + C cos mx + D sm nix 

Taking the origin at the left-hand bearing, we have, when x = 0 or /, y = 0, 
d l yjdz c s = 0, whence 

A-j- C — 0 . ... . . . (l), 

A — 0 — 0 . ... ... (2), 

A cosh ml + B sinh ml 4-0 cos ml 4- t> sin ml = 0 . . . . (3), 
A cosh ml 4- B sinh ml — G cos ml — D sin ml = 0 . . . ( 4 ) 


MDCCCXCIV.—A 


* Poisson, c Traite de Mecanique,’ vol. 2, § 528. 

2 P 
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The elimination of A B 0 D from these equations gives either A = 0, B = 0, 
C = 0, D = 0, or sm ml — 0, i.e , 

ml = 3 * 1416 . 

11 Experimental Results —For a description of the manner in which the experi¬ 
ments were made, see § 3, p 283 

The following are the mean results—the peicentage errors being considered 
positive oi negative according as the observed is greater or less than the calculated 
speed 


Number 

of 

experiment 

Date 

Conditions 

Observed 

speed 

Calculated 

speed 

Peicentage eiror being 
. observed-calculated 

K observed 

2 

1 

June 22, 1892 

55 55 

Fxee span of 2' 8" 

„ „ 2' 6” 

mm 

■ 

m 

- 2 
+ 4 


The experiments show that, m the simple case of a shaft testing on two bearings 
in which the conditions required by the theory can be very closely approximated to 
m practice, there is no appreciable difference between the observed and calculated 
speeds 


Case III 

12. Shaft supported on bearings l feet apart and overhanging to a 

LENGTH C ON ONE SIDE. 

Thus— 

Thx 5. 


- L -- C -5^i 

! ! l 



Takmg the origin at A, we have from B to A, 

y = A cosh mx B sinh mx + C cos mx + D sin mx } 
and, from A to G, 

~ A cosh mx -f- B' sinh mx -f- O' cos mx -{- D ; sm mx 
(§ 8, p. 287, equation 7*), 
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When x = - l, 

y — 0, d z y/dx z = 0, 

and when x = 0, 

y — 0, y' — 0, dyjdx = dy'/dx, d^yjdx" — d^y'/dx*. 


Also, when x — c, 

d 2 y f /dx~ — 0, d 3 y'jdx? — 0 (shearing force zero). 

Hence, we get 

A cosh ml — B smh ml -f O cos ml -Dsmm^=0 . . (1), 

A cosh ml ■— B sinh ml — C cos ml -f- D sin ml = 0 (2), 

A -j- C = 0 . (3), 

A' -f- C' = 0. . (4), 

(B - B') + (H ~ D') = 0 .(5), 

(A - A') - (C - O') = 0 (6), 

A' cosh me + B' smh me — C' cos me — D' sin me = 0 . • (7), 

A" smh me + B' cosh me -f C' sin me — D' cos me = 0 . . (8). 


The elimination of A B * C D A" B' C' * D' from these equations leads to the 
result 

(cosh ml sin ml — sinh ml cos ml) X (cosh me sin me — sinh one cos me) 

— 2 sinh ml Bin ml (1 + cosh me cos me) =0 ... [A] 

If l = 0, by dividing throughout by smh ml sin ml, the equation reduces to 

1 + cosh me cos one — 0 

the equation already obtained for an overhanging shaft fixed in direction at one end 
(Case 1, §9, p 289). 

If c = 0, the equation [A] reduces to sinh ml sin ml = 0, i,e , sin ml = 0, the 
equation already obtained for a shaft resting freely on a bearing at each end (Case II, 
§ 10, p 290) 


2 P 2 
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The general solution to equation [A] is best obtained by assuming c — al, where a 
is less than unity, and expanding each term in ascending powers of ml In this 
manner we get, to a sufficient degree of approximation, the equation 



From this equation the following results—giving the values of ml for different 
values of a —have been obtained. 


Ratio a 

Value of ml 

Unity 

1506 

Three-quarters 

1902 

One-half 

2 507 

One-third 

2 905 

One-qnarter 

3 009 

One-fifth 

3 044 

One-sixth 

3 060 

One-seventh 

3'069 

One-eighth 

3 071 

One-ninth 

3 073 

One-tenth 

3 078 

Very small 

3 080 


If we assume ml = A, then the number of revolutions will be a maximum for a 
given length (l -|- c) of shafting, when A (1 -j- a) is a maximum. From the above 
results the speed will be a maximum when the ratio (a) is one-third. 

Hence, for a shaft of given length running on two bearings, one being placed at 
the end, the best position for the other bearing is such that it divides the length of 
the shafting m the proportion of 1 .3. 

In all cases that occur in practice the overhanging portion is small compared to the 
span. Hence, we may say that if a shaft, span l, overhang a distance less than 
one-fifth the span, then ml = 3‘078. 

13. Experimental Results. 

The following are the mean results, the calculated speeds being obtained accoiding 
to the formulae in the preceding article (p. 292), when the particular value of cjl is 
taken. 
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Conditions 




Percentage error being 

, An observed-calculated 

100 x - - - - - 

observed 

Numbei of 
Experiment 

Date 

Ratio = y . 
c 

Span in 
inches (Z) 

Overhanging 
portion in 
inches ( e ) 

Observed 

speed 

Calculated 

speed 

24 

1892 

Oct 19 

1 

To 

29 10 

2 91 

1309 

1301 

+ 6 

25 

J5 

19 

1 

9 

28 80 

3 20 

1355 

1324 

+ 23 

27 

J? 

20 

1 

S 

28*44 

3 56 

1372 

1356 

+ 12 

26 

J 5 

19 

1 

7 

28 00 

4 00 

1435 

1397 

+ 26 

28 

J? 

20 

1 

G 

27 42 

4 57 

1456 

1448 

+ 5 

29 

}> 

20 

1 

5 

26 66 

5 33 

1472 

1516 

- 30 

30 

>? 

20 

1 

4 

25 60 

6 40 

1545 

1603 

- 29 

31 

J? 

20 

1 

3 

24 00 

8 00 

1606 

1704 

- Gi 

32 

n 

20 

1 

2 

21 33 

10 66 

1558 

1606 

- 31 

33 

n 

20 

3 

4 

18 30 

13 70 

1201 

1256 

- 46 

34 

5? 

20 

1 

16 00 

16 00 

1002 

1031 

- 29 


These results show that the calculated speeds are less than the observed speeds 
provided a (that is c/l) be less than one-fifth (which is always the case in practice), 
and in excess for greater values of c/2 In only two cases is the percentage error 
greater than 3 per cent., thus amply verifying the theory. The maximum observed 
speed is when c/2 = 1/3, a result which has been shown to follow immediately from 
the equations. 

Case IV. 

14 Shaft, length l resting freely on a support at one end and fixed 
in direction at the other, 

Thus— 



We have (§ 8, p 287, equation 7) 

y = A. cosh mx -j- B smh mx -J- C cos mx + D am mx 

Takmg the origin at A, we have, when x = 0, 

y = 0, dy/dx = 0; 
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and when x = l, 


y = 0 , dly/clx 1 = 0 . 


Hence, 

A + C — 0 . ( 1 ), 

B ~j“ h — 0 ... ^ 2 ), 

A cosh ml -f B smh ml ■+• C cos ml + D sm ml = 0 . . (3), 

A cosh ml B smh ml — C cos ml — D sm ml — 0 . . (4) 

The elimination of A • B C D from these equations leads to 

coth ml = cot ml . 

To solve this equation, draw the curves of coth ml and cot ml The points of 
intersection of y — coth ml with y = cot ml will give values of ml which satisfy the 
equation coth ml = cot ml. 

Fig ? 



From the diagram, it will be seen that the first value. of ml is less than 7 r -j- Jit 
by a small quantity. It may be shown that, to a sufficient degree of approximation, 


ml — 3 * 9266 , 
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Cabe V 

15 Shaft supported on three supports, l L and l 2 feet apart respectively, a 

SUPPORT BEING AT EACH END 

Thus— 


Fig 8 



Take the origin at A, and let dashed letteis refer to the light of A, and undashed 
letters to the left. Then we have (§ 8, p. 287, equation 7) fiom C to A, 

y = A cosh mx + B smh mx -f* C cos mx + D sin mx , 


and from A to B, 

y' = A/ cosh mx + B' smh mx -j- O' cos mx + D' sm mx 

When x = 0 

y — 0, y = 0, dyjdx = dy'/dx, cPy/da? = d 2 y'/dx z , 


when x = — l x 

y — 0, d^y/dx 2 = 0; 

when x — 1% 

y' = 0, dhj jdx 2 = 0. 

Hence we get 

A + C = 0. . . . . . 

A' + C' = 0. 

(B-B') + (D-D') = 0 . . . 

(A — A') — (C — C') = 0 . . . . 

A cosh mZj ■— B smh mZj + C cos wd l — D sin ml x = 0 . . 

A cosh ml x — B sinh — 0 cos ml x + D sin ml x = 0 . . 

A! cosh ml z + B' smh ml% -f- C' cos ml 2 + D' sin ml 2 = 0 . 

A' cosh ml z + B r smh ml 2 — C' cos ml 2 — D / sm ml z — 0 . . 


• (i). 

• ( 2 ), 
(3), 

• ( 1 ). 

• (5), 

• ( 6 ). 

• (7). 

• ( 8 ). 
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By eliminating A B C D A' B' C' D' from these equations we obtain the 
results, that eithei A = 0 or 

coth + coth ml 2 = cot ffil^ 4* cot m h 

Fust consider the solution A = 0 

It follows that B, B', C, C', A' are all zeio, and that 

D = D', D' sin ml 2 = 0, D sm <ml l — 0. 

Hence, m addition to the solution 

coth ml-L + coth ml 2 = cot 4- cot ?nl 2 , 


the equations (l)-(8) are satisfied when 


ra4 = cm 
ml 2 — bir 



a and b being integers. Hence, if b be a multiple of a, that is, if l 2 be a multiple of 
l l3 one speed of whirl is cleaily that of the shoitei span when the longer span 
is neglected—a xesult, of couise, identical with the vibration of strings in segments. 
Secondly , consider the solution 

coth ml l 4- coth m\ = cot ml Y 4- cot ml % 

If 4 = 4 or 4 = 0, we get 

coth m 4 = cot ml x 

The physical interpretation of this equation is that the shaft in the one case 
is horizontal at the middle bearing, and m the other at the end beaiing In other 
words we get Case IY, § 14, p. 294, which has already been solved. 

[It should be noticed that the case when l x = l 2 comes under the first solution ] 

The solution to the general equation 

coth m4 4- coth ml 2 = cot + cot ml 2 
may be performed by putting 

ml 2 = a . 

where ct is the ratio of the spans, being always less than unity. By expanding we 
obtain the equation 
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(mlf) {38a 8 + 23a 7 — 488a 6 — 562a 5 + 76a 4 — 562a 3 - 488a 3 + 23a + 30} 
— 31680 (mlf {3a 4 + 4a 3 — 4a 3 + 4a + 3} + 19958400 = 0. 


The following are the results obtained from this equation, the value of ml having 
been calculated for different values of a. 


Value of a = Ujl] 

Value of 

Very small 

3 9003 

_k or ~ 

1 05 0 5 UL S 

3 7620 

l X nr 1 

T5 cb or 5 

3 6480 

1 

4 

3 6056 

1 

3 

3 5101 

i to f 

3 3282 

| to 1 

31416 


The formula is not sufficiently approximate if a > 

When a is very small (< yg-) the result closely approximates to the result obtained 
for a shaft working in a sleeve at one end, viz 

ml = 3*9266 (§ 14, p 294.) 


16. Experimental Results. 

The following are the mean results, the calculated speeds being obtained according 
to the formulae m the preceding article when the particular value of l-Jl % is taken. 





Conditions 




Percentage error being 

100 ^ observed — calculated 

Number of 
■Experiment. 

Date 


Shorter 
span (l 2 ) 
m inches 

Longer 
span (7j) 
in inches 

Observed 

speed 

Calculated 

speed 


Ratio 4/Zj 

observed speed 

36 

1892 

Oct. 21 

X 

X 0 

291 

29 10 

1942 

1943 

0 

37 

„ 21 

1 

7 

4 00 

28 00 

2051 

1974 

+ 37 

42 

» 22 

1 

6 

4 57 

27 42 

2035 

2058 

- 11 

38 

„ 21 

1 

4 

6 40 

25 60 

2251 

2307 

- 24 

41 

„ 22 

4 - 

1 

¥ 

8 00 

24 00 

2500 

2487 

+ 5 

39 

„ 22 

l 

a 

10 66 

21 33 

3020 

2830 

+ 62 

40 

„ 22 

s 

4 . 

13 70 

18 20 

3873 

3889 

- -4 

3 

May 9 

1 

15 00 

15-00 

5137 I 

5100 

+ 7 

56 

Nov 5 

l 

16-00 

16 00 

i 

4390 

4484 

- 21 


2 Q 
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It will be noticed that in some of these experiments the observed speed is greater, 
and in others less, than the calculated speed. 

With the exception of Experiment 39, the experiments amply verify the theory. 
From Experiment 39 it would appear that when the ratio of the spans is one-half, the 
calculated speed is less than the observed speed. It, therefore, errs on the right side. 

It appears from Experiment 40, that the same formula as for a = ^ holds, to a 
sufficient degree of approximation, until the ratio of the spans is equal to f. 


Case VI. 


17 Shaft, length 7, fixed in direction at each end 



Taking the origin at A, we have (§ 8, p 287, equation 7) 

y — A cosh mx -f- B smh mx -}- C cos mx D sin mx 


when x—Q, or l , 



whence 


dyjdx = 0 ; 

A + C = 0 


B + D = 0. 

A cosh ml -f B sinh ml -{- G cos ml + D sin ml = 0 . 
A sinh ml -f- B cosh ml — C sin ml -j- D cos ml = 0 . 
The elimination of A : B . C * E from these equations leads to 

cosh ml cos ml — 1 = 0. 

The least value of ml which satisfies this equation is 

ml = 4*74503 * 

* Foissox, * Trait& de Mecamque,’ vol 2, § 528. 


(1) . 

( 2 ) . 

( 3 ) . 

( 4 ) - 
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CHAPTER IV—SPECIAL CASES—LOADED SHAFTS 

18. In considering shafts loaded with pulleys two methods may be adopted. 

First. The period of whirl may be calculated taking both the shaft and pulleys 
into account together 

Second. The period of whirl may be first calculated for the shaft, neglecting the 
pulleys, and then for the pulleys, neglecting the shaft. By means of an approximate 
foimula, the period of whirl, taking both shaft and pulleys into account, may be 
calculated from the separately calculated penods of whirl. 

First Method oe Solution. 

Investigation shows that the first method leads to equations which are not solvable, 
so as to give results in a form convenient for actual use. 

The following two simple cases will illustrate this. 


Case VII. 

19. Overhanging- shaft, length c fixed in direction at one end, and 

LOADED WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA I', AT ITS FREE 
END, THE COMBINED EFFECTS OF BOTH SHAFT AND PULLEY BEING TAKEN INTO 
ACCOUNT. 

Thus — 


Fig 10 



we have (§ 7, p 
pulley, 

whence 


286, equation 3) for every point between the beaiing and the 
d^y/dx 4 * = mb/, wheie m = (woV’lgEIf; 


y = A cosh mx + B sink mx + C cos mx + D sin nix. 


Taking the origin at the shoulder, we have at a singular point consisting of a 
concentrated load, 

dB>/dx — dV/dx ^W/g oly; (§ 7, p. 286, equation 5). 

2 Q 2 
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whence, when x = c, since R = 0, we get 


A jsmhmc + cos ^ j "f“ B | cosh me + sinh me 

„ r Wa ) 3 ] , x r w ® 3 

-j- C jsm me -f oos wc j — JL) jeos me-sm me 


Again, from equation (6), p. 287, we have 


m 3 yEI 


= 0 


R — L = cu 3 r dyjdx ; 


wherefore, when x — e, 


A |cosh me + sink me J + B jsmh me + cosh mc\ 


?/iEI 


nl . • 

- C i cos me H—== sm me 
mEI 


D 1sm me — 


® 3 I' 


mEI 


J 


cos me\ = 0 


(i)- 


( 2 ) 


Again, when x = 0, 
whence 


y = 0, dyjdx = 0 , 
A -j~ 0 — 0 . . 

B + D = 0 . . 


• ■ • • (3), 


• * 


. . . (4). 


The elim in ation of A. B , C ,D from the four marked equations leads to 


cosh me j cos me (1 + 


W® 4 I'\ . . /VI' 


+ sin me 


W® 3 


wWIV ' ~ WEI m\c, El, 

. . , r w® 3 , ® 2 r ] , r w«*i' i P . n 

+ sink me cos me 4 -r-=F d—+ 1-—— ]■ = 0 . TAl 

[mfyEI mEI j ' \ mfyE s I 3 J t J 


If we assume the pulley to be removed, that is, if we put 


in equation [A], we obtain 


w = o, r = o, 


cosh me cos me +1=0, 


the same as that obtained in Case I., p. 288 
The equation [A] can only be solved by assuming some relation between the 
coefficients 1 other words, we cannot obtain a general solution which could be 
readily applied m any actual case. . 
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Case VIII ; 


20. SHAFT LENGTH l, MERELY RESTING ON A SUPPORT AT EACH END, AND LOADED 
WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA V AT DISTANCES G, C EROM THE 
SUPPORTS. 


Thus— 


Fig 11 



Taking the origin at A, we have (§ 8, p. 287, equation 7) from A to B, 


y — A cosh mx + B smh mx -f- C cos mx + D sin mx, 
and from B to C, 

y = A 7 cosh mx + B' smh mx -j- O' cos mx -f D 7 sin mx, 

where dashed letters refer to the right, and undashed letters to the left of the pulley. 
At the pulley, when x = c, we have (§ 8, p. 287, equation 13) 

(A — A') sinh me + (B — B 7 ) cosh me + (C — C') sm me — (D — D') cos me 

=-(A cosh me 4- B sinh me + C cos me + D sm me) . (1). 

mfyE I v 


Again, from equation 14, p. 287, we have 

(A — A') cosh me + (B — B') sinh me — (C — C') cos me — (D — D 7 ) sm me 

OT/ 

— — (A smh me 4- B cosh me — C sm me -j- D cos me) , . (2), 

mEI v 


when 

x — c, y = y\ dy/dx = dyjdx, 

whence 

(A - A 7 ) cosh me +(B — B') smh me +(C ■- C 7 ) cos me + (D - D 7 ) sm me = 0 (3). 

(A - A 7 ) sinh me + (B - B 7 ) cosh me —(C- C') sin me + (D - D') cos me — 0 (4). 


Again, when x = 0, or l, 


y = 0, 

d z yjdxr — 0, 
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whence 

A + C = 0 . .... (5), 

A - 0 = 0 . . . (6), 

A' cosh ml 4- B' smh ml + CT cos ml + D' sm wiZ = 0 . . . (7), 

A' cosh ml -j- B' sinh ml — O' cos ml — D' sm ml =0 (8) 

The elimination of A B C D A' * B'. C' . D' from these eight equations leads to 

2 smh ml (a sin me sm me" + cos mc cos mc ) 

— 2 sin ml (a smh mc smh me + ft cosh mc cosh me) — 4 sin ml sinh ml 
-j- aft {(cos mc cos me' sinh mc smh me + sm mc sin me cosh me cosh me) 

— (sm mc cos me cosh mc smh me -f- cos mc sm me sinh mc cosh me) j = 0 [A], 

wheie 

a = W a) 2 /m 3 #EI, ft = o> 2 r/mEI. 

Equation [A] is, of course, symmetrical with respect to c, c 

If we imagine the pulley to be removed (by putting W = 0 and T = 0) the 
equation A reduces to 

sm ml sinh ml = 0, 

i.e, 

ml = n, 


a result already obtained in Case II., p. 290. 

As in Case VII, § 19, we cannot obtain a general solution to [A], which could be 
readily applied in any actual case. 


Second Method of Solution. 

21. The formulae obtained by considering the effect of the pulleys and the shaft 
combined have thus been shown, even in simple cases, to be absolutely useless for 
practical purposes. 

By the second method of solution the whirling speed of the pulley neglecting the 
shaft is fust obtained The general theory (Chapter II.) will have, therefore, to be 
slightly modified. 

Since 

io = 0 , 
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equation 3, of § 7, becomes 

d^y/dx^ — 0 . . . ( 1 ), 

and, therefore, 

y = y a; 3 -f -- ® 2 -f Cx + D . (2). 

If, as before (§ 8), undashed symbols refer to the symbols or constants on the left, 
and dashed symbols to those on the right of a singular point, then (as in Chapter II., 
equations 7-16) we shall have precisely the same differential equations holding at 
the specified singular points, the only difference being that when those differential 
equations are integrated, the forms of the resulting equations are altered from a 
trigonometrical (in Chapter II ) to an algebraic foim in the present case. 

22. It is now proposed to investigate some of the cases, commonly occurring in 
practice, according to the second method of solution. Whatever be the manner 
in which the shaft is supported, the effect of the shaft is neglected, and the shaft 
supposed to be loaded with one pulley only. 

The effect of the shaft, and of more than one pulley, will be considered m §§ 59-62. 


Case IX 


23. Over han ging- shaft, length c, fixed in direction at one end, and 

LOADED WITH A PULLEY, WEIGHT W, AND MOMENT OF INERTIA, I' AT ITS END. 

Thus— 



y = x* + -y- x 9, 4* Cal + D. 


We have (§21, equation 2), 

-T a3 + -2 

Taking the origin at the shoulders, we have, when x — Q, 

y = 0, dyjdx = 0, 

o = o... 

c = o 


whence 


. . . (l), 

. . (2). 
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When x = c, that is, at the pulley, we have 



It — L = eo 2 T ~] (§7, equation 6), 

~ — ~ — — oihj (§ 7, equation 5). 


whence 




(Pyjdx 2 = — eo 2 r/EI. dyjdx , 


and 

d?yjdx? = — W/yEI, co 2 y, 


or 

Ac+B= -|^{|c s + B C + C(- 

(3), 

and 

A = -5“1t c3 + t° 3 + Cc + D }- 

■ W- 

Let 

a = Wffl s /?EI, /3 = IV/EI, 



so that j3 = aW where k = x /(gV/W), T having the value assigned to it in § 7 
The elimination of A • B C . D from the four equations marked leads to 


whence 


-f -gac 3 — (fie + 1) = 0 



24. Equation [A] may he put in the form 

7 9 3 — ac 3 4 

w = — 3 —— • — 
&<y — 12 ac 


[A] , 

[B] 


If ac 8 be < 3 or > 12 , ¥ is negative, and therefore the equations do not hold. 
Hence, for whirling to be at all possible, ac 3 must be > 3 and < 12 , that is, 
<u s .Wc s /pEI must he between 3 and 12 . 

The speeds which these values give for any value of c may be termed the inferior 
and superior limits of the speed. 

The values of k corresponding to these limits are zero and infinity. In other words, 
if the shaft whirl at a speed which satisfies 

to 2 . Wc^/pEI = 3 or 12, 

the effect of the inertia of the pulley is either zero or infinity. In the first case we 
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should have zero righting moment, and m the second, an infinite righting moment. 
In other words, m the one case there would be no tendency to make the pulley 
deviate from its natural plane of rotation, and in the other, any such tendency would 
he met by an infinite moment tending immediately to right it. In either case, there¬ 
fore—assuming whirling to take place at the speeds given by the limiting values of 
ac 3 —it would whirl in such a manner that the pulley still rotates m a plane perpen¬ 
dicular to the original alignment of the shaft. 

In fact, the period of whirling , corresponding to the inferior limit of the speed, is 
identical with the natural period of vibration of the light shaft under the given 
conditions. 

This may be easily proved independently.* 

The superior limit is double the inferior limit. 

The inferior limit may be taken as a first approximation to the period of whirl. 

25 Referring to equation [B], § 23, by giving c/k different values likely to be met 
with m practice, we get, for each value of c/k, a relation between co, the angular 
velocity of whirl, and c, the overhanging portion Knowing, therefore, the particular 
value of c, the value of <o may be readily calculated. 

The following are the results obtained in this manner from equation [B] — 


* This may be seen as follows — 

If W be the weight of the pulley, and e the force necessary to deflect it one foot, then t (the time of 
lateral vibration) is 2 tt\/ (W/</e) To get e, if P be the load acting at a distance c from the shoulder, as 
m fig 12, M the bending moment at a distance x from the shouldor, then 

M = Pa;, 

d?yjdx z — M/BI =Pa;/EI, 


wheie E and I have the same meaning as m the text. 
Hence, 


V = 


Pai 8 

6EI 


-f- A* + B, 


where A and B are constants 
A = 0, and 


of integration When x — 0, y = 0, and dyjdx — 0, whence 
y = PajS/fiEI. 


B = 0, 


The deflection, therefore, at the weight is Pc®/6EI, and P = « when this is unity Hence e = 6El/c* 
and, therefore, 

t — natural period of lateral vibration 

= 2tt 

Whence 

„ = 2 vjt = V (6yEI/Wc 3 ) = 1-732 v^EI/Wc 8 ). 

2 E 


MDOCGXOIV.—A. 



306 


ME S DUNKEELEY ON THE WHEELING 


Values of 8 in the equation co — ^^(^EI/Wc 3 ), c being the Distance of the Pulley 

from the Shoulder. 


Value of cjl 

Value of 6 

Small (superior limit) 

3 464 

25 

3 437 

50 

3 356 

75 

3 225 

100 

3 048 

125 

2 841 

150 

2 628 

1 75 

2 437 

2 00 

2 282 

Large (mfenor limit) 

1 732 


Case X 

26 Shaft, length l, merely resting on a support at each end and loaded 

WITH A PULLEY, WEIGHT W AND MOMENT OP INERTIA I', AT DISTANCES C, G FROM 
THE SUPPORTS 



Let the origin be taken at the left-hand bearing. 

We have (§21, equation 2) 

1- C# + D 

between A and B, and 

y' = a? + + C'x + D' 


y — o. 


between B and C. 
When x = 0, 


d % y/dx % = 0 
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Therefore 

D = 0. 

(1). 


B = 0 

(2) 

When 

x — l, y — 0, cfty'jdx 2 = 0 , 


therefore 

■^Z s + yP + C7 + D'= 0 . . 

(3), 


A £ + B' = 0 . 

• (4) 1 

At the pulley, when x = c, 



y = y\ dyldx = dy'jdx , 


therefore 

+ (C-C')o + (D-D') = 0 . 

• (5). 


+ (B — B') c + (C — O') = 0 

• ’ ( 3 )’ 

Again, when 

X = c, 



dJj/dx — dR/dx ~ — oRydN jg (§ 7, equation (5)), 


and 

L — R = — oRR dy/dx (§ 7, equation (6)), 


whence 

A - A '=-I; I {T fl3 + f^+co+D} . 

• (?)> 

and 

(8) 

(A-A')c + (B-BO=-|^(4 ca+B<!+0 ) • 

The elimination of the seven ratios 



A B-0 D A' £' O' D' 


from the equations marked leads to the equation 



aV+3 {^-rf(| + i)}-f 3 = ° . . . 

• • [AJ 

m which 

« = WaP/gHI, Tc = ^/(gl'/W) (see § 23 > P 305). 



2 E 2 
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Hence, 



1 - «(cV 2 /3Z) 



so that, for whirling to be at all possible (see Case IX., § 24, p. 304), acV 2 /3Z must 
be > 1 and < cjc + c'/c — X. 

If olc 2 c' 2 I‘SI be equal to the first or second of these quantities, the corresponding 
value of <y is the inferior or superior limit of the speed respectively Moreover, the 
period of whirl corresponding to the inferior limit of speed is identical with the 
natural period of vibration of the light shaft under the given conditions * 

The superior limit is the inferior limit multiplied by some function of the position 
of the pulley. With the same pulley on the same shaft the superior limit = inferior 
limit X y/(cjc + c'/c — l) 


* This may be seen as follows •— 

If W be the weight of the pulley, and c the force necessary to deflect it one foot, then t (the time of 
lateral vibration) is 27r</(WJge) To get e, if P be the load acting at distances c, c' from the bearings, 
as m fig 13, M the bending moment at a distance x from the shoulder, then (fig 12) M = x.Wc'/l from 
A to B, and (Z — x) Well from B to 0. Hence 

cZ 2 y/daj 3 = x Pc'/ZEI, from A to B, 
tzy/d® 3 = (l - a) Pc/ZEI, from B to 0, 


E and I having the same meanings as in the text 
We get, therefore, 



y = ^ — + Etc + P, from A to B 

(1), 


* = m (t - C ) + Vm + r> from B *° 0 

(2) 

When 



When 

x = 0, y — 0 , therefore F = 0 

(3) 

therefore 

v = k y — 0; 


When 

p =-sex- e ' z 

. W 

therefore 

r = c, y — y\ and dyfdx = dy'jdx , 



(f-f) + (e-b>-F .sL = o . . . 

(«). 


(E - E ')-44 = ° 

. (6) 


Prom eqnftfunfl (3), (4), (5), and (6), we get 
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If c = c', that is to say, if the pulley be placed in the middle of the span, the 
superior and inferior limits coincide, and the pulley, at all speeds, revolves in a plane 
perpendicular to the original alignment of the shaft. Whatever be the size of the 
pulley, the period of whirling is the same as the “ natural period of vibration.” 

The solution to equation [A] may be put in the form 


to* = 


3#EI 

2Wc 3 


1 + 


1 - b 


T^i] + V 7 K 1 +r-» 


a* 


1 -b 


+ 


4<ft 3 & 


[B]> 


m which 


a = cjh = ratio of the distance of the pulley from the nearer bearing to the radius of 
gyration, and 

b = c/l = ratio of the distance of the pulley from the nearer bearing to the whole 
span. 


Assuming certain values for a and b, results might be obtained giving relations 
between to, W, c In the equation [B], the ratio b fixes the position of the pulley on 


F' = 


Pc 3 

6EI 


E ' = -®( !+ w) 

"whence, substituting in (2) we get 

y ~i 

Hence, when 


flay 1 

'eM 

| P cx / 

V2" 


1 3EI\ 


Pc 3 

6EI 


x = c. 


deflection 


(?) 

( 8 ), 


~~ 3ZEI 

This is unity when P = e, wherefore 

_ __ 3ZEI 

^ ' "o " lo 

<rc k 


Hence 

, 0 /w 0 /w7 

The corresponding value of w m text is 


therefore 

or 

as in text. 


_ 2tt _ /ZglEl 

“ “ V -ww 2 

/Wu?\ (c*c'*\ _, 

\ g m)\si) * 

acWjSl = 1 , 
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the shaft, and that being determined upon, the ratio a will fix the size of the pulley 
For the same value of b, therefore, we should have different values of a. 

The following are the results obtained, in this manner, from equation [B] The 
veitical columns give the values of 6 for different values of a, the value of b being fixed, 
w hil st the rows denote the values of 6 for different values of b, the value of a being 
kept the same. 


27. Values of 6 m the equation w = 6 ^/(^EI/Wc 3 ), c being the distance of the pulley 
from the nearer bearing. 



Values of b — cjl 

Yery 

small 

1 

1 O 

L 

8 

1 

6 

1 

5 

1 

4 

1 

3 

1 

2 

"tT 

11 

§ 

s 

; 

Superior 

limit 

1732 

1734 

1736 

1 738 

1 747 

1 764 

1837 

2 450 

25 

1 677 

1 678 

1680 

1683 

1691 

1 724 

1813 

2 450 

50 

1500 

1516 

1523 

1-540 

1570 

1*619 

1 753 

2 450 

75 

.... 

1145 

1267 

1 282 

1336 

1396 

1488 

1 686 

2 450 


0 

978 

1048 

1153 

1247 

1381 

1633 

2 450 

125 

do 

819 

908 

1*040 



1596 

2 450 

150 

do 

787 

835 

970 

1095 

1266 

1572 

2 450 

175 

do. 

700 

795 

940 

1 055 

1237 

1 555 

2 450 

200 

do 



916 

1038 

1212 

1543 

2 450 

inferior 

limit 

do 

609 

699 

848 

969 

1155 

1500 

2 450 


It may be pointed out that when l is very large, and the pulley near the bearing, so 
that cjl is very small, the inferior limit for the case of the overhanging shaft (Case IX , 
§ 25) is the superior limit for the case of pulley on a shaft resting on two bearings, 
the value of c being the same in both cases. The superior limit varies from 2 85 
times the inferior Bimt, to equality with it; and as the pulley is removed from the 
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bearing to the centre of the span, the limits between which whirling is possible 
approximate more closely to each other. 

28 Experimental Results. 

The results, as given by equation [A ], page 308, merely take account of the effect 
of one pulley, the effect of the shaft and of all other pulleys which it carries being 
neglected. If N 1} N a be the separate speeds of whirl of the shaft and pulley , on the 
assumption that the effect of one is neglected when that of the other is under con¬ 
sideration, then it is shown m § 62, page 357, that the resulting speed, of whirl due to 
both causes combined may be taken to be of the form 

N.N.MN,* + N/) 

If the resulting speed given by this formula does not sufficiently approximate to the 
observed speed, then , by the introduction, m the terms of the denominator, of constant 
multipliers (which are determined by experiment), it will be shown, as occasion arises, 
that the speed given by the formula may be made to sufficiently approximate to the 
actual speed m all cases. Generally, however, the resulting speed given by the formula 

TOvW + N * 2 ) 

will be found to give results sufficiently accurate for practical purposes. 


29. The following are the mean results of experiments made with pulleys I. and II 
(see Chapter I, § 6, page 285) in different positions The shaft, without the pulley, 
has been investigated m §§ 10, 11 , whilst the calculated speeds for the pulleys alone 
have been obtained from equation [A ], page 308. The resulting calculated speed, is 
taken to be N 1 N 3 / V / (N 1 2 + N 2 2 ) where N la N 2 are the separate speeds of whirl of the 
shaft and pulley. In all cases the distances c, c' are measured from the centre of the 
bearings to the centre of the pulley. 

Pulley I. 




Conditions 


Calculated 
speed, neglect- 

Calculated 
speed, neglect- 

Re&ultinq 

calculated 

speed 


Number of 
Experiment 

Date 

Z 

in 

inches 

O 

m 

inches 

c' 

m 

inches 

Observed 

sjjeed 

mg pulley and 
merely taking 
account of 
shaft (= N x ) 

mg shaft and 
merely taking 
account of 
pulley (= N 2 ) 

Percentage 

error 

48 

1892 
Oct 26 

32 00 

100 

31 00 

1150 

1121 

13537 

1117 

+ 29 

46 


32 00 

2 91 

29 10 

1123 

1121 

4621 

1089 

+ 30 

47 


32 00 

4 00 

28 00 

1101 

1121 

3563 

1069 

+ 29 

45 


32-00 

5 33 

26 66 

1044 

1121 

2705 

1036 

+ 8 

44 


32 00 

10 66 

2133 

952 

1121 

1683 

933 

+ 20 

43 

Oct 24 

32 00 

16-00 

16 00 

921 

1121 

1495 

897 

+ 26 
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Pulley II 




Conditions 


Number of 
Experiment 

Date 

l 

in 

inches 

C 

m 

inches 

C* 

in 

inches 

Observed 

speed 

54 1 

1892 
Nov 4 

32 00 

100 

31 00 

1L30 

53 

3* 

32 00 

2 91 

29 10 

1046 

52 

33 

32 00 

4 00 

28 00 

1007 

51 

Nov 3 

32 00 

5 33 

26 66 

942 

50 

33 

32 00 

10 66 

21 33 

803 

49 

Nov 2 

32 00 j 

16 00 

16 00 

769 


Calculated 
speed, neglect¬ 
ing pulley and 
merely taking 
account of 
shaft (= Nj) 

Calculated 
speed, neglect¬ 
ing shaft and 
merely taking 
account of 
pulley (= Nj) 

Resultvug 

calculated 

speed 

Percentage 

error 

1121 

10355 

1115 

4 13 

1121 

3116 

1055 

- 8 

1121 

2389 

1013 

- 6 

1121 

1808 

953 

-11 

1121 

1122 

793 

+ 12 

1121 

997 

745 

+ 31 


It will be noticed that m no case does the error materially exceed 3 per cent, of 
the observed speed. From Experiments 48, 46, and 54 it would appear that with 
the pulley near the bearing the pulley stiffens the shaft. That is to say, the shaft 
would whirl at a lower speed without the pulley than with it. The resulting 
calculated speed given above (viz., NjNg/v^Nj 2 4 - N 3 3 )) must, of necessity, be less 
than either N 2 or N 2 If, however, the resulting calculated speed be taken to be 
N 1 N 2 / A /(N 1 3 + aN 3 2 ), where a is some constant determined from the experiments, 
then when N 3 is large compared to Nj, the resulting speed is N 2 / */a y and if a be less 
than unity this would be greater than N x , In this way all the calculated results 
could be made higher than those given above, so that in the experiments on Pulley I. 
(since the observed is greater than the calculated speed throughout) the observed 
and calculated results could be made to differ very slightly from one another. As, 
however, the errors m the experiments on Pulley II are sometimes positive and 
sometimes negative, the resulting speed given by + N 3 2 ) is sufficiently 

near the actual speed for practical purposes. 

30. The following are the mean results of experiments with both pulleys (I. and II.) 
on the shaft at the same time. It is shown m Case XVII., §§ 60, 61, that the only 
way to deal with two or more pulleys is to consider each separately and then obtain 
the resulting speed of whirl by a formula similar to that m §§ 28 or 62. The case of 
the shaft only is considered in §§ 10 , 11 ; whilst the calculated results for each of the 
pulleys (considered separately) are obtained from the preceding article. The resulting 
calculated speed is taken to be 

+ N 2 2 N 8 s 4 *W), 


where N 2 , N s , are the speeds of whirl for the shaft , Pulley I, and Pulley IT., 
taken separately . The span in all the experiments was 2' 8”, 
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Pulleys I. and II 





Conditioni 








Numbei 

of 

expei l- 
ment 

Date 

Pulley I 

Pulley 11 

Ohwi bed 
speed 

Calculated 
speed foi 
shaft 
only 

Calculated 
speed foi 
Pulley I 
only 

Calculated 
speed foi 
Pulley II 
onlj 

JBe^nltinq 

calculated 

Pei- 

centage 


'h 

in 

inches 

in 

inches 

c 2 

in 

inches 

c{ 

m 

inches 

speed 

Cl 101 

09 

1892 
Nov 12 

100 

31 00 

31 00 

100 

1118 

1121 

13537 

10355 

mi 

+ G 

70 

v> 

2 91 

29 10 

31 00 

100 

1099 

1121 

4621 

10355 

1083 

+ 1 4 

71 

n 

4 00 

28 00 

3100 

100 

1072 

1121 

3563 

10355 

1063 

+ 8 

72 

Vi 

5 33 

26 56 

31 00 

100 

1033 

1121 

2705 

10355 

1030 

+ 3 

73 

N ov 14 

10 66 

21 33 

31 00 

100 

955 

1121 

1683 

10355 

929 

12 7 

74 


16 00 

16 00 

31 00 

100 

896 

1121 

1495 

10355 

893 

+ 3 

75 

51 

21 33 

10 66 

31 00 

100 

947 

1121 

1683 

10355 

929 

+ 19 

76 

55 

26 66 

5 33 

31 00 

100 

1047 

1121 

2705 

10355 

1030 

+ 16 

77 

Nov 15 

28 00 

4 00 

31 00 

100 

1057 

1121 

3563 

10355 

1064 

+ 3 

78 

Nov 16 

28 00 

4 00 

29 10 

2 91 

1033 

1121 

3563 

3116 

1012 

+ 2 0 

79 

55 

2133 

10 66 

29 10 

2 91 

920 

1121 

1683 

8116 

894 

+ 28 

80 

51 

16 00 

lb 00 

29 10 

2 91 

885 

1121 

1495 

3116 

862 

+ 2 6 

81 

Nov 17 

10 66 

2133 

29 10 

2 91 

925 

1121 

1683 

3116 

894 

+ 3 3 

82 

55 

5 33 

26 66 

29 10 

2 91 j 

1030 

1121 

2705 

3116 

983 

+4 6 


These experiments show that the method adopted m calculating the final resulting 
speed gives results veiy little different from the observed lesults In all cases the 
percentage eiror is positive, so that the resulting speed, as calculated above, is slightly 
below the actual speed, and, consequently, ens on the light side 


Case XI 

31. Shaft resting on two supports, l feet apart, and overhanging on one 

SIDE C FEET, LOADED WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA I' 
AT ITS END. 

Thus— 


Fig 14 

r<- I --s-r*— C —*| 



Take the origin at B Then from A to B we have (§ 21, p. 304, equation 2) 

y = y x 6 + ^ a? 4. Cx + D, 

2 s 
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and fiom B to C 

y' = f + O'® + O'. 

0 di 


When 

x — 0, y = 0, ?/ = 0, 


whence 

dy/d.c == dy'jdx , dhjjdxr = ddifjdxx , 



D = 0 . 

* • (l)> 


D # = 0 . 

(2), 


0 = 0' 

(3). 

B = B' 

At A, where x = — l, 

y “ 0, d'yjdu 1 = 0, 

therefore 

• (4) 


- £ v + f - Cl + D = ° . . . 

. . (5), 


— A? *{■ B = 0 . . 

■ (6) 

When t 

= c (at the pulley) 


and 

dLjdx — dR,/dx = — ary . W/cy (§ 7, equation (5)), 


whence 

L — It = — o)T dyjdx (§ 7, equation (6)) , 



A ' = -J“ s (v fS + l eS +°' c + D ') • • • 

• ■ (7). 

and 

Ao + B '=- e!(t <> S + B'e + C') . 

• • (8) 

The elimination of the seven ratios— 



A . B . C D . A' : B' C' : D' 


from these 

eight equations leads to 


m which 

A”’ W(e + *Q + «{io*(c + ?)-i»(o + |l)} -1 = 0 

• • CM 


* = W« 2 /pEI and k = ^/(fid'/W) (see § 23, p. 305). 
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If, m equation [A], we put l == 0, we get 

Ta + a (i —• cZI 3 ) — 1 = 0, 

the equation already obtained foi the case of ail overhanging shaft fixed m direction 
at one end (Case IX , p 304.) 

Fiom equation [A] we get 

_ I _ ^ 7 (o ~T l) _ 

«C ’ Jj ou,° (C -f A /) - (c + } 1) * 

so that (as in § 24, p 305) foi whiilmg to be at all possible 

ac 3 must be > 3 cjc -J- l and < 12 (3c + 2)/(3c 4£). 


If ac 3 be equal to the fiist oi second of these quantities the coiiespoudmg value 
of (a gives the mfeiior or supenor limit of the speed lespectively. Moreovei, the 
period of whirl corresponding to the inferior limit of speed is identical with the natural 
period of vibration of the light shajt under the given conditions. 

The supenoi limit is the inferior limit multiplied by some function of the position 
of the pulley, that is, some function of l and c The 


supenor limit = 2 X 


inferior limit X 


V( 


l 

3 c + 4 1 


l + i 
o 


If, as m Case X, p 308, we put 

a = c/Jc =■ latio of oveihangmg portion to the radius of gyration, 

and 

b — c/l = latio of overhanging portion to the span, 
then the solution to the equation [A] is 


ac 3 _ [(35 -fi1) (b + 1) + \/{{Sb +1) — a 2 (b + l)} 2 -f cdb (3b + 4)] . [B] 


32 The following are the lesults obtained fiom this equation by assuming certain 
values for a and 5, as m Case X., § 27, p 809. The vertical columns give the value of 
6 for diff erent values of a, the value of b being fixed, whilst the rows denote the 
value of 6 for different values of b, the value of a being kept the same. 


2 s 2 
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Valueb of 6 in the Equation w — 6 v / (gVAfWc i ), c being the length of the ouerhangim/ 

poi tion 


1- 

Veiliws of b = c/l 

Yeiy 

small 

1 

10 

1 

8 

0 

x 

u 

1 

i 

Voi y 

Ui go 

1 

Supei iui 
, limit 

1 732 

1 905 

1942 

2 000 

2 043 

2 103 

3 464 


1 

25 

1677 

1857 

1 897 

1 956 

2 000 

2 062 

3 422 

O 

11 

e 

s 

<5> 

! - 

i 

i 50 

j 

1500 

1*712 

1 756 

1822 

1871 

1 938 

3 356 

75 

1145 

1456 

1*512 

1595 

1653 

1 732 

3 225 

100 

0 

1 111 

1188 

1 297 

1370 

1 464 

3 048 

125 

do 

837 

*920 

1037 

i 

1116 

1217 

2 841 

150 

do 

706 

782 

889 

963 

1058 

2 628 

175 

do 

644 

713 

812 

880 

968 

2 437 

2 00 

do 

809 

*674 

769 

832 

923 

2 282 

Inferior 

limit 

do. 

522 

577 

*655 

. 

707 

774 

1 732 


Comparing these results with those in Case X , § 27, it will be noticed that when 
the span is very long and the pulley near the bearing, so that c/l is very small, the 
whirling speeds m the two cases are the same for the same values of c/h, whethei the 
pulley he placed between the bearings, or overhang an equal distance on one side. 
For any other value of c/Z, the superior limit m the present case is greater, and the 

inferior limit less, than the corresponding limit m Case X., the values of c and l being 
the same m both cases 

In the present case the superior limit vaiies fiom 3*65 times the inferior limit to 
twice that limit (when o/l = qo , i e, the shaft works m a shoulder at one end). 

33 Exqpemmental Results, —The same remarks apply here as m § 28, page 310 
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The following aie the lesults ol expemnents made (l) with Pulley I (p 285), and 
(2) with Pulley II at the end of the overhanging poition, the ratio of the oveihangmg 
poition of the span being made to vaiy The shaft without the pulley lias been 
investigated m §§ 12, 13, whilst the calculated speeds foi the pulleys alone have 
been calculated fiom equation A, § 31, page 313 The calculated speed obtained from 
the foi inula N 1 N 2 / V /(N 1 3 + N/) wheie N 1? N 3 aie the sepaiate speeds of whirl foi the 
shaft and pulley, gives lesults, m eveiy case, much lowei than the obseived lesults 
To bring the calculated results more m accordance with the observed results, the 
resulting calculated speed is talen to be + N 2 2 a), the value of a detci- 

mined from Experiment 64 —chosen because the observed and calculated values of the 
whirling speed for the shajt alone are practically the same (see § 13, page 294, Expen- 
ment 24 )—being 885 In this expiession, a is the multiplier of the gieatest teim m 
the denominator. 

Pulley I. 


Numbei of 
experiment 

-1— 1 
otf 

ft 

Conditions 

* l 

^3 1 

rO 

C-. 

Oj 

rS 1 

1 

Calculated speed 
foi shaft only (N 2 ) 

Calculated spepd 
foi pulley only (Nn) 

rd r Vt 

03 fer 

M P T 

hc; a «v. 
a Iszs 

d >> < 

$ £- 

Corresponding 
percentage enoi 

1 

- - ! 

^ g + 1 

* j 

-s ^ 1 

V 

S 

(S. 

£ 

X. 

So 

r^J 

f's. 

•J 

O' 

$ 

i 

m 

inches 

0 

in 

inches 


1892 



! 





1 


03 

Nov 11 

30 70 

100 

1223 

1175 

16390 

1170 

+ 43 

1246 

- 19 

01 


29 10 

2 61 

1329 

1301 

4808 

1256 

+ 55 

1329 

0 0 

05 

35 

28 00 

3 69 

1384 ' 

1397 

3318 

1288 

+ 09 

; mo 

- 19 

60 

15 

26 66 

5 02 

1407 

1516 

2428 

1286 

+ 86 

1343 

+ 45 

67 

13 

24 00 

7 69 

1224 

1704 

1572 

1156 

+ 55 

1199 

+ 20 

68 

33 

21 33 

10 35 

968 

i 

1606 

1162 

941 

+ 28 

979 

- 11 


Pulley II. 


«h -h 
o cl 
, ® 
a 

CD 


1 

Conditions \ 

i 

f 

& 

r- ^ 

<d fe: 

Ph 

d 13 

cn n 

/•—\ 

1& 

CL, ^ 
m X? 

'C § 

0) w 

"G 

s 

Cl, P 

« "3 + 

<d 

O i hr 

Corresponding 
percentage ei ror 

So w 

~ s + 

g +s C, 

1 

"j 

rO 2 

s ss 

a cu 

►5 M 

| a: 

i 

ft 


i 

in 

inches 

0 

m 

inches 

Ss 

i—i h* 

s 5 

O rd 

*3 £ 

O S 

m 

5s 

^ o 

S-4 

+3 g ^ 

^ ^ v 

° £- 

5^ S- 
3 ^ S. 

£ X « 

5 

^ fc 

62 

1892 
Nov 9 

’ 

30 63 

1 00 

1 

1227 

1175 

13816 

1173 

+ 46 

1224 

+ 14 

57 


7 

29 10 

2 54 

1276 

1301 

3353 

1213 

+ 50 

1278 

00 

58 


7 

28 00 

3 63 

1 1281 

1397 

2277 

1191 

+ 70 

1256 

+ 19 

59 

3 

7 

26 66 

4 96 

1215 

1516 

1643 

1114 

+ 83 

1150 

+ 53 

I 60 

53 

9 

24 00 

7 63 i 

928 

1704 

1056 

898 j 

+ 32 

937 

-10 

6! 

33 

9 

21 33 

i 

10 29 

712 

1000 i 

782 

703 1 

i 

1 

+ 11 

738 

-36 

ll 


These experiments show that the same value of a (-= 885) in the formula for the 
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resulting speed—viz., N 1 No/y' / (^i 2 H" ct -^ 3 3 ) w ^ en ^2 > ^*i» aric ^ ^ 1 ^ 2 /\/ (^V ) 

when Nj > N 2 —holds, to a sufficient degree of approximation, whatever be the ratio 

of the overhanging poition to the span, or whatever be the size of the pulley 

Moreover, as m § 29, p 311, when the pulley is near the bearing the shaft is stiffened 
by the pulley, and the lighter the pulley the further the distance which it might be 
from the bearing before this stiffening action ceases. (Compare § 29, Experiments 48, 
46, 54, and present article Experunents 63, 64, 62.) 

34 The following me the mean results of experiments with both pulleys, T and II, 
on the shaft It is shown m Case XVII, ^ 59-62, pp 76-80, that the only way 
to deal with two or more pulleys is to consider each sepaiately and obtain the 
resulting whiilmg speed from a foimula of the type 

N t N 2 W + NW + N/Np), 

where N ls N 3 , N 3 are the separate speeds of whul due to the several causes on the 
assumption that each cause is neglected except the one under consideration. In the 
present series of experiments Pulley I was kept at the end of the overhanging 
portion, whilst Pulley II. was placed m different positions between the bearings, the 
distance between the bearings being also altered. The notation used m the following 
lesults will he understood from the diagiam. 

Fig 15 


r<-- 1 



To get the resulting calculated speed, the resulting speed for the shaft (NJ, and 
for Pulley 1. (N 2 ) is obtained, as explained m the pieeedmg aiticle. Let this be 
called X 3 The whirling speed for Pulley II. alone is obtained from equation A, 
§ 26, p. 308. Let this be N 4 . Then the resulting speed for both the pulleys and the 
shaft combined is taken to be 

m _ sa 

v/ (X 3 3 + X/) y/ (X/X s 3 + dX 3 3 X 4 3 + N*N*y 




Pulleys T and II. 
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These experiments show that the method adopted m calculating the final lesultmg 
speed gives results approximating very closely to the observed speeds. When the 
overhanging portion is small, and both pulleys are neai the bearings, the shaft is 
stiffened by the pulleys (Experiment 83, 93) In all othei cases the lesultmg speed 
as calculated above is slightly below the actual speed The foiniula consequently 
eirs on the right side 

Case XII 

35 Shaft, length 7, resting freely on a support at one end and ftxed in 

DIRECTION AT THE OTHER, LOADFD WITH A PULLEY, WEIGHT W AND MOMENT OF 
INERTIA I", PLACED AT A DISTANCE <, FROM THE SHOULDER END, AND C 2 FROM THE 
FREE END. 



We have 21, ecjuation 2), taking the ongm at the shoulder end A 


V 


— ~ x* 4- a? 5 + Ccc D 


from A to the pulley, and 


from the pulley to B 
When ,t = 0, 

wlience 


When a? = c, 
whence 


?/ = f af’ + -f r ' + G ' x + D ' 


y — 0, dy/dr = 0 , 

D = 0. 

0 = 0 . 

— y\ dyfdx = dyfdx , 


V 


l (A -^ ) c i 3 + 2 (B — B 7 ) c-f -f- (0 — C') c 2 -}- (D — D 7 ) = 0 


i(A-A')c 1 2 + (B-B> 1 + (C-C , ) = 0 . . . 


( 1 ). 

• (2) 

• ( 3 ), 
( 4 ) 
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When x — l, 

y = 0, d 2 y/dx 2 = 0, 

whence 

iA , Z* + 4B # P + O / Z + D # =0 ... . . (5), 

A'Z+B'=0 . (6). 

When a? = cq (at C), we have 

dJj/dx — dR/dx — — ~W/g.o) 2 y (§ 7, equation (5)), 

and 

L — B, = — a 2 ]/ dy/dx (§ 7, equation (6)), 
whence we obtain, putting as before (§23, p 305) 

a = Wg%EI, 0 = ®»r/EI, and £ = *l\ where h 3 = vW^). 

(A - A') = - a ft A c, 3 + Ccjl + D) . (7), 

(A - A') <q + (B - B') = - p ft A Cl 3 + Bo, + C) (8) 

The elimination of the seven ratios 

A B C D A' B' a D' 
from the eight equations marked leads to 



a quadratic in co 2 , which is not, of course, symmetrical with respect to c l9 c 2 . 

If l = oo, then c 3 = Z, and the equation reduces to 

a 2 Irc^ -f- a ft Cj 3 — & 2 c x ) — 1 = 0, 

the equation already obtained for the case of an overhanging shaft working in a 
shoulder. (Case IX , § 23, p. 304 ) 

From equation [A] we get 

3 __ _1_ ^ I s ac 1 3 c g 3 Q-q 4- ~t%) 

aG i -A ( afl iV) - ( c 2 3 + |q s ) ’ 

so that for whirling to be at all possible (see Case IX., § 24, p. 305) we must have 

ac iW > + i<h) and < 12 (c 3 3 + ic?)* 

2 T 


MDCCGXCIV.—A. 
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If ac^ 3 be equal to the first or second of these quantities, the corresponding value 
of a gives the inferior or superior limit of the speed respectively The values of Jc, 
corresponding to these limiting values of oj, aie zero and infinity, and if the shaft 
whirl at the speeds given by them it will do so in such a manner that the pulley 
still rotates in a plane perpendicular to the original alignment of the shaft. 

Moreover, the period of whirl corresponding to the inferior limit of speed is identical 
with the natural period of vibration of the light shaft under the given conditions 
The 

superior limit = infeiior limit X <\J ^1 + 3—jj* 

Let 

a 1 — c l /k, b x = cjl , 


that is a l and Zq aie the ratios of the distance of the pulley from the shoulder end of 
the shaft to the radius of gyration of the pulley and to the span respectively Also 
let a-,, b 2 be the corresponding ratios when the distance of the pulley is measured 
from the fiee end of the shaft, that is 


a z = efk and Zq = cfl 

Then the solution to equation [A], p 320, may be expressed in either of the forms 



As m Cases X. and XI. (§§ 2 7, 32), by assuming certain values for a 1} b 13 or a 2 , b 2 , 
the corresponding values of ac x s or ac 2 3 can be found, and so, for any particular value 
of e l or c 2 , the value of tw readily calculated. Two sets of results have thus been 
compiled The first set (obtained from equation [B]) gives the values of acq 3 for 
different values of a l and Zq, and is applicable when the pulley lies between the 
shoulder end and the centre of the span, whilst the second set (obtained from 
equation-[C]) gives values of ae 3 3 for different values of a % and Zq, and is applicable 
when the pulley lies between the free end and the centre of the span. 
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36. Values of 6 l in the equation w — 0 1 ^/(f/EI/Wc! 3 ), when the pulley lies between 
the shoulder end and the centre of the span, and c L = distance of pulley from 
shoulder end 



Values of & x = cfl 

Veiy 

small 

1 

1 O 

1 

{> 

4 

J, 

3 

1 

o 

K* 

Superior 

limit 

3 464 

3 465 

3 467 

3 480 

3 518 

3 873 

25 

3 437 

3 438 

3 Ml 

3 457 

3 498 

3 868 

50 

3 356 

3 359 

3 366 

3 388 

3 396 

3 855 

75 

3 225 

3 233 

3 247 

3 284 

3 361 

3 838 

H 

O 

II 

r-4 

CA* 

co 

Oj 

S 

r-o 

t2 

100 

3 048 

3 069 

3 096 

3157 

3 267 

3 819 

125 

2 841 

2 885 

2 933 

3 026 

3173 

3 800 

150 

2 628 

2 705 

2 778 

2 906 

3 090 

3 785 

175 

2 417 

2 549 

2 646 

2 805 

3 021 

3 772 

2 00 

2 282 

2 424 

2 547 

2 726 

2 966 

3 761 

Inferior 

limit 

1732 

1981 

2123 

2 385 

2 714 

CO 

o 

If- 


% T 2 
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37 Values of 0 2 m the equation co = & 2 y^yEI/Wcg 3 ), when the pulley lies between 
the f 'ee end and the centre of the span, and c 2 = distance of pulley from free end. 



Values of b 2 = c 2 jl 

Very 

small 

1 

10 

i 

0 

4 

1 

3 

1 

2 

! 

i 

i 

i 

i 

Superior 

limit 

1732 

1737 

1 760 

1851 

2121 

3 873 

25 

1 

1677 

1 686 

1 716 

1829 

2 115 

3 868 

50 

1500 

1533 

1 598 

1 766 

2 098 

3 855 

75 

1146 

1300 

1442 

1 698 

2 079 

3 838 

II 

1 rt 

< 5 . 

CT 

-0 

s 

£ 

l 

i 

100 

0 

1075 

1309 

1 633 

2 063 

3 819 

125 

do 

938 

1223 

1591 

2 051 

3 800 

150 

do 

866 

1167 

1 562 

2 043 

3 785 

175 | 

do j 

826 

1136 

1 542 

2 036 

3 772 

1 

1 

1 

l 

i 

| 

2 00 

do 

SOI 

1114 

1529 

2 030 

3 761 

! 

i 

i 

Inferioi 

limit 

do. 

GO 

CM 

1050 

1475 

2 012 

3 704 


When the span is very long and the pulley is near the shoulder, so that cjl may 
be taken to be very small, a comparison of the results in §§ 36 and 25 shows that the 
effect of the free end is nil, in other words, the speeds are the same as if the shaft 
merely overhung If the pulley be near the free end of the span, so that cfl may 
he taken to be very small, a comparison of the results in §§ 37, 27, 32 shows that the 
effect of the shoulder is precisely the same as that of a free bearing. These results' 
might, of course, have been anticipated. 


38. Comparing these results with those obtained in Case X., § 27 (that is, with 
the case of a pulley on a shaft merely resting on a support at each end), we see that 
in the case where one end is fixed m direction, the calculated speed for the pulley 
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alone exceeds that in the case of a shaft free at both ends, m a certain ratio—that 
ratio depending on the position and size of the pulley. 

Considering the superior limits m each case, the increase of speed due to the 
shoulder is 100 per cent, at the shoulder end, decreasing to 91 at one-third the span 
from the shoulder end, 58 at the centre of the span, and zeio at the free end. 

Considering the inferior limits m each case, the mciease of speed is 225 per cent, 
near the shoulder end, 51 at the centre of the span, and 19 per cent, near the free 
end. 

Case XIII. 

39. Shaft supported on three bearings, l x and L feet apart respectively 

AND LOADED WITH A PULLEY, WEIGHT W AND MOMENT OF INERTIA I' ON THE SPAN 
OF LENGTH l 2 , THE PULLEY BEING DISTANT C L FEET FROM THE MIDDLE BEARING AND 
C 2 FEET FROM THE END BEARJNG. 

Thus.— 


Fig 17 



We have, taking the origin at the middle bearing B 21, equation 2), 

y = ~ x s + ^ + da? + D, from A to B, 

y = y- re 3 + 5- x 2 + C'x + D\ from B to D, 

and 

2///= T !c3 + i a,J + C"a? -f B", from D to C. 

When x = 0, 

y = 0, y' = G, dyjdx = dyjdjX , d^yjdx 1 = d 2 y /dx 2 ; 

whence we obtain 

B - 0 ..(1), 

0 . . ........ ( 2 ), 

c = a . . . ... . . ( 3 ), 

( 4 ). 


B = B' . 
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When x — —l\, 
whence 


When x = I 2 , 
whence 


y = 0, dryjdx 3 = 0 , 

— -4- - CIj + D = 0 . 

- AZ 2 + B = 0 . 

y" = 0, d 2 y" jdx 2 = 0 , 

* A"*, 8 + *B'V + C% + D" = 0 . 
a"4 + B" = o . 


At the pulley (D) we have, when x = c v 

y' = y", dy' Jdx — dy" jdx, 

dRjdx — dR/dx = — wPy'.W/g (§ 7, equation 5), 

L — R, = — &> 3 r dy jdx (§ 7, equation 6); 

whence 

«A' - A") Cl 3 + MB' - B") Cl 2 + (O' - 0") <q + (D' - D") = 0 
i(A' - A") Cl 2 + (B' - B") o, + (O' - C") = 0 
A.' — A" — — a (|AV + 1BV + O'Ci + I)') 

(A' - A") c 2 + (B' - B") = - fi (i A!c£ + B' Cl + O') 
where, as in § 23, p 305, 

a = W(o 2 /gEI, /3 = of'I'fEI and /3 = aid , where l = ^(gl'/W) 

The elimination of the eleven ratios A B C D . Ah B' Ch Dh A" . B 
from the twelve equations marked leads to 



-f&+y=° 


a quadratic in od which is not symmetrical with respect to c l} c a 
If in equation [AJ we put = od, it reduces to 


[c£c£l z - * 2 (h 3 + c/)} - l£ = 0, 


(5) , 

( 6 ) 

(7) , 

( 8 ) 


(9), 
• (io), 
(11), 
( 12 ), 

.C'hl)" 

M, 
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the equation already obtained for the case of a shaft testing freely on two supports at 
the ends, and loaded with a pulley distant c x , c 2 from the hearings (Case X, 

§ 26, p 308) 

If = 0, the equation reduces to 


a 


s W 

36 





the equation already obtained for the case of a shaft resting freely on a support at one 
end and working m a shoulder at the other (Case XII, § 35, p. 320) 

If — c 2 = oo the equation reduces to 


a' 


l\ s 

12 


(°i + I h) + « {y (h + cj - X> (c, + })} 


-1 = 0 , 


the equation already obtained for the case of a shaft, span l l3 and overhanging a 
distance c lt the pulley being at the extremity (Case XI, § 31, p 313). 


40. In the case of two spans, one of which is loaded, it is, of course, useless to 
completely solve the many cases which might occur The three cases which at once 
suggest themselves for full investigation are— 

(1 ) Unloaded span zero 
(2 ) Unloaded span infinite. 

(3 ) Unloaded span equal to loaded span. 

It has been shown that the first two cases have been already investigated (Cases 
XII and X). It only remains to solve the third case when the two spans are equal. 

If 

Zj = Zg = l, 


equation [A] becomes 


+ » 





-2Z 3 = 0 [B], 


from which we immediately get 


ife* = 


2 Cj&jZ 3 — & •3 (q 8g 3 S (P 4 “ f C T ) 


CCC iC 8 ' bucfef OK + $1) — (fij cl + K 3 + 3 ^ • fi i 3 + 


so that for whirlin g to be at all possible we must have (see Case IX. § 24, p 305), 

2 cpd? 


a 


/i 3/i S 
6 i H 

3 


> 


& + c i ( c 2 + K) 
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<\ (c 3 3 4* 4 fi l 3 ) ~t~ 3 jl 

< i c L + $1 

If acfc^lS be equal to the first or second of these expressions, the corresponding 
value of <w gives the inferior or superior limit of the speed respectively. Moreover, 
the period of whirl corresponding to the inferior limit of speed is identical with the 
natural period of vibration of the light shaft under the given conditions. 

The superior limit 

... , .. _ /fc 1 (Co 3 4- i<?] 3 ) + 1 1 (cf 5 + c q }) p + Cj (c 2 + feON 

= mfenorlimitx v [ K+n x )■ 

Let 

a x = e ly /& and b x = c^, 

that is, a x and b 1 are the ratios of the distance of the pulley from the middle bearing 
to the radius of gyration of the pulley and to either span respectively. Also, let 
a 2> b 2 be the corresponding ratios when the distance of the pulley is measured from 
the end bearing; that is 

a 3 — cjh and b 2 — cjl. 

Then the solution to equation [B] may be put in either of the forms 


(4 -f B5 l ) acf _ ^ A.i _M_\ i i i _VL 


7 - “i 3 {rh; + 5 i + 


+ V[ 35 i ( l + + 1 ++ h f + * dh;)} 


2b, (4 + 36 .) 

+ * (i _ * ' * 


• • • [C] } 


and 






Vf 3 ! 1 - 6 *) 


* + a - tf + 1 + ~ a » {rh; 


lr+6 a +i(i~^)lT 


, 26 a (7 — 36 s ) 

+ “*• (1-W 


As in Cases X., XL, and XIL (§§ 27, 32, 36, 37), by assuming certain values for a lt 
bj, or a,# b 2 , the corresponding values of acf or ac 3 3 can be found, and so, for any 
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particular value of c x or c 2 , tlie value of a readily calculated. Two sets of results 
have thus been compiled The first set (obtained from equation [C]) gives the values 
of aCj 3 for different values of a i and b lf and is applicable when the pulley lies between 
the middle bearing and the centre of the span, whilst the second set (obtained from 
equation [D]) gives values of ac 2 3 for diffeient values of a 2 and b 2 , and is applicable 
when the pulley lies between the end bearing and the centre of the span. 


41. Values of 0 X m the equation co =: 6 1 <f(gTLl/'Wci) when the pulley lies between 
the middle bearing and the centre of span, and c 1 = distance from mid-bearing. 



Values of = c^/7 

Very 

small 

i 

1 0 

1 

G 

JL 

4 

1 

d 

1 

2 

r—f 

li 

<3* 

> 

CO 

CD 

Supenor 

limit 

1 732 

1 906 

2 006 

2129 

2 275 

2 908 

25 

1 677 

1860 

1966 

2 098 

2 254 

2 907 

50 

1500 

1 725 

1853 

2 012 

2199 

2 905 

75 

1146 

1511 

1 687 

1897 

2131 

2 902 

100 

0 

1279 

1 520 

1 786 

2 066 

2 900 

1 25 

do 

1109 

1441 

1 700 

2 016 

1 

2 898 

150 

do 

1012 

1310 

1641 

1978 

2 896 

1 75 

do 

956 

1 257 

1599 

1952 

2 895 

2 00 

do. 

921 

1 220 

1571 

i 

1932 

2 894 

Inferior 

limit 

do 

822 

1114 

1470 

1 

1857 

2 890 


a u 


MJDCCCXCXV —A. 
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42 Values of 0 2 m the equation co = 0 2 x /(gWL/Wc 2 i ) when the pulley lies betwa 
the free end and the centre of the span , and c 2 = distance of pulley fiom free end 



Values of 6 3 = off 


Veiy 

small 

i 

10 

1 

0 

1 

4 

1 

3 

1 

3 

c\ 

O 

II 

§ 

£ 

Supenor 

limit 

1 732 

1735 

1747 

1795 

1936 

2 908 

25 

1677 

1682 

1700 

1 764 

1920 

2 907 

50 

1500 

' 

1524 

1 567 

1 676 

1880 

2 905 

75 

1146 

1273 

1385 

1578 

1837 

2 902 

100 

0 

1022 

1225 

1485 

1801 

2 900 

125 

do 

872 

1123 

1428 

1775 

2 898 

150 

do 

796 

1063 

1386 

1757 

2 896 

175 

do 

755 

1027 

1365 

1745 

2 895 

2 00 

do 

*731 

1 004 

1346 

1738 

2 894 

Inferior 

limit 

do 

661 

932 

1285 

1671 

2‘890 


By a comparison of these two sets of results it will be noticed that the same pulley 
placed at equal distances from the middle bearing and the end bearing of the shaft 
whirls at diffeient speeds, those near the middle bearing being higher than those near 
the end bearing. Moreover, if the span be very long and the pulley be near the bearing, 
so that cjl may be taken to be very small , it will be seen that, whilst the superior 
limits in the two cases are the same, the ratio which the inferior limit bears to the 
superior limit is less when the pulley is near the end bearing than when it is near the 
middle bearing. Also the superior limits when the pulley is near either bearing are 
the same as those obtained m Case X , § 27, Case XL, § 32, and also in Case XII., § 37, 
FOYided the pulley is near the free end of the span. The superior limit m any of 
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these cases is the inferior limit obtained in Case IX , § 25, and also m Case XII., § 36, 
provided the pulley lie near the shoulder end of the span 

43. Comparing the results m §§ 41, 42 with those obtained m Case X , § 27 (that is, 
with the case of a pulley on a shaft merely resting on a support at each end) we see 
that m the case of two equal spans the calculated speed for the pulley alone exceeds 
that m the case of a single span (equal in length to either of the two equal spans) m 
a certain ratio—that ratio depending on the position and size of the pulley. 

Considering the superior limits m each case, the increase of speed due to the extra 
span is 10 per cent when near the middle hearing, 24 (maximum advantage) when 
one third the span from the middle beaung, 19 at the centre of the span, and zero at 
the end bearmg 

Considering the inferior limits m each case, the increase of speed is 35 per cent when 
near the middle bearing, decreasing to 18 at the centre of the span and 8 per cent 
near the end bearing 

44 Experimental Results The same remarks apply here as m § 28, p 310 

The following aie the mean results of experiments made with different spans and 
with different positions of pulleys I. and II. (p. 285) on those spans The shaft without 
the pulley has been investigated m §§15. 16, whilst the calculated speeds for the 
pulleys alone have been calculated from equation [A], § 39, p 325, or, m the case of 
equal spans, from equation [B], § 39, p 326 



332 


MR S DUNKERLEY OR THE WHIRLING 
Pulley I. 


Number 

of 

experi¬ 

ment 

Date 

h 

m 

inches 

Condi 

U 

m 

inches 

turns 

G l 

m 

inches 

On 

in 

inches 

Obsened 

speed 

Cal¬ 
culated 
speed foi 
shaft only 

Cal¬ 
culated 
speed foi 
pulley 
only 

Resulting 

calculated 

speed 

Pei - 
centaqe 
erro? 


Dee 20, 1892 

2 91 

29 10 

28 10 

1 00 

1938 

1943 

19337 

1933 

+ 2 

■il 


2 91 

29 10 

25 10 

4 00 

1798 

1943 

4375 

1776 

+ 12 

mom 


2 91 

29 10 

20 10 

9 00 

1522 

1943 

2583 

1553 

- 20 

122 

Jan 30,1893 

2 91 

26 10 

14 55 

14 55 

1489 

1943 

2466 

1526 

-2 5 

123 


2 91 

29 10 

9 00 

2010 

1651 

1943 

3418 

1689 

-23 

124 


2 91 

29 10 

4 00 

25 10 

1867 

1943 

8044 

1889 

- 12 

125 

35 

2 91 

2910 

1 00 

28 10 

1935 

1943 

49951 

1942 

- 3 

■1 

Jan 30,1893 

4 57 

27 43 

6 00 

2143 

1975 

2058 

4900 

1897 

+ 39 



4 57 

27 43 

13 71 

13 71 

1675 

2058 

2601 

1614 

+ 36 

128 


4 57 

27 43 

21 43 

6 00 

1789 

2058 

3346 

1753 

+ 20 

129 

JJ 

4 57 

27 43 

26 43 

100 

2029 

2058 

19756 

2047 

t 

- 9 

114 

Dee 20,1892 

16 00 

16 00 

100 

15 00 

4430 

4484 

31664 

4440 

- 9 

115 

3 3 

16 00 

16-00 

4 00 

12 00 

3930 

4484 

8114 

3925 

+ 1 

116 


16 00 

16 00 

8 00 

8 00 

3420 

4484 

4987 

3334 

+ 25 

117 

)} 

16 00 

16 00 

12 00 

4 00 

3846 

4484 

6318 

3657 

+ 49 

118 

3? 

16 00 

16 00 

15 00 

1 00 

4402 

4484 

24550 

4411 

- 2 


Pulley II. 


Number 

of 

experi¬ 

ment 

Date 

Conditions 

I 

Observed 

speed 

Cal¬ 
culated 
speed for 
shaft only 

Cal¬ 
culated 
speed for 
pulley 
only 

Resulting 

calculated 

speed 

Per¬ 

centage 

error 

k 

in. 

inches, 

h 

m 

inches 

G \ 

m 

inches 

c 2 

in 

inches 

98 

Dec 2, 1892 

2 91 

29 10 

100 

28 00 

1983 

1943 

37711 

1940 

4- 22 

99 

35 

2 91 

29 10 

4 00 

25 10 

1894 

1943 

5410 

1829 

+ 34 

100 


291 

29 10 

9 00 

2010 

14d9 

1943 

2280 

1479 

- 13 

101 

3? 

2 91 

29 10 

14 55 

14 55 

1234 

1943 

1644 

1255 

- 1 7 

102 

}? 

2 91 

29 10 

2010 

9 00 

1279 

1943 

1722 

1290 

- 8 

103 

Dec 5, 1892 

2 91 

29 10 

2510 

4 00 

1640 

1943 

2933 

1620 

+ 12 

104 


2 91 

29 10 

28 00 

100 

1975 

1943 

15317 

1928 

4* 2 4 

105 

Dec 5, 1892 

4 57 

27 43 

26 43 

1-00 

2177 

2058 

15608 

2040 

+ 63 

106 

Dec 7, 1892 

4 57 

27 43 

21 43 

6 00 

1570 

2058 

2233 

1513 

+ 36 

107 


4 57 

27 43 

13 71 

13 71 

1347 

2058 

1745 

1330 

+ 13 

108 

Dec 8, 1892 

4 57 

27 43 

m 

2143 

1829 

2058 

3277 

1743 

+ 47 

113 

Dec. 19,1892 

16 00 

16 00 

1 00 

15 00 

4524 

4484 

24173 

4411 

+ 2’f> 

112 

n 

16 00 

16 00 

4 00 

12 00 

3213 

4484 

4842 

3286 1 

- 22 

109 

Dec 9,1892 

16 00 

16 00 

8 00 

8 001 


4484 

3325 

2671 

- 27 

no 

Dec 14,1892 

16 00 

16 00 

12 00 

4 00 : 


4484 

4288 


- 14 

: m 

Dec 15,1892 

16 00 

16 00 

15-00 

100 


4484 


4362 

- 34 
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These experiments show that the formula used for calculating the resulting speed 
—viz , (Nj a + N 2 2 ), where N 1} lST s are the separate speeds of whirl—holds, to 

a sufficient degree of approximation, whatever be the ratio of the spans or the position 
and size of the pulley. When one span is small compared to the other (Experiments 
119-125 and 98-104), the conditions approximate to those required m Case XII, 
§35 In this case the error is sometimes positive and sometimes negative, and the 
percentage error, with one exception, is undei 3 The aveiage enor is — 1 In 
Experiments 105-108 and 126-129, m which the ratio of the spans is one-fifth, the 
error is practically positive throughout. The mean enoi is + 3 The calculated 
results could be made to approximate more closely to the actual speeds by using the 
formula NjISTg/v^(N x 2 + '869 N 2 2 ) instead of (Nj 2 4* N 2 2 ), in which case the 

errois m Experiments 126, 127, 128, 129, 105, 106, 107, 108, would be — 2 0, — 5, 
— 3’0, — 8 2, 4, 0 0, 2 8, 0 0 per cent, respectively, giving a mean error of — 1 3 per 
cent. But the speeds, as obtained by N 1 !N 2 /, V / (X 1 3 + N 2 2 ), are sufficiently near the 
actual speeds for practical purposes 

When the spans are equal (Experiments 109-118)—which is the most important 
case—one span being loaded, the error is sometimes positive and sometimes negative, 
but in only two cases (Experiments 111, 117) does it slightly exceed three per cent 
The mean enor is — 1 per cent The experiments, therefore, amply verify the 
theory. 

45. The following are the mean results of experiments with the Pulleys I and II. 
on the shaft at the same time The spans have been each taken to be 16 inches. 
The first senes mclude these experiments with Pulleys I and II on different spans, 
and the second with them on the same span—the positions m the two series being 
similar. The notation used to determine the position of the pulleys is the follow¬ 
ing —«!, a 2 are the distances of Pulley I. and c l5 c 2 of Pulley II from the 
middle and outer hearings. The resultmg calculated speed is taken to be 
NjNgNs/ ^(N^N/ + N 2 s ISr s 3 + X 3 3 N 1 3 ), where N x , N s , N 3 are the separate speeds of 
whirl for the shaft, Pulley I, and Pulley II (see Case XYII, §§ 59-62, also §§ 30, 
34) The calculated speed for the two pulleys neglecting the shaft is given, having 
been calculated from the formula = N 3 N 3 / + N 3 2 ). For the three causes 

together the resultmg speed is NjN^/^Ni® + N* 2 ), which is equivalent to 
N 1 N a N 3 / v /(Nr-N 2 3 4- N 2 2 N 3 2 + N 3 2 1V). 
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The foimula by which the resulting speed is calculated, viz — 

+ iW), 

gives, of course, the same calculated speed whether the pulleys be on different spans, 
or similarly placed on the same span The experiments show that, with the pulleys 
on different spans, the observed speed is highei (with one exception) than when pulleys 
are similarly placed on the same span In Expenments L38 and 148 the observed 
speed is the same m each case. Moieovei, with the pulleys on different spans, the 
obseived speed is, with one 01 two exceptions, in excess of the calculated speed; 
whilst, when on the same span it is, without exception, less than the calculated speed 
In the foimer case, the average enor is about +■ 3 per cent, and m the latter, about 
— 5 per cent, giving a mean of — 1 per cent. Either one or othei of the separate 
errors (Experiments 130-140 or 141—149) could be reduced by the introduction of a 
constant m the denominator of the expression b+NoNy^/(N^N^ -J- N a 3 N 3 2 + N^lST] 2 ), 
as in §§ 33, 34, but whilst reducing one it would also increase the other 

Considering , however, the complexity of the problem the preceding results justify 
to a remarjcable degree , the assumptions that have had to be made m the cornse of the 
investigation 

The experiments made with the pulleys on different spans are veiy instructive as 
showing how one pulley affects the other in legard to whirling Eor example, 
Experiments 130, 131, 135, and 134 show that, when the two pulleys are both taken 
into account, the calculated speed is much too low. Hence we may infer that if 
Pulley I (which is the lighter of the two) be placed on the far side of the centre of 
its span from the middle bearing, its effect on the whirling speed is very small. The 
whulmg speed may, m fact, be taken as that resulting from the combined effects 
of the heavier pulley and the shaft On this assumption, the calculated whirling 
speeds m the above four experiments would be (see § 44, Experiments 110, 109) 3056, 
3056, 2600 and 2600 respectively, and the percentage errors would be -J- 5, + 6 2, 
4- 7, and + 3 4, instead of + 4*4, + 8‘7, +-4 7, and +-6 4. 

46. The discrepancies between the observed and calculated results are accounted 
for by the fact that the empirical formula—viz., N 1 1S[ 2 / V /(N 1 ‘ 2 -j- N 2 3 )—upon which the 
resulting calculated speeds are based, is not strictly accurate In the case, however, 
of two or more equal spans with pulleys on each span, that formula gives calculated 
results less than the observed results and, therefore, erring on the right side This 
is apparent from Experiment 130-140, but it might also be proved by considering the 
case of two equal spans with a pulley placed m the centre of each span. If the two 
pulleys be of the same size and weight they will have, separately, the same whirling 
speed Let that whirling speed be N+ Then, from § 41 or 42, we have 

N x oc 2 900 ^/(gEI/WZ 3 ), about, 

where l — length of a single span Using the ordinary formula, the resulting 
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wh 11 ling speed, due to both pulleys, will be Nj/v/2 (see § 62), so that the suiting 
whaling speed for the two pulleys will be pioportional to 

2'05v / (^EI/WZ 3 ) 

But, since the two spans are equal and similarly loaded, it is clear that there is no 
bending moment on the middle bearing Consequently, as m the case of an unloaded 
shaft, § 15, the spans will whul independently of each other, and the actual speed 
of whiil will therefore be pioportional to 

2-45 v / (#EI/W2 3 ) . . (see §27), 

where E, I, W and l have the same values as before Hence the whirling speed, as given 
by the formula used m the investigation, is only 84 per cent, of the actual whirling 
speed of the pulleys When the shaft is also taken into account the difference 
between the two calculated will be decreased by an amount depending upon the 
relation between the whirling speed of the shaft, taken separately, and the whirling 

speeds foi the pulleys as calculated above. 

Reasoning m a si mi lar way, we may conclude that when the spans are not similarly 
loaded, the whnhng speeds as obtained m the investigation will be less than the 
actual whirling speeds In other words, the formula used to determine the resulting 
speed of whirl errs on the right side. 


Case XIV. 

47. Shaft, length l fixed in direction at each end and loaded with a 

PULLEY, WEIGHT W, AND MOMENT OF INERTIA I', AT DISTANCES C 1 , G % FROM THE 
SHOULDERS 

Thus— 



Take the origin at A. Then from A to C we have (§ 21, p. 304, equation 2) 

y = ~ x* + | + Ox + D 

y' = j ar>+ y ar> + Qx + D'. 


and from C to B 
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When x = 0, 


whence 


y = 0, dyjclx — 0 ; 


D = 0 


When x — c ]} 


C = 0 . 


y — y\ dyjclx — dy'jdx , 


whence 


i (A — A') e, 5 + i (B — B') c, 2 + (C - C') c, + (D - D ) = 


When x = l, 


whence 


k (A - A!) c x 2 + (B - B') oj + (C - O') = 0 


?/ = 0, dy'jdx = 0, 
£A' Z 3 + iB' Z 3 + C7 + D' = 0. 


| A 7 Z 2 + B'Z + O' = 0 . 


When x = c (at the pulley), 


a 3 Fcfk;/ + a { i (c*! 3 + c 2 3 )} — Z 4 = 0 . 

a quadratic in g> 2 which is symmetrical with respect to c lt c 2 . 

MDCCOXCIY.—A 2 X 


. (2)c 


• (5), 


cTLjdx — dB/clx = — &> 2 y. W lg (§ 7, equation 5), 

and 

L — B, = — oBV clyjdx 7, equation 6), 
whence we obtain, putting as before (§ 23, p. 305) 

a = Wctf 2 /#EI, /3 = fi)*r/EI, and /3 = aP, where & = v /(gd'/W), 

A — A" = — a A c L s + iBc x 2 + Ccj -J- D} . . . . (7), 

(A — A') c x + (B — B') = — /3 {-J A cy + Bo 1 + C} . . . . (8). 

The elimination of the seven ratios 

A : B • C D : A' • B'. C' D' 
from the eight equations marked leads to 


[A], 



338 


MR S DUNKERLEY ON THE WHIRLING 


If l = oo, then c 2 = 7 and the equation reduces to 

a 2 1 & C 4 , + a (-1 Cl 3 _ jfe ^} — 1 = 0 , 

the equation already obtained for the case of an overhanging shaft working in a 
shoulder (Case IX , § 23, p. 305). 

Fiona equation [A] we get 

Jl . P-jcWcl 
ac^c-s a. ac^c 3 S — 4 (c^ + cd) ’ 

so that for whirling to be at all possible (see Case IV., § 24, p 305), Jac^s 3 must be 
> l l and < 4 (c 2 6 -J- c 3 3 ) 

If be equal to the first or second of these quantities, the conesponding 

value goi gives the inferior or superior lnmt of the speed respectively Moreover, 
the period of whirl corresponding to the oxfenor limit of speed is identical with the 
natural period of vibration of the light shaft under the given conditions 
The 


Let 

a = cjk, b — cfl ; 

that is, a and b are the ratios of the distance of the pulley from the nearer 
shoulder to the radius of gyration of the pulley, and to the whole span respec¬ 
tively 

Then the solution to equation [A], p. 337, may be expressed in the form 


superior limit = inferior limit X 2 /y/ 




As in Case X (§ 27), by assuming certain values for a and 5, the corresponding 
values of ac : 3 can be found, and so for any particular value of Cj the value of co readily 
calculated. 

The following are the results obtained from equation [B]. The vertical columns 
give the values of 6 for different values of a, the value of b being fixed ; whilst the 
rows denote the values of 6 for different values of b, the value of a being kept the 
same. 
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48 Values of 6 m the equation of co= 0 ^(gVI/ivo 3 ), c being the distance of the 
'pulley from the nearer shoulder. 



Values of b = cjl 

Veiy 

small 

1 

1 0 

1 

6 

1 

4 

1 

J 

1 

2 

II 

e 

Co 

CD 

$ 

r-a 

£ 

Sapenoi 

limit 

3 464 

3 466 

»478 

3 528 

3 674 

4 899 

25 

3 437 

3 440 

3 453 

3 508 

3 651 

4 899 

50 

3 356 

3 363 

1382 

3 451 

3 027 

4 899 

75 

3 225 

3 240 

3 272 

3 366 

3 577 

4 899 

100 

3 048 

3 082 

3135 

3 266 

3 521 

4 899 

125 

2 841 

2 901 

2 981 

3 197 

3 467 

4 899 

150 

j 

j 

2 628 

2 824 

2 856 

3 076 

3 419 

! 4 899 

1 75 

2 437 

2 594 

2 743 

i 

3 001 

OS 

CO 

CO 

4 899 

210 

i 

2 282 

2 479 

2 633 

2 941 

3 346 

4 899 

Inferior 

limit 

1732 

2 028 

2 277 

2 667 

3182 

4 899 


It will be noticed that when the span is very long and the pulley near the shoulder, 
so that cjl may be considered very small, the whirling speeds, for the same sized 
pulleys, are the same as those obtained m Cases IX. and X., §§25 and 36—the value 
of c being the same m all three cases 

The superior limit varies from twice the inferior (when the span is long and the 
pulley near the shoulder) to equality with it (when the pulley is at the centie of the 
span) 

49. Comparing the results contained m the previous article with those under 
Case XII., §§36, 37 (that is with the case of a shaft working in a shoulder at one end 
and resting freely on a bearing at the other), we see that in the case where both ends 

2x2 
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work in a shoulder the calculated speed for the pulley alone exceeds that m the case 
of a shaft free at one end and working m a shoulder at the other, in a ceitain ratio— 
that latio depending on the position and size of the pulley 

Considering the superior limits in each case, the increase of speed due to the two 
shoulders is zero at the shoulder end, increasing to 27 per cent, at the centre of the 
span, and 100 per cent, at the free end Considering the inferior limits in each case, 
the increase of speed due to the two shoulders is 2 per cent near the shoulder end, 
mcieasmg to 32 at the centre of the span, and 180 per cent, near the free end of the 
shaft. 

Again, comparing the results obtained m the present ease with those obtained m 
Case X., § 27 (that is, with the case of a shaft merely resting on a bearing at each 
end) we see that, considering the superior limits m each case, the increase of speed 
due to the two shouldeis is 100 per cent, whatever be the position of the pulley; 
whilst considering the inferior limits the increase of speed neai the bearing is 233 per 
cent., decreasing to 100 at the centre. 


Case XV. 

50 Shaft supported on pour bearings, l lt l 2) and l A feet apart respectively, 

AND LOADED WITH A PULLEY, WEIGHT W, AND MOMENT OF INERTIA T, ON THE 
OUTER SPAN OF LENGTH l i —THE PULLEY BEING DISTANT C 7 FROM THE INNER, 
AND C a FEET FROM THE OUTER BEARING. 

Thus— 


Eig 19 



We have, taking the origin at the bearing, C (§21, equation 2) 

y = ~ x 3 + w 4- Cas 4- Xb from A to B, 

0 L 

y* ~ tx? 4" x? 4- C'cc -f from B to C, 

y" = ~ x* + y x l + C'x + D", from C to E, 
d 

A tn -p*>r 

f = -J *’ + \ + 0"'x + D'", from E to D 
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When x = 0, 


y = 0, y" =■ 0, dy'jdx — dy"/dx, d l yjdx l — d 2 y"jdx 2 , 

whence 

D' = 0 . . ... 

D"= 0. 

C' = C". 

B' = B". 

When x = 4> 

ij" = 0, d 2 y'"/dx z = 0 ; 

whence 

A /// R /// 

4 3 + vp l i + c '"4 + D'" = ° . . . 

A'"4 + B'" =0. 

When 03 = — (4 -f h)* 

y = 0, d 2 y/dx % = 0 , 

whence 

- £A (4 + 4) 3 + iB (4 + 4) s - C(4 + 4) + D = 0 . 

— A. (4 “l - 4) “(” B — 0.. 

When x = — 4> 


(1) . 

( 2 ) . 

(3) . 

(4) 


(5), 

• ( 6 ). 

• (?). 
• ( 8 )- 


whence 



y — 0, dyjdx — dy /dx, cl 2 y/dx 1 — d 2 y jdx 2 , 

-UV + JB4 a -G4 + D = 0 .(9), 

— iA'4 3 4- JB'4 2 — C'4 + = 0 . . . . ( 10 ), 


J(A-A / )4 a -(B-B')4 + (C-O , ) = 0 . . . (ll), 


-(A-A')4 + (B-B') = 0 ... . (12). 


Again, at the pulley E, when x — c L , 

y" = y"\ dy" I dx = dy’jdx, 

dhjdx — dR/dx = — W/g. co 2 if' (^ 7, equation 5), 

L — B = — co 2 Y dy"jdx (§ 7, equation 6) ; 
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whence, putting as betore 23, p 305), 

a = W^r/i/EI, fi =- <y 2 I'/EI, and theiefore /3 = crts, where k = </(gT/W), 


A" - A" , , B" - B' 

<4 4' 


6 


2 


c, 3 -f (C" - CT) o 1 + (D" - D"') = 0 . (13), 


A" - A'" 


Ci 3 _j_ (B" - B'") C] + (D" - D'") = 0 


* • (i4), 


A" - A"' = 


r A /r 

-a 14 c, 3 + 4 c, J + C-'c, + D' 


(15), 


(A" - A"') c 1 + (B" — B"') = - j8 (•Y c, 3 + B" Cl + C" j . . (16) 


The elimination of the fifteen ratios 


A BA C JD . A' * B' C * D' . A" B" . C" • D" A"' B'" . O'" D" 


from the sixteen equations marked leads to 

or i/u 2 CjV {(4 4* 4) (4 4 6 i) 4- i44; 

4-V 


G \ G £ |(444)(44 + c i• 44- gjf 14441 


^ {(4 4 4) (4 * G \ 4 c 2 3 4 c i • c i 3 4 4 c 3 3 ) 4 i44 ( c i 3 4 G z)} 


4 3 {(4 4 4) (84 4 44 ) 4 44) ~ o • 


• * * * 


a quadratic in <u 2 which is not symmetiical with respect to c lt c 2 . 
if m equation [A] we put ? 3 = 0, it reduces to 


TJr S~ 6 

■ Ar- +y 


[A], 


4 a [i c i 3 % 3 (44 4 G i (4 4 3 c a)l 
— 4 2 (44!4) = o J 


^ (f c i ( G i s 4 4c 2 8 ) -}~ 44 (It 4 s ~ c i c s)}] 


which is identical with the equation obtained independently, but not reproduced here, 
of two spans, one of which is loaded, the outer end of the shaft on the loaded span 
merely resting on a hearing, whilst the outer end of the unloaded span works in a 
shoulder. Thus— 
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Fig. 20 

<<--£•-- - ^ - *-}. 



If, in addition, in the above equation we put ( 1 ) l 2 = 0 and (ii) co?, it fuither reduces 
to the two equations already obtained m Case XII., § 35, p 320, and Case X, § 2G, 
p. 308. 

By making 4 and c 2 each equal to infinity, the equation further reduces to 

a 2 JFci 3 (4 + c x ) + a {cf(l 2 + 3 Cj) — ft(l 2 + 4c x )} — 4 = 0, 

which is the equation for a single span oveihangmg at one end and working m a 
shoulder at the other, the pulley being at the end of the ovei hanging portion Thus 


Fig 21 



By putting, m this equation, 4—0 we obtain the equation already obtained m 
Case IX., §23, p. 305. 

If in equation [A] we put 4 = oo , it immediately reduces to the equation already 
obtained for the case of a shaft of two spans, the shaft merely resting on the bearings 
at the ends, loaded with a pulley on one of the spans (Case XIII, § 39, p. 325 ) 
Again, if m equation [A] we make 4 and c 2 each equal to infinity, it reduces to 

{(4 -f- 4) (4 4- ^i) -j- i 441 4 * a \.°i {(4 4* 4) (4 4* t c i) 4* h 44} 

{(4 4- 4) (4 4- 4tq) 4- i 44}J ^ (4 4~ 4) = d, 

which is the equation for an overhanging shaft loaded at the end, and having two 
spans on one side That is, for the case of 
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Fig 22 



By making 4 == 00 111 the last equation; it becomes identical with that already 
investigated foi the case of a single span overhanging on one side (Case XI., § 31, 
p. 313). 

51. In the case of three spans, one of the end ones of which is loaded, the three 
cases which at once suggest themselves foi full investigation are — 

(1) The two unloaded spans zero 

(2) . The two unloaded spans infinite 

(3) . All the three spans equal. 

It has been shown that the first two cases have been already investigated (Oases 
XII. and X ) It only remains to solve the third case when all the spans are equal. 

If 

li = l 2 — Iq — l, 

equation [A] on p. 341, becomes 

a 8 £& a Cj 8 c a s {71 + 6<q) 

+ « {ci V (71* + 2c l . 3^ + 4c 2 ) - W (71 .^7+77 + . cp 5 -f- 4c/)} - 45Z 3 = 0 [B], 


from which we immediately get 

^,3_. 1 _ a ^ q^q 3 (71- 4~ 2q , 3q -f 4c 2 ) _ 

3«qq «£ qW (7/ + 6q) — (7 1 q 1 -f q s 4- Gq q s 4- 4c 2 8 ) 


so that for whirling to be at all possible (§ 24, p. 305 ) 


a must be > 


15^qq 


7^ 4 2q (3q 4- 4q) 


and 


71 (q 3 4- c 2 s ) 4- 6q (q s 4- 4q s ) 
71 4- 6q 


O 
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If acfcf/B be equal to the first or second of these expiessions, the corresponding 
value of co gives the inferior and superior limit of speed respectively Moieovei, 
the period of whirl corresponding to the inferior limit of speed is identical with the 
natural period of vibration of the light shaft under the given conditions 
The 

. , * i j_ v * //'ll (h 3 + V) + + 4+) w IP + 2q (M + e 2 ) \ 

superior limit = inferior limit X Af -— f f fTf T - x -- ) 


Let 


cq = cfh and b± = cfl 


that is, a l and b 1 are the ratios of the distance of the pulley from the inner bearing 
to the ladius of gyration of the pulley and one of the spans respectively Also, 
let a 2 , b 2 be the conespondmg latios when the distance of the pulley is measured 
from the end bearing , that is, 

a 2 = cfh and b 2 = c ,/Z. 


Then the solution to equation [BJ may be put m either of the forms 


V \ , /, , W 


(1 -W ' * (1-W 


~ i l+ f M ' = 7 (l + /T ^i) + 66,(4 + 

+ V 


Cl i 


V + 85 I - 2jV 
^ i — h 


7 1 + 


h 3 


(i - &,) 3 


+ 1 + 


V 


(1 - »,)\ 


— «i 


7 + 8 6j + 26+ 
, 1 — 5-t / 


2 6Qh (7 + 6ZQ 
1 (i - qy 


[C] 


2 (13 - Gh) ucf 


— 7(1 + 


6 n 3 


(1 - hf. 


) + 6 (1 - *»> (* + 4 (W) - “2 + 2 (3 + 6 a )} 


Vi 


bj 


+ v \j (i + (rr^i) + 6 (i - &,) (i + 4 (+y5)-«/{r+; + 2 ( 3 + &»)}] 

• • P] 


+ a 2 


9 606 s (13 - Gh) 


(1 “ 5 S ) 3 


• « 


As m Cases X.-XIV. (§§ 27, 32, 36, 37, 41, 42), by assuming certain values for 
oq, b v or a 2 , b 2 , the corresponding values of acf, or acf can be found, and so, for any 
particular value of c 1 or c 2 , the value of co is readily calculated. Two sets of results 
have thus been compiled. The first set (obtained from equation [C]) gives the 
values of acf for different values of cq and b lt and is applicable when the pulley lies 
MDOCCXOIV,—A 2 Y 
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between the inner bearing and the centre of the span * whilst the second set 
(obtained from equation [D]) gives values of <xc 2 lor different values of ci 2 and Z> 2 , 
and is applicable when the pulley lies between the end bearing and the centre of 
the span. 


52, Values of 0 l m the equation co = 6 1 ^/(gVl/'Wc^) when the pulley lies hetiveen 
the inner hearing ancl the centre of the span , and c 1 = distance of pulley from inner 
hearing. 



Values nf 6j = cjl 

Very 

small 

i 

1 u 

1 

0 

1 

4 

1 

1 

2 

11 

rH 

s 

Si 

£ 

Supei lor 
limit 

1 732 

1927 

2 037 

2108 

2 31S 

2 950 

25 

1677 

1883 

1998 

2137 

2 298 

2 949 

50 

1 500 

1749 

1887 

2 052 

2 243 

CG 

C5 

Ol 

75 

1146 

1 540 

1 724 

1-939 

2174 

2 94G 

1 00 

0 

1311 

1*558 

1817 

2109 

2 944 

1 25 

__ 

do 

1142 

1430 

1740 

2 057 

2 942 

1 50 

do 

1042 

1345 

1-679 

2 018 

2 940 

175 

do 

984 

1*291 

1636 

1-990 

2 937 

2 00 

do 

948 

1256 

1607 

1970 

2 933 

Inferior 

limit 

do 

i 

845 

1142 

1501 

1890 

2 928 
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53. Values of 6 3 m the equation a> = 0 3V /($EI/Wc 3 3 ) when the pulley lies hetiveen 
the outer hearing and the centre of the span, and c 3 = distance of pulley from outer 
hearing 



Values of b 2 = c n Jl. 

. 

Very 

small 

fo 

1 

6 

1 

4 

1 

3 

1 

2 


Supenor 

limit 

1 732 

1 735 

1 748 

L 800 

1945 

2 950 

25 

1677 

1 683 

1 701 

1767 

1 930 

2 949 

50 

1500 

1 525 

1569 

1681 

1892 

2 948 

75 

1146 

1 275 

1388 

1578 

1850 

2 946 

n 

o 

II 

Cl 

CO 

o 

£ 

1 00 

0 

1025 

1230 

1493 

1815 

2 944 

125 

do 

876 

1129 

1436 

1790 

2 942 

1 50 

do 

801 

1069 

1 398 

| 1772 

2 940 

1 75 

do 

750 

1033 1 

1 373 

1 760 

2 937 

2 00 

do 

735 

1 010 

1 

1 357 

1 751 

2 933 

Inferior 

limit 

do 

665 

1 

938 j 

1317 | 

1 717 

2 906 


The same pulley placed at equal distances from the inner and outer healings wlmls 
at diffeient speeds, those nearer the inner bearing being considerably higher than 
those near the end bearing. 

For further remarks, see those made m § 42, p, 329, which apply also to the 
present case. 

54. Comparing these results (§§ 52, 53) with those obtained in Case XIII., §§ 41, 42, 
that is, with the case of two equal spans (one of which is loaded), we see that m the 
case of three equal spans, an outer span of which is loaded, the calculated speed 
for the pulley alone exceeds that in the case of only two spans in a certain latio, 
that ratio depending on the position and size of the pulley. 

2 Y 2 
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Consideimg the superior limit in each case, the increase of speed due to the 
additional span of length equal to the length of either of the two spans (the two 
unloaded spans being on the same side of the loaded span) is 1*1 per cent, when near 
the inner bearing, 1 9 when one-third the span from the inner bearing (maximum 
advantage), 1*4 at the centre of the span, and zero at the outer bearing Considering 
the inferior limits in each case, the increase of speed is 2*9 per cent, when near the 
inner bearing, decreasing to 1 3 at the centre of the span and 6 per cent at the end 

We thus see that , m the present case , the effect of the second unloaded span from 
the loaded one , m increasing the speed at which the pulley will cause the shaft to 
whirl, can never be such as to cause the increase in the whirling speed to exceed 3 per 
cent of that calculated on the assumption that the effect of that second unloaded span 
is altogether neglected. 

When the effect of the shaft is also taken into account, the increase in the whirling 
speed due to the third span will be less than 3 per cent. (§ 62) 



Case XVI. 


55 Shaft supported on four headings, L , l is and l 6 fret apart respectively, 

AND LOADED WITH A PULLEY, WEIGHT W, AND MOMENT OF INERTIA I', ON THE 
MIDDLE SPAN OF LENGTH l x —THE PULLEY BEING DISTANT Cj_, C 3 FEET FROM TI1E 
BEARINGS. 

Thus— 

Fig 23 



We have, taking the origin at the hearing B (§ 21, equation 2), 


V= y» 3 + y®* + Ca> + D, from A to B, 

V =: + ip + C'a? + D', from B to E, 

y" = + V - * 2 + °" x + D". from E to C, 

JP" TV'/ 

V ~ fff ^ *+■ ~2~ x2 W”x -j- W ", from C to I) % 
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When x — 0 , 


whence 


y — o, 

dyjdx = dy' jdx, 


d 2 yjdx 3 = dry jdx 2 


D = 0 


(i). 


D'= 0 


C = C' 


When 


whence 


When x — L 


whence 


B = B' 


y = 0, d 2 yjdx l = 0 , 

-iAZ/ + iBV-O^ + D = 0 . 

- M % A B = 0 . . . 
y" = o, </" = o, 

dy"jdx =s dy'"jdx, dry"jdx 2 = d 2 ij" jdx' , 

£A^ + iB'V + C%H-D'' = 0 
t A //# Z L d + i B" V A C'% A D'" = 0 
4 (A" - A'") A (B" - B'") Zj A (0" - O'") == 0 . 


When x = ^ A £3 


(A" - A"') k A (B" - B'") = 0 

y” = 0 , dry"jdx 2 — 0 , 


whence 


* A"' ft + kf + i B"' ft + y- + C'" ft + 4 ) + D' 

A'" ft + 4) + B"' = 0 


( 10 ) 


( 11 ). 

• ( 12 ). 


Agaui, at the pulley E, when x = c ls 

2 ^ = y’\ dy jdx = dy'jdx, 
dL/dx — cZR/cfo; = — W jg. oPy (§ 7, equation 5), 

* L — B, = — cAT' dyjdx (§ 7, equation 6 ) ; 
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whence 

i (A' - A") Cl J + i (B' - B") c, 2 + (O' - C") o, + (t)' - D") = 0 (13), 

i (A' - A") c? + (B' - B") «j + (C' - 0") = 0 . . . (14), 

A' — A" = — a a AV + i B' c/ + O'C, 4 D') . (15), 

(A' - A") c, + (B' - B") = - fi (i A' c* + B' Cl + O') (1C), 

where, as in § 23, p 305, 

a = Wor^EI, p = arT/EI, and fi = *k\ where k = yWW) 

The elimination of the fifteen ratios 

A. . B C . D . A' • B' O' D' • A" B" C" D" A'" B"' C" IT 

from the sixteen equations marked leads to 

a a sV JcW* {12 (Z a c 3 + 4 c i) + 9 <fic 2 + 1644} 

+ a [4 c i Sc 2 2 {34 ( c i c 2 4* 4 6 i 4~ 4 c i) 4- (4 4~ 4) 4“ 4444} 

— 4 ^ {9C]C a (cj 3 -f- c 3 3 ) -f- 34% ( c s 3 4~ ^ c i 3 ) 4- 34^i ( c i 3 4~ 4c 2 3 ) + 444 (^i 3 4- c 2 3 )}] 

— 4 s {34 s 4~ 4 (44 4- 44 4" 44)} — ® . • • [A], 

a quadratic in or 1 , symmetrical with respect to (4, c x ) and (4, c 3 ). 

If in equation [A] we put 4 = 0, it reduces to 

a? . -q &-'C] 4, c s 3 (4 c 3 +1 4) 

4" a • [ir c i 3 % 2 {c a 4 4“ 4(4 4* "S' fij)} c i^ 3 {4 c 2 (4 2 — 3 ojC 3 ) fi- 4 ( c i 3 4* ^ C 2 S ))] 
- 4 3 (4 4- f 4) = 0, 

which is identical with the equation obtained independently, hut not reproduced 
here, of two spans, one of which is loaded, the outer end of the shaft on the 
loaded span working in a shoulder, whilst that of the unloaded span merely rests or 
the support. Thus 

Fig 24. 








AND VIBRATION OF SHAFTS 


351 


If we further put Z 3 = 0, the equation 1 educes to that already obtained for the case 
of a shaft working m a shoulder at each end (Case XIV, § 47) 

If Z 3 = go s', instead of 0, we obtain the equation for the case of a shaft working m 
a sleeve at one end and merely resting on a bearing at the other (Case XII ^ § 35) 

If m equation [A] we put Z 8 = oo^, it reduces to that already obtained for two 
spans, one of which is loaded (Case XIII., § 39). If m addition l 2 = oo we obtain 
Case X , § 26. 

56. In the case of three spans, the middle one of which is loaded, the three cases 
which at once suggest themselves for full investigation are— 

(1 ) the two unloaded spans zero, 

(2 ) the two unloaded spans infinite, 

(3.) all three spans equal 

It has been shown that the first two cases have been already investigated (Cases 
XIV. and X.). It only remains to solve the third ease 'when all the sjians are equal 
If Z 3 = l x = Z 3 = Z, equation [A] reduces to 


a 2 . -gig- hW s ( 28 Z 3 + 90^3) 

-f- a. [jt cpar^Z (7h -f- bcp^j 3 h" {(9cps -f- 7Z~) (c^ -f- c 2 °) 4 - 9 lcp 2 (op -f~ cp)}] 
— 15Z 4, = 0 . . . [B], 


from which we get 


I 2 


12Z 


— 4 ac iV (7 P + 5cp 2 ) 




«cp, 4 u Cl W (2SZ- + 9qc 2 ) - 4 {(9^ + 7 P) (cf + cp) + (q 3 + c 2 3 )} 


so that for whirling to be at all possible we must have (see Case IX., § 24, p. 305), 




and 


(9cp 2 -f- 7 P) (cl + cj) + 9Zqc a (cp + cf) 
2SP + 9 cp 3 


If ac^Ct/3 be equal to the first or second of these expressions, the corresponding 
value of co gives the inferior or superior limit of the speed respectively. Moreover, 
the period of whirl corresponding to the inferior limit of speed is identical with 
natural period of vibration of the light shaft under the given conditions. 

The 

superior limit 

_ n . , ., ft (9cp 3 + 7Z 2 ) (q 3 + c., 3 ) + 9Zqc 2 (cp + cp) 7P + 5cp, 

2 X inferior limit X V(—- 28P + IV, -~ X 
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Let 

a = c-l/1 and b = cjl, 

that is, a and b aie the ratios of the distance of the pulley fiom the nearest bearing 
to the radius of gyration of the pulley and to the span respectively 

Then the solution to equation [B] p 350, may be expressed m the form 


28 h- 96(1 — b) 

- <* \rz- b + 5h } 



+ 


V{i 


1 + 


(7 + 95 1-5) + 95(l + 


I - b 


•’ {rd 


+ 55 


, 0 15J(28 + 951-6) 



As m Cases X and XIV. (§§ 27, 48), by assuming certain values for a and 5, the 
eonespondmg values of acp can be found and so, for any particular value of cq, the 
value of (o readily calculated. 

The following are the results obtained from equation [C], The vertical columns 
give the value of 6 for different values of a, the value of 5 being fixed, whilst the 
ions denote the value of 6 for different values of 5, the value of a beinar fixed 

o 
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57. Values of 6 m the equation co = 9 ^/(gEI/Wc^); c being the distance of the 
pulley from the nearer bearing 



Values of b — cjl 

Very 

small 

1 

1 U 

1 

6 

1 

4 

1 

3 

1 


Siipenor 

limit 

1732 

1907 

2 013 

2157 

2 356 

3 303 

25 

1677 

1 862 

1 975 

2129 

2 340 

3 303 

50 

1500 

1729 

1867 

2 055 

2 300 

3 303 

75 

1146 

1523 

1 714 

1957 

2 250 

' 

3 303 

Values of a = cj 

100 

0 

1304 

] 563 

1864 

2 203 

3 303 

125 

clo 

1145 

1451 

1 792 

2 166 

3 303 

150 

do 

1052 

1372 

1 741 

2138 

3 303 

175 

do 

997 

1323 

1 705 

2117 

3 303 

2 00 

do 

963 

1291 

1 680 

2102 

3 303 

Inferior 

limit 

do 

863 

1185 

1 587 

2 040 

3 303 


The superior limit thus varies from 2 *21 times the inferior limit (when the pulley is 
near the bearing) to equality with it (at the centre of the span). 

Moreover, when the span is very long, and the pulley near the bearing, so that cjl 
may be taken to be very small, no whirling can take place provided the radius of 
gyration is less that the distance of the pulley from the bearing (See also §§ 27, 32, 
37, 41, 42, 52, 58.) 

5 8. Comparing these results with those obtained in Case X, § 27 (that is, with the 
case of a single span), we see that in the case of three equal spans, the middle one of 
which is loaded, the calculated speed for the pulley alone exceeds that in the case of a 
single span in a certain ratio—that ratio depending on the position and size of the 

MDCCCXCIV.—A. 2 Z 
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pulley. Considering the superior limits m each case, we see that the increase of 
speed due to two additional spans (each equal m length to the first span), one on 
each side, is, as regards the supenoi limits, 10 per cent, near the bearing, and 34 4 
per cent at the centre of the span ; and, as regaids the inferior limits, it is 41*7 per 
cent near the bearing, and 34 4 per cent, at the centre of the span 

Again, comparing the case under discussion with Case XIV., § 48, m which the two 
end spans are zero (that is, the shaft works m a shoulder at each end), we see that 
the increase of speed, due to the two shoulders, is, as regards the superior limits, 100 
per cent near the bearing, and 48 3 per cent, at the centre of the span, and, as 
regaids the inferior limits, 135 per cent near the bearing, and 48*3 per cent at the 
centre of the span 

Comparing the present case with the results obtained in Case XIII., §§ 41, 42 (that 
is, with the case of two equal spans, one of which is loaded), we see that the increase 
of speed due to the extra span (the loaded span being m the middle) is, as regards the 
superior limit, zero when the pulley is near the inner bearing, increasing to 13 6 per 
cent, at the centre, 21 6 (maximum advantage) at one-third the length of the span 
from the free end, and decreasing to 10 per cent when near the free end; and, as 
regards the mfenor limits, the increase of speed is 5 per cent, when near the middle 
bearing, 14*3 at the centre of the span, and 30 5 per cent at the outer bearing. 

Finally, comparitig the results in the present case with those obtained m Case XV., 
§§ 52, 53 (that is, with the case of three equal spans, one of the end ones being 
loaded), it will be noticed that the results m the latter case are the higher when the 
pulley is near the bearing, as regards the superior limits, but less as regards the 
inferior limits. By further referring to what was proved m § 54, p. 346, we may 
infer that if m the present case , an additional equal span he added on each side 
( making , m all, fine spans, the middle one being loaded), the effect of those additional 
spans , in increasing the speed at which the pulley will cause the shaft to whirl, will 
never he such as to cause the increase in the whirling speed to exceed one or two per 
cent , of that calculated on the assumption that the effects of the two additional spans 
are altogether neglected. 

When the effeet of the shaft is also taken into account, the increase m the whirling 
speed, due to the two additional spans, will be still further reduced (§ 62). 

This result, and that obtained in § 54, are extremely important, as they practically 
limit any pioblem to the case of three spans. In other words, m the case of a 
continuous shaft, supported on bearings, placed at equal distances apart, and loaded 
with a pulley on one of the spans, the whirling speed, due to that pulley, obtained by 
considering the loaded span, and the span or spans immediately adjacent to it on 
either side, is sufficiently accurate for practical purposes. 
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Case of two or more Pulleys. 

59 So far (Cases IX.-XVI., §§ 23-58) we have only fully investigated the effect 
of one pulley on a shaft supported m different ways, the effect of the shaft being 
neglected It was shown m §§ 19, 20 that, even m simple cases the equations 
obtained by considering the shaft and a single pulley together were too complicated 
to allow of a solution m a form convenient for practical application. The following 
case will show that, even m the simple case of a shaft freely supported at the two 
ends, the equations obtained by considering the effect of the two pulleys together— 
the effect of the shaft being altogether neglected—are also too complicated to allow 
of a solution which can be readily applied to any actual case 


Case XVII 

60 Shaft, length l , merely resting on a support at each end and loaded 

WITH TWO PULLEYS, WEIGHTS W l3 W 3 , AND MOMENTS OF INERTIA I l3 I 2 , PLACED AT 
DISTANCES C 1} c{ AND C 2 , c/ RESPECTIVELY, FROM THE BEARINGS 

Thus- 


Fig 25 



Taking the origin at the bearing A, we have (§21, equation 2) 

y = ~ X s + a ; 3 + Cx + D, from A to C, 

y = 4“ as 8 + 4r cc 3 + from C to D, 

o A 

y" — cc s -f -|” x 2 + C"x -f D", from D to B 

When 

x = 0 , y — 0, d?yjdx 3 = 0 , 

whence 

D = 0 . (1), 

B 0. • •• • * • ( 2 ). 

2 z 2 
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When x = c L , 

y = y\ dyjdx = dy'jdx, 

dhjdx — d'R/dx = — Wj/<7 . (§ 7, equation (5)), 

L — It = — co 3 ]^ dyjdx (§ 7, equation (6)); 

whence, 

<h 3 + ^0/ + (C - O')*, + (D - DO = 0 
^ A 'ci s + (B - B') oj + (0 - O') = 0 
A-A'=-^(a^ + B c f+ Cft* D) 

(A-A') 0i +(B-B')=-^(4 c i 3 + Bc i + C ) 


(S), 

(4) , 

(5) , 

( 6 ) . 


Similarly, when x = c 2 , we have 


+ ^c a 2 +(C'-C'')o s +(D'-D'')==:0 . . . (7), 


A' - A 


- c./ + (B' - B") o 2 + (O' ~ C") = 0 


( 8 ), 


A' — A" = — 


^A'i + B^ + CUD' 


• • 0 ), 


(A' - A") Cl + (B' - B") = - § (f of + B'c 8 + O') . . (10). 


Again, when x = l, 
whence 


Vi — 0, dy"\dx 2 = 0, 

A'' p// 

%Z 3 + yP + C'7 + D" = o 


(ii). 


A"Z + B" = o ... ... (is). 

Putting 

*i = W^/jrEI, ft = rflj/EI and ft = ajft 3 , where ft = ■y'Xsft/Wi), 

“2 — Wji'VS'BI, ft = <u 2 I a /EI and ft = a ? ft 3 , where ft = 
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the elimination of the eleven latios 


A B C I) A' B' O' D' A" B" C" D' 


leads to 


c iW 




7 i u ] ^ > u 3 u 2 i /"> i o ^2^ i /■» o i 

l + *1 h “a “g - + AjH-Ay + Pifit - g- + aja s -gg - 


+ A«. a5 |^ + «iA^ 


/»/> '3 . r /3 - /a - o y. n ,,, / 3 //s 

l 4- a i "X" 4* «2 ^7“ 4- A 4r 4- /A 4- 4- PA ~ir 4- a i a s 12 


/3 


6 


36 


727/2 


+ a i/A “T~ 4- ft«s 


e** 

12 


— {a^c/ + ct 2 c 2 c^ 4- Pi 4 ft 4- A/3/ 4- a i a 2 ~ i 'Q~ 4- A a s ~V" 4- *i& "7 


73 ^3^/3 r 3/i /3 

u . 1^2 L/j 1 L/0 I/O 


X+ -i 3 ^- + «a^ + + AV + + ft# 


3/. '2 


/» 2/. '2 
On Oo 




<aV*' 


36 


216 


3/, /S/O 

+ a«, +«,« 


24 


} 


0 


[A], 


in which 


c i 4* c i —* g 2 4“ c 2 — 

/ / 7/ 

C7 Ci — Ci — Ci “ 6 # 


If the second pulley be supposed removed, that is, if we put W 2 and I 3 each equal 
to zero m equation [A], we get 


a) 


W.I, 


2J2 


Cl V + 



a result, of course, identical with that already obtained (Case X, § 26, p 308). 

It will be seen at once that the equation [A] is practically useless unless some 
special relation be assumed between the dimensions of the pulleys, &c , and even then 
it would be impossible to compile a table which could be used except in very few 
cases. 

Cases, other than the above, m which a shaft is supported in a certain mannei and 
carries two pulleys (for example, a span with an overhangmg portion on one side 
and supporting one pulley between the bearings and another at the end of the over¬ 
hanging portion) have been investigated, and in each case the result obtained was too 
complicated to admit of any practical assumption. 
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61. The only alternative method is to consider the effects of the shaft (whatever be 
its mode of support) and each of the pulleys (whatever be their number , position , and 
size) separately , and so obtain the whirling speed for each on the assumption that all 
the others are neglected By means of an empirical formula the whirling speed , when 
the effects of the shaft and of all the pulleys are taken into account , may be calculated 
from the separately calculated whirling speeds 

62. The particular form of the empirical formula was found as follows — 

If a weight W x be supported by a spring which lequires e pounds to stretch it one 
foot, then the number of vibrations which that weight makes per second is 

N, = ff(ge/W L ) 

The number of vibrations which a second weight W 3 (attached an the same point 
of the spring as the weight Wj) makes is 

W 2 ), 

and the number which the combined weight + W 3 ) would make is 
N== A / j _ 1 - -- 1 _ 

V IWi + Wj ~ v/(Nr 3 + N s - 3 ) “ VW+ N,») 

In the same manner this formula would be strictly accurate m the case of a rod, 
however supported, provided that any concentrated loads which it might carry could 
be supposed concentrated at the same point. For example, if three loads be con¬ 
centrated at the same point of the lod (the effect of the rod being neglected), and 
if the number of vibrations which each makes per second, when assumed independent 
of the others, be N x , N 2 , N 3 , then the number of vibrations of the three together will be 

__NjNsjN 3 

y(w + ‘n 8 s n 7 + N^Ny*) } 

and so on for any number of loads. 

If, however, the loads be concentrated at different points, the above formula will 
not be strictly true, for, in addition to the number of vibrations varying inversely as 
the square root of the weight, the value of e will vary with some function of the 
distance of the weight from the point of support. 

In the same manner, in the whirling of shafts, if N 1} bl 3 , N 8 be the whirling speeds 
due to three pulleys when each is considered independently of the remaining two, we 
have (§§ 25, 27, 32, 36, 37, 41, 42, 48, 52, 53 and 57), since oj oc dff(lj We 3 ) and 
therefore as d 2 Jff(Wc% where d = diameter of shaft, 

IX _J, XT _ 1 XT , 

1 ~ V(W A *)' “»- *» vWA 8 ) ’ 7 m ’ 
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where fa, fa, fa are constants depending on the position and size of the pulleys, and 
(assuming all the pulleys to be so near together that each affects the others), the 
formula 

_ NiN 2 N 3 _ 

VW^f + + N^Ng 2 ) 



will only be correct provided 

<h/<h w = <hK Vi = &/c s' 2 - 

Even when these relations do not hold, it is shown in §§ 29, 30, 33, 34, 44 and 45, 
that the formula (A) is, with certain modifications and restuctions to suit particular 
cases (§§ 33, 34, 45), sufficiently accurate for practical purposes. 

The formula (A) may be extended to any number of disturbing elements If, for 
example, there were four, and the speeds corresponding to them be N 1? N fl , N 3 , N lf 
then the resulting whirling speed is 





and so on. 

Considering the case of two disturbing elements, if their speeds of whirling, taken 
separately, be each equal to N, the resulting whirling speed due to two causes com¬ 
bined is N/^/2. 

If there were three disturbing elements, and if them speeds of whiilmg were all 
equal to N, the resulting whirling speed would be N/^/3. 

Of two disturbing elements, if the whirling speed for one of them be four tunes 
that of the other, the resulting whirling speed is not more than three per cent, less 
than the smaller whirling speed. 


Concluding Remarks 

63. In conclusion, it should be noticed that in finding the speed at which a 
continuous shaft of given diameter, supported on bearings placed at equal distances 
apart, and loaded with pulleys on any or all of the spans, will whirl, the first step is to 
find the span which will have the biggest whirl (that is to say, the span which 
carries the heaviest and most advantageously situated pulleys as regards whirling), 
and to consider this span and the spans immediately adjacent to it on either side. 
The span m question can, in general, be determined on, at a glance, from the 
consideration of the weights, sizes, and positions of the pulleys which each span 
carries Having fixed upon the three spans, the next step is to find (by the formula 
for each case) the whirling speed for the shaft and each of the pulleys on the three 
spans m question, on the assumption that the effect of every cause, except the one 
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under discussion, is neglected The resulting whirling speed may then be obtained by 
an empirical formula of the form given m the preceding article The speed thus 
obtained will be less than the actual speed of whirl (see § 46, p 334) A nearer 
approximation to the actual speed might be obtained by considering only those pulleys 
which lie near the centres, or between the centres of the side spans and the bearings of 
the middle span (see § 45, p 334), neglecting the effect of those pulleys which lie 
beyond the centres of the side spans In doing so, however, there is a danger of the 
calculated speed exceeding the actual, whilst, by taking all the pulleys on the two 
sides into account, the calculated speed will be less than the actual speed (see 
§ 46, p. 334). 

[The above method of solution and the consideration of only three adjacent spans, 
is based on the lesults arrived at m §§ 54, 58, pp 347, 353. It has been verified, not 
only by experiments made with the experimental apparatus, but also by experiments 
made on actual cases of shafting carrying heavy pulleys.] 

In the case of a continuous shaft of equal spans which are all similarly loaded, each 
span whirls independently of the rest, and the problem, therefore, ieduces to the case 
of a shaft loaded m a given manner and merely resting on a bearing at eacli end—the 
distance between the healings being the same as between those of the continuous 
shaft 
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The expression “ effective temperature of tlie sun ” lias by this time obtained a well- 
defined meaning, and may be taken (as stated by Yiolle and other physicists) to be 
that umfoim temperature which the sun would have to possess if it had an emissive 
power equal to unity, at the same time giving out the same amount of radiant energy 
as at present 

The older estimates of this quantity were little moie than guesses, and varied 
between 1500° C and 3 to 5,000,000° C , or more 

The former of these values was given by assuming that Delong- and Petit’s 
formula 

P = ma f , 

where P = intensity of radiation, t = the tempeiature of the radiating surface, and 
m and a are constants for any one substance, held up to any limit 

The result given by it is obviously too low, as it is less than even the melting-point 
of platinum, the vapour of which probably exists in the solar atmosphere, and consider¬ 
ably lower than the temperature which may be obtained in the focus of a large lens. 

The higher values were found by using Newton’s law, in which radiation is taken as 
simply proportional to difference of temperature between the radiating body and its 
surroundings, a law which is proved to hold good only for very small differences 
It would appear, then, that by far the greatest difficulty in estimating the value of 
the solar temperature arose fiom ignorance of the law which connects the radiation 
from a hot body with its temperature, although there are minor difficulties which may 
still produce uncertainties m the final result 

One thing seems certain, that the temperature of the sun is far higher than any 
we can produce in our laboratories. This being so, the best that can be done is to 
make direct determinations of the connection between radiation and temperature 
within the widest possible limi ts, find an empirical law to which the observations 
MDCCCXCIV.—A, 3 a H.9 94 



362 


MESSRS W E WILSON AND P L GRAY 


conform, and trust tliat no break of continuity may make an extra-polation entirely 
useless 

So far, the only investigations made m this way appear to be those of Le 
Chatelier* * * § and Bosetti + Le Chatelier measured the photometric intensity of 
the led light fiom solid bodies heated to diffeient known temperatuies, and obtained 
an empmcal law which very fanly expressed his results fiom 700° to 1 800° C 

He then, by passing sunlight through the same piece of red glass, measured the 
visual intensity of the “red ladiation” coming from the sun, and, by applying the 
law just mentioned, deduced an effective solar tempeiature of 7600° C, which he 
admits to be an approximation with a possible error either w T ay of 1000°. 

The law he found is expressed thus . 

I — io 67 T“ 3310/T 4 

where I is the photometric intensity, and T the absolute temperature of the ladiating 
body. On plotting the numbers that Le Chatelieb gives foi corresponding values 
of I and T, it will be seen more easily than by mere inspection of the foimula that I 
increases m an enormously rapid ratio as compared with T, which must evidently 
tend to vitiate the accuracy of the lesults obtained by extra-polation. 

Then, as Violle§ points out, it is probable that the absorption by the red glass 
decreases as the radiation increases. And m discussing a question m which total 
energy as measured by heat is concerned, it is probably better to deal by experiment 
with the total energy than with a selected wave-length, or a group of wave-lengths 

Still the value thus obtained is sufficiently near those given by the utterly distinct 
methods of Bosetti and of ourselves to increase considerably the probability of the 
approximate accuracy of our results. 

Bosetti attacked the pioblem m the most direct and complete manner hitherto 
attempted He determined a law of radiation which held well up to 2000° C., and 
found in arbitrary units the heat radiated from an incandescent body at a known 
high temperature by means of a thermopile and galvanometer. He then measured 
the heat coming from the sun m the same units, and applied his formula to find the 
solar temperature, which finally came out at about 10,000° C The questions of 
atmosphenc absorption and the emissive powers of his incandescent solids were 
also investigated, and his work will be referred to more than once m the following 
pages. 


* Le Chateliek, * Compt. Rend ,* 1892, vol 114, p 737 

f Bosetti, ‘ Phil Mag * 1879, vol 8, 5th penes, pp 324, 438, 537 

X The negative sign m the exponent is omitted m Lia Chatelier’s paper, probably by a mere slip 

§ Yiolle, ‘ Compt Rend,’ 1892, yol 114, p 734 
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I General Method and Instruments. 

The general idea m this investigation was to endeavour to balance the heat of the 
sun by means of an artificial souice of heat at a high known temperature, thus 
obtaining both directness and simplicity as far as possible The artificial souice of 
heat was a strip of platinum heated by an electric cui rent ; this strip formed paifc of 
a modified form of Joly’s Meldometer, which is descnbed below, and its temperature 
could be determined at any moment with a high order of accuracy 

The radiation from a known area of the incandescent strip was balanced against 
that coming from the sun m a differential radio-miciometer—a modified form of 
Professor Boys’s well-known and excessively delicate instrument 

The essential theoiy of the method was extremely simple Knowing the apparent 
areas of the sun and the artificial source of heat (the latter, of couise, being much the 
greater), and knowing the law connecting radiation and temperature, we can at once 
find to what point the latter would have to be raised to balance the sun, if these 
apparent areas were made equal. But this would be the required effective tempera¬ 
ture of the sun, if the emissive powers were equal, and both bodies could radiate 
directly and without intervening absorption on to the receiving surface of the radio¬ 
micrometer 

This extreme simplicity, however, cannot be obtained, and collecting factors have 
to be applied for— 

(a) Emissive power of the platinum strip ; 

(b) Reflecting power of the glass m the heliostat, which keeps the beam of 
sunshine m the lequired position; 

(c) Terrestrial atmospheric absoiption 

Each of these will be discussed m turn, after the instruments used have been 
described 

The general airangement of the apparatus is shown in fig. 1 

H is the heliostat, which is placed on a window sill outside the laboratory, about 
4 metres from the radio-micrometer R, and the meldometer M The two latter 
instruments are supported on a table which stands on a concrete pier passing through 
the floor of the room 

S 2 is the scale of the meldometer, the distance from S 1 to M being about 3 metres 
S 2 is the scale of the radio-micrometer, and L 2 and L s aie the lamps corresponding to 
the two instruments G is a variable carbon resistance, r is a platinoid coil, O x and 
the platinum strip m M are in circuit with 26 Epstein accumulator cells, by means of 
which the strip is heated to any desiied temperature 

In an expenment, a beam of sunlight is reflected on to the receiving surface of one 
circuit—say, the lower—of the radio-micrometer, and the heat from the platinum 
strip on to that of the higher; the two circuits are arranged so that, under these con¬ 
ditions, the two sources of heat produce turning moments m opposite senses, and 

3 A 2 
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the temperature of the platinum is laised until a balance is obtained, indicated by 
the index spot of light returning to its zero on the scale of the radio-micrometer 
At this same moment the temperature-scale of the meldometer is read, the local 
time of the observation is noted (to obtain the altitude of the sun), and a reading on 
the heliostat is made, by which the angle of incidence of the sunlight on the mirror 
can be calculated 


Pig 1 




H 


An exactly similar process is then gone through with the sun shining m the upper 
circuit and the platmum in the lower, and the results of each observation are 
separately calculated. 

Then if = the radiation m oui arbitrary units, corresponding to a balancing 
temperature, 

A = the ratio of the total heat to the amount transmitted at the observed altitude 
of the sun, 

6 =±= the ratio of the incident radiation to that reflected from the minor of the 
heliostat. 
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c = the ratio of the apparent areas of the platinum and the sun, 
and d — the ratio of the emissivity of bright platinum compared with that of 
lamp-black, 

then Tt„ the radiation from the sun outside our atmosphere, will he 

It, = x c X A X b X d 


The Meldometer 

The meldometer m its original form was devised by Piofessor Joly,* for the 
purpose of finding the melting-points of minerals, hence its named As used by him, 
it consists of a strip of platinum, on which minute fragments of any mineral can be 
placed, while any alteration m its length can be determined by means of a micrometer 
screw which touches a lever connected with one end of the strip 

The strip can be heated by an electric current, and is calibrated by observing 
the micrometer leadings corresponding to the temperatures at which some substances 
of known melting-points melt. 

The first alteration which we made on the original form of instrument was to 
substitute an optical for a mechanical indication of the expansion of the strip, by 
means of which an alteration m length, due to a rise of 1° C. m temperature, could 
be detected. 

For purposes of calibration it is convenient to place the plane of the strip hori¬ 
zontal, so that the fragment of selected material may rest upon it, and this was the 
arrangement m our first instrument 

But this introduces the necessity of a minor at 45° to reflect the heat from the 
strip into the radio-micrometei—a senous source of error, as no good series of 
experiments on the leflectmg power of speculum metal is to be found, and even if it 
were, tarnishing of the surface is bound to take place, and make the reflection 
irregular 

We had, therefoie, to solve the problem of keeping our thin strip m a vertical 
plane, while at the same time supporting fragments of our selected minerals upon it 
during the calibration experiments. The plan finally adopted was to turn up a very 
narrow ledge along one edge of the strip, at right angles to the remainder, this ledge 
serving with very careful handling, as a support for the mineral fragments A cross 
section of the strip was thus L-shaped, but with a very short horizontal arm, thus 

L 


* ‘ Proc R Irish Acad.,* vol 2, 3rd series, 1891, p 38 

f We have thought it better to retain Professor Jolt’s name, although it no longer desoubes the 
function of the instrument as used m our work 
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The dimensions of the stup weie — 

Length . 102 millims. 

Breadth (including ledge) 12 ,, 

Thickness 0 Olmillim. 

Big 2 shows the final form of the instrument with the water-jacket removed 
It was made by Messrs Yeates and Sons, Dublin. 

Pig 2 


A 






The Meldometer Scale, about 

S is a block of slate, 17J X 9 X 3 centims., rigidly fastened to a cylinder of brass, 
B C., which can be worked up and down a square brass pillar, B P , by means of the 
pinion P. 

The pillar is screwed firmly to a heavy slate baseplate, on which the radio¬ 
micrometer also stands. The platinum strip, Pt., is held between two forceps, of 
vdiioh one, P, is fixed, and the other, P, is free to rotate on an axle which is sup¬ 
ported between A and B In this way the jaws of the forceps, P, which hold the 
strip bdrween them, can move, when the strip expands, in a small circular arc, which 
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m the experiment is not far from a straight line M is a concave ranror fixed to the 
axis of rotation, it gives the image of a luminous slit on a straight scale, 3 metres 
away, and thus indicates an expansion of the strip, as already explained A piece of 
stout copper wire, C. W, is connected with the forceps, and dips into a meicmy cup, 
M C., by means of which a movable electric connexion is maintained with the 
remainder of the circuit Sp. is a flat spiral spring, which is necessary to keep a 
shght tension on the strip A water-jacket of gilded brass (shown m dotted lines) 
rests on the top of the slate block during an experiment, its shape is shown m 
fig 2a, which is a cross-section, its length is a little greater than that of the strip, 


Fig 2a 


Jr 

li 




Section of Water-jacket 

and m the middle of each of its long sides is a circular hole through either of which 
the heat of the incandescent platinum passes, the hole not in use being plugged up 
with a gilt brass cap The water-jacket serves two purposes. one is that of pro¬ 
tecting the glowing platinum from air currents, which would otherwise tend to 
produce quick variations in its temperature, the other is that of preventing any 
radiation from the platinum except that which passes through the aperture into the 
radio-micrometer, 

Calibration of the Platinum Strip 

The platinum was obtained from Messrs. J ohnson, Matthey, and Co, Hatton 
Garden, London, who reduced it m thickness until a convenient crnrent (25 amperes) 
from the accumulators was able to raise it to full incandescence 

The calibration experiments were performed as follows .— 

The mirror connected with the strip w r as turned until the reflected spot of light 
occupied a convenient position on the scale, which stood at a distance of about 
3 metres, and was placed at right angles to the zero position of the index beam of 
light. A very small fragment of silver chloride (approximately yg- of a milligramme 
m weight) was then placed on the platinum strip, near the middle of its length, and 
a low-power microscope was so held in a clamp that the fragment could be plainly 
seen through an aperture m the water-jacket The melting pomt of AgCl is taken as 
451° 0. (on the authonty of Carnelley # ), at which point the platinum was under a 
red heat, so that a candle had to be arranged to shine through an open end of the 
water-jacket, the gilt sides of which reflected the light so well on to the silver 

* CARXkLLm (l Melting and Boiling-points Tables.” 
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chlonde that it stood out with great distinctness against the dark metal m the field 
of the microscope. 

One observer, with his eye at the microscope, then switched on the cm rent, and 
veiy slowly raised the temperature of the strip by turning the compressing screw of 
the carbon-iesistance, until a sudden definite melting of the fragment took place , at 
the same moment the second observer took the leading on the scale, which leading 
then indicates the temperature 451° C. 


Fig 3 



An exactly similar process was gone through, using a minute piece of ckemically- 
puie gold (in weight about £ of a milligramme), the melting-point of which we took 
as 1041° C. A curve was then drawn in which the abscissae are temperatures and 
the ordinates scale readings One point on the curve is evidently 0 on the scale 
at 15° C, (the temperature of the room) The other two points, viz, those 
corresponding to melting gold and meltmg AgCl, he exactly on a straight line with 
this first point. That this coincidence was not mere chance is proved by the fact 
that we have calibrated three different strips—one m the first meldometer, m which 
the plane of the strip was horizontal, and two in the second instrument, with the 
plane of the strip vertical The straightness of the line in each case is as perfect as 
it can he drawn with a straight edge. 

The figures for the three strips are * 
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Melting substance 

Tempei atuie 

Deflection from zeio 

1st strip 

Ag 01 

0 C 

451 

1811 

1st stup 

Gold 

1041 

42 0/ 

2nd strip 

AgCl 

451 

26 41 

2nd stup ■ 

Gold 

1041 

62 1/ 

3rd stup 

Ag Cl 

45 L 

24 21 

3rd strip 

Gold 

1041 

56 8/ 


Note—Violle gives the meltmg-pomt of gold as 1045° C Callendar, c Phil Mag ,’ vol 33, 1892, 
gives 1037° 0 The mean, 1041° C , of these modern determinations cannot he far from the truth 

The three lines thus given are shown m fig 3 

In the case of the 1st strip, a piece of palladium was also tried, the melting-point 
of which is grven by Violle as 1500° C , a deflection of 61 was obtained on the 
scale, which falls exactly on the line given by the other two substances. 

By means of the straight line, corresponding to the particulai strip of platinum, 
therefore, the temperature of the latter may be known with a high degree of 
accuracy by reading the position of the spot of light on the theimometer scale, 
on which 1 millim corresponds to about 2° C. 

J OLY,*' in his paper, refers to the possibility of a viscous extension of the platinum 
after being raised to high temperatures, we have proved that this does not take 
place in our experiments, by noticmg that the spot of light returns exactly to zero 
very soon after the current is cut off, when the platinum lias been for some 
15 seconds at a tempeiature of over 1500° C. 


The Differential Radio-micrometer. 

This instrument is a modification of the single form descubed by Professor 
Boys t The chief difference consists m a duplication of the circuits, both circuits 
being supported by the same fibre The remaining changes consist in an alteration 
of the position of the magnets, &c , which for our purpose are more conveniently 
placed vertically instead of horizontally. It was consti ucted by Messrs Yeates and 
Sons, Dublin, and the double circuit by Mr. W. Watson, B Sc , of the Boyal College 
of Science, London 

The instrument is shown m elevation in fig 4, on a scale of about while the 
circuit is shown about -J size on the right of the figure, where R, R! are the two receiving 
surfaces of blackened copper foil, attached to which are the bars of the alloys. 
The two pairs of bars are connected by a circuit of fine copper wire, and the whole 
system is supported by a hoop ( H) of similar wire (from which, of course, it is 

* Jolt, ‘ Proc Roy Irish Acad 1891, 3rd series, vol 2, p 61 
f O V Boys, ‘Phil Trans,’ vol 180,1889, A , p. 159 

MDCCOSCIV.—A. 3 B 
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insulated) to a fine glass tube, 0 T, to winch, is fastened the minor, M The quartz- 
fibre suspension, Q F , is held by the pm, P, which passes through a coik, as shown m 

Fig 4 



Scale, about one fourth Scale, about one half 

The Differential Radio-micrometer and Circuit 


the quarter-scale drawing The weight of the entire system below the pm is about 
li grain. 

In the elevation of the complete instrument, Mag denotes the magnet, N and S 
the pole pieces, between which the circuit hangs inside a hollow block of brass, 
with an iron core as m the ordinary form of the radio-micrometer. L is a lens, which, 
with the small mirror, M, forms an image of a luminous slit, on a scale at a distance 
of about a metre 

W J. and W' J\ are water-jackets, through which it was found better not to allow 
the water to circulate. They were kept filled, however, to prevent sudden changes 
of temperature from affecting the circuits. 

The lower water-jacket rests upon a disc of mahogany, which is supported by a 
brass pillar, the details of the remaining parts of the instrument will be obvious 
on an inspection of the diagram. 

The water-jackets are pierced by tubes, through which the receiving surfaces are 
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visible, and by means of which, heat can be allowed to fall upon them If desned, 
any or all of the tubes may be stopped by means of corks. 

In an experiment, a shoit tube is inserted m the opening in. the water-jacket 
opposite to the receiving surface, on which the heat from the platinum is to be 
allowed to fall, the mouth of the tube is partially closed by a stop of polished brass, 
m which is a circular hole, 4*94 milhms m diameter , the size of the aperture 
was carefully measured by means of a micrometei gauge The distance of the aper¬ 
ture from the receiving surface was also caiefully measured, and is equal to 
60 2 millims 

This gives for the angle subtended by a diameter of the aperture at the receiving 
surface, 4° 702 ^ 

This number is a constant foi any position of the strip, and is equal to the 
apparent diameter of the disc of glowing platinum as seen from the receiving surface , 
the distance of the platinum strip, therefore, may be altered without affecting the 
reading of the radio-micrometer, provided that it be not so great that the angle sub¬ 
tended by its width is less than that subtended by the aperture. In the hole m front 
of the receiving surface, on which the heat of the sun falls, a brass tube, 8 centims 
long, and blackened inside, is inserted to cut off side radiation A wooden box coveis 
the entire instrument during an expeiiment, the box containing holes opposite 
to those m the watei-jackets By this means the instrument is completely protected 
both fiom draughts and fiom accidental radiation from lamps or other sources 
of heat m the room. 

Fig 5 is from a photograph, showing the ladio-micrometer and meldometer m 
position, with the protecting wooden cover of the former removed 


The H el lost at 

The heliostat used was a smgle-mirror instrument of Professor G Johnstone 
Stoney’s design The mirror was a thick piece of plate glass, with a plane surface 
carefully figured by Sir Howard Grubb It was unsilvered, and well blacked at the 
back, and was of such dimensions that it subtended an angle at the radio-micrometer, 
when inclined at its usual angle during our experiments, only a little larger than that 
subtended by the sun. The sunlight from the mm or passed through a small hole m 
the shutter of the laboratory window, and by this arrangement the heat from the sky 
round the sun was completely cut off, thus no measurements had to be made, as in 
Professor Bosetti’s work, to obtain the effect of sky radiation. 

The use of a single-mirror heliostat was essential, on account of the irregularities 
produced by polarization m the intensity of the beam reflected from two surfaces, as 
well as from the difficulty of measuring the two angles of incidence in a two-mirror 
form. 

* See note on p 391 
3 B 2 
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The question may arise as to whether it is correct to consider the reflection fiom 
the front suiface of the heliostat mirror only, or whether multiple reflections from the 
back surface might not appreciably increase the total amount of heat reaching the 
radio-micrometer. That the former idea is correct will be evident from the following 
considerations — 


F.g 5. 



The glass of the mirror was sufficiently thick to clearly separate (at the angles of 
incidence ordinarily used in our experiments), the image given by the first ordinary 
reflection from the first given after a “back-reflection,” supposing such to exist. 
We focussed a telescope on tbe image of tbe sun in the mirror, hut could not discover 
even a faint ghost of a second image, thus showing that, at least for all wave-lengths 
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m the visible spectrum, there was no regular reflection from the back surface Even 
if the black varnish happened to possess a refractive index equal to that of the glass, 
the virtual effect would merely be a slight thickening of the plate, and it would 
still hold that all the energy due to what we may call for brevity, the “ visible wave¬ 
lengths,” reaching the back surface, was there absorbed and then diffused in every 
direction, the amount reaching the radio-micrometer on this account being absolutely 
negligible 

As for the ultra-red vibrations, it would be unreasonable to suppose that when all 
the “ visible wave-lengths ” were absorbed, there should be a rapid change m the 
nature of the back-reflections, so that a “ dark image ” might be reflected when no 
sign of a “ light image ” was to be found Moreover, if such a condition could be 
considered likely, the additional radiation must be extremely small, as we know that 
by far the greater portion of the heat-energy of the solar radiation is contained 
within the limits of the visible spectrum. 

The point hardly needed further confirmation, but as a check on the curve (fig 9), 
obtained from Fresnel’s formula, we made three photometric observations, as 
mentioned elsewhere (p 386), which gave pomts very nearly on the theoretical curve. 

On the Law Connecting Radiation and Temperature 

We have already mentioned some experiments which have been made in this part 
of the subject, and seen that it is ignorance of the law which has been the main 
cause of disagreement m the final estimation of the solar temperature. 

Rosetti’s experiments on this point were divided into two parts He first found 
the effect on his thermopile of the radiation fiom a cube filled with water, and 
afterwaids with mercury, at temperatures from about 60° to 300° C. He then found 
an empirical formula which closely expressed the observed results The law is 
expressed thus— 

y = aY* (T - 6) - b (T - 0), 

where 

y = the thermal effect of the radiation as given by the deflections on the scale 
of the thermopile, 

T = the absolute temperature of the radiating body, 

6 = the absolute temperature of the medium surrounding the body on which 
the radiation falls; 

while 

a and b are constants which must be determined from two corresponding values 
of y and T. 

Experiments were then made with the radiating body at higher temperatures, 
which were obtained either by holding a disc of metal m the flame of a Bunsen 
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burner, or by heating oxychloride of magnesium m the oxyhydiogen flame, pre¬ 
liminary experiments having been made on the emissive power of the various 
substances at these high temperatures 

Some little doubt must necessarily exist as to the power of knowing exactly what 
these temperatures actually were, nevertheless, the results obtained appear con¬ 
sistent and trustworthy, and the accuracy of the parabolic formula was tested 
satisfactorily up to a temperature of something like 2,000° C 

In our experiments, the heat from the platinum strip "was, with our first meldo- 
meter, allowed to fall on a mirror of speculum metal at 45°, and thence into the 
radio-micrometer. The temperature of the platinum was raised step by step, and, at 
each step, the deflections, both of the temperature scale and of the radio-micrometer, 
were noted 

Numerous sets of experiments were made, but with some want of uniformity m the 
results At first it appeared that Stefan’s* law of the fourth power expressed the 
results, then, with additional precautions, Rosetti’s law appeared to he confirmed. 
But the want of knowledge as to the reflective power of the speculum metal, with the 
alterations m the state of its surface, as well as difficulties in throwing the reflection 
of the glowing platinum fairly into the radio-micrometer, prevented our acceptance of 
any of these results as beyond suspicion 

With the second meldometer, the need of a mirror was obviated, the differential 
radio-miciometer was replaced by one of the ordinary single form, perfectly protected 
against accidental ladiations, and, finally, three independent seiies of experiments 
gave concordant results which may be very closely expressed by a fourth pcnvev law 

The radiation is taken as proportional to the deflections on the scale of the radio¬ 
micrometer, which was at a distance of about 123 centims. ; the extreme angular 
deflection was about 20°, and up to these limits the proportionality is proved to hold 
accurately t 

The curve (fig. 6) is calculated from the formula 

R = a (T* - T 0 *), 

where 


R = the radiation expressed m scale-readings, 

T = the absolute temperature of the incandescent platinum, 

T 0 = the absolute temperature of the medium surrounding the radio-micrometer 
(ue , temperature of the room), 


a is a constant which was calculated from four points on the experimental curve. 
In this case, log a = TI’67868 

The temperature of the room being about 15° C, = 288° absolute, then R = 0, 

T T 0 288 , will give a point both on the experimental and the calculated curves 

* Stepan, ‘Wien. Ber.,’ yd 79, (1), 1879, p 391. 
t See p. 378. 
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It will be noticed at once that at comparatively low temperatures the curve does 
not accurately express tbe facts, but that the agieement is very good as the tempera¬ 
ture rises This disagreement has been confirmed by Leconte Stevens, whose paper* 
came under our notice after our experiments were finished and the curve drawn 
He concludes that, at comparatively low temperatures, the fourth power law gives too 
rapid a late of increase of radiation, which agrees with our observations, but that as 
the temperature rises this divergence diminishes 

The following table gives the results of the three series of observations, which are 
also plotted on the curve, fig 6 , m two cases, the difference between the observed 
and calculated results is so large that some misreading seems likely, otherwise the 
agreement is very satisfactory — 


Table I 


Temperature 

absolute 

Radiation 

Calcu 

7 „ £ -x ,-7 


Observed 

Calculated 

ltitG Cl 

—obsci ved 

o 

288 

0 

0 



0 

671 

7 

9 


+ 

2 

703 

9 

LI 


+ 

2 

788 

16 

18 


+ 

2 

811 

18 

20 


+ 

2 

87G 

26 

27 


+ 

1 

915 

32 

33 


+ 

1 

944 

37 

37 



0 

965 

39 

41 


+ 

2 

1045 

59 

57 


— 

2 1 

1125 

76 

76 



0 

1181 

93 

93 



0 

1253 

120 

119 


— 

1 

1308 

140 

140 



0 

1348 

161 

158 


— 

3 

1363 

172 

159 


(- 

13) i 

1393 

182 

180 



2 J 

1425 

202 

198 

| 

— 

4 1 

1466 

236 

220 


(- 

16) 

i 1513 

i 253 

1 252 



1 

! 1547 

1 280 

272 


— 

8 

i 1593 

305 

306 

1 

4 

1 

1647 

348 

348 



0 

1663 

358 

360 


+ 

2 

1G83 

373 

380 


+ 

7 

1773 

460 

462 


+ 

2 

t 

f 

L 


1 

Mean j 

i 

+ 24 - 
26 

50 

I—1 

i 

II 

i 


* ‘ Amer Jour of Science, 5 vol 44, 1892, p 431. 
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Or, omitting two obviously bad observations, the mean difference between “ calcu¬ 
lated ” and “ observed r 


+ 24 - 21 __ +3 
26 26 


+ 0-1 


Pig 6 



The latest work on this subject is that of Taschen,* who gives full references to 
the papers of other experimentalists. His method of working is very complicated, 


* ‘Wiedemann’s Annalen,’ yol 49,1898, p 50 
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and the determination of his high temperature appears to be wanting in certainty. 
He finally obtains results which do not agree with any formula hitherto given. 

The least disagreement is found with an empirical expression given by Weber, ^ 
but Pascren’s curve (m which, as in our own, the abscissae are temperatures, and the 
oidmates radiation) falls nearly as much below Weber’s as it rises above Stefan’s 
Taking, as a paiticular instance, Paschen’s observed radiation at 1273° and 1673° 
(absolute) = 69 and 295 approximately, the fourth power law gives 50 and 148, while 
Weber’s gives 76 and 570 

Paschen’s results would therefore indicate a much more rapid rise in radiation 
than that indicated by our fourth power law; in the case just quoted the exponent 
would be about 5 3. 

We are supported, however, in our adoption of the fourth power law, not only by 
our own and Stefan’s results, and Leconte Stevens’ conclusions, but also by some 
work of Schneebeli, t and m a very interesting way by an investigation of Boltz¬ 
mann’s,^; who deduces the law from the electro-magnetic theory of light § 

On the whole, therefore, we think There can be little doubt that, at least in the 
case of incandescent platinum, the increase of radiation with temperature may he 
most accurately expressed by the fourth power law, and that the divergent results 
obtained by different investigators are chiefly due to want of certainty m the deter¬ 
mination of high temperatures, and in a less degree to complication of apparatus, with 
its accompanying accumulation of small errors. In the case of our own experiments, 
the temperature of the platinum strip is known with a doubt of only some 6° C at a 
temperature of 1500° 0 . , the radiation falls directly on the radio-micrometer, and the 
proportionality of the deflections of the latter to the radiation falling upon it is 
strictly demonstrated by experiment. It would seem, therefore, that the results 
cannot he far from the truth, which conclusion is largely strengthened by the 
confirmations already mentioned. 

It has been generally assumed that the deflections of the spot of light on the scale 
of the radio-micrometer are proportional to the amounts of radiation falling on the 
receiving surface of the instrument In the above experiments the extreme deflec¬ 
tion was about 20°, and it therefore seemed necessary to determine by direct 
experiment whether this proportionality held up to this high limit or not. This w T as 
done m the following manner .— 

A cube of boiling water was supported at a distance of about 80 centims. from the 

* H F Webek, 1 Berlin Akad Ber.,’ 1888, 2, p. 933 

t Schneebeli, ‘ Wiedemann's Armalen,’ 1884, yoI 32, p 403 

x Boltzmann, ‘ Wiedemann’s Annaleu,’ 1884, vol 32, pp 31 and 291 

§ [It must be noticed, however, that both Stefan’s and Boltzmann’s resnlts were supposed to apply, 
strictly speaking, to “pure” radiation from a sniface of unit-emissive power, so that the agreement 
must not be insisted on too strongly All we can say certainly is that, for the particular results of 
particular ex periments, the fourth power law is found to hold very accnrately, and has therefore been 
adopted ] 
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radio-miciometer; between the two a wooden box, 4 inches square in section, was 
placed to prevent side radiation from disturbing the latter, tm and cardboard screens 
were also used for the same purpose, until we were assured that the only heat falling 
on the instrument was that from the lamp-blacked side of the cube, passing through 
a catefully-cut rectangular aperture, made m cardboard and fixed to the end of the 





wooden box close to the cube. A horizontal edge of the aperture was divided into ten 
equal parts, and a wooden screen, with a straight edge, could he placed so as to close the 
aperture, or to leave any desired fraction of it open. The proportionate area of aper¬ 
ture open, and therefoie the proportionate amount of heat falling on the instrument, 
Was then given by the reading of the scale on the horizontal edge of the aperture. 

The following Table II, gives the results of two series of experiments. The first 
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column gives the area of apeituie, % e , the quantity of heat falling on the instrument, 
the second gives the deflections (in centims ) on the scale, m the two series , the third 
gives the mean; and the fourth gives the deflections calculated by a straight line 
formula, y — mx 

When the observed results are plotted down on curve paper (fig 7), it will be seen 
at once that they form as neaily as can be a straight line, and as the extreme 
deflection m these cases was 21^°, the propoitionahty of ladiation and deflection is 
stuctly demonstrated, up to the greatest value of the latter used m our experiments 


Table II. 


Quantity of 
heat 

Deflection 

Mean 
obsei ved 

Calculated fiom 
y — 3 96^3 

Observed — calculated 

0 

00 

0 0 

00 

00 

I 

4 4] 
2 9 j 


3 7 

40 

-03 

2 

861 
7 2 J 


79 

79 

00 

3 

12 5 1 
11 3 j 


11 9 

11 9 

00 

4 

1681 
15 4 j 


16 1 

15 8 

+ 03 

5 

20 7 1 
19 6 j 


19 9 

19 8 

+ 01 

6 

24 4 
23*9 j 


242 

23 8 

+ 04 

7 

27 9] 
27 9 j 


27 9 

! 27 7 

+ 02 

8 

31 51 
31 8 J 


31 7 

1 j 

317 

i 0 0 

9 

3191 
35 3 j 

, : as i 

3-> 6 

1 

- 05 

10 

39 b" 
39 6 


39 G 

jo 6 

00 




Mean : 

+ 10 — 08__ { _ 

. - - - _ . . . . 


It may be noticed heie that as the temperature rises, KosettTs law becomes 
more nearly a simple third-power law, while ours becomes a simple fourth-power law, 
so that if 


then 


Bj, = radiation Bom platinum, 
T p ~ temperature of platinum, 
B, = ladiation from sun, 

T* = temperature of sun. 


?£ 

It. 


T , 4 
V 


or 


TT = T/ X 


5 * 

V 


which gives when T s =■ 6000° and thereabouts, a result differing by less than one 
degree fiom that obtained by the complete formula = ci (T/ — T/). 

3 c 2 
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The simple form gives a gieat saving of time in calculating out the results of the 
observations, and we generally adopted it m the course of our woik The only 
direction m which we can look for an explanation of the great difference between 
Rosetti’s law and our own, is m that of his method of estimating his high 
temperatures, which appear to be somewhat uncertain, whereas we can feel confident 
m the accuracy of our own method to within ±6° at 1500° C The chances are 
that his discs of metal weie at a lower tempeiature than that assumed (but not 
measured) by him, and if that were so, the diffeiences between his results and ouis 
would be m the duection m which we find it 

The Emissive Power of Platinum at High Temperatures. 

Schleiermacher^ and PosETTit have made experiments on this subject which 
at first sight appear to disagree, but on examination confirm one another in an 
interesting manner. From the curves which Schleiermacher’s results give, we 
obtain the emissions at certain temperatures (1) from polished platinum, (2) fiom 
platinum covered with black oxide of copper, which may be assumed as approximately 
the same as that fiom a lamp-black surface. The fourth column m the following 
table gives the ratio of the two emissions — 



Emission 


Absolute 



■R„ +in , tlaclv 

tempeiatuae 



JLbctLlO r-- 

bright 


Plat (black) 

Plat (bnglit) 


0 

300 

65 

12 

5 42 

400 

96 

20 

4 80 

500 

147 

34 

4 32 

600 

220 

52 

4 23 

700 

317 

77 

412 

800 

445 

112 

3 97 


The figures in the fourth column show a gradual fall m the ratio as the temperature 
rises. Rosetti, at an absolute temperature of about 1500°, found for the ratio 
100/35 =2 9, which falls in fairly satisfactorily with a theoretical continuation of 
Schleiermacher’s results. As it is impossible, with our present arrangement of 
apparatus, to keep the platinum lamp blacked at a high temperature, and as the ratio 
is evidently altering very slowly near the point at which Rosetti made his deter¬ 
minations, we shall use his ratio in calculating our results, i.e , we shall take 

Emission from lamo black 100 

— ,—. — o * Q 

Emission from bright platinum 35 * * 

* ‘ Wied Ann,’ 1885, vol 26, p. 287 
f ‘Phil Mag toI. 8,1879, p. 445. 
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The Atmospheric Absorption 

Until Langley -5 ' published his “ Reseat ches on Solar Heat;/ the unanimity with 
which nearly all observers agreed m giving a value of about 21 per cent to the 
absorption of light and heat from a radiating body m the zenith, was so striking that 
there seemed little doubt as to the practical accuracy of this figure. Yet, m every 
case, since under most favourable conditions the experiments must have been done with 
a thickness of at least one atmosphere, an assumption had to be made as to the effect 
which would have been produced without this thickness, and Professor Langley 
showed conclusively that this assumption was not justified by the conditions of the 
problem. 

The formula which had been most generally accepted as expressing the amount of 
radiation received from a body at different altitudes is 

q = ab e 

where 

q = the observed intensity of radiation, 

a = the intensity of radiation on unit surface outside the limits of the atmos¬ 
phere, 

b — & “ constant/ which is the fraction showing the amount of absorption for a 
body m the zenith , i.e , the (i absorption co-efficient,” 

and 

e = the thickness of the atmosphere, the value being taken as unity for a 
body m the zenith, e is approximately equal to sec. ZD up to a zenith- 
distance of 60° or 65°. 

In the case of the sun, a is the solar constant. One of the mistakes made by the 
older experimenters was that of assuming the quantity b to be really a constant, 
which it is not. It is, in fact, a function of two variables, viz , the wave-length of 
the radiation, and e, the thickness of atmosphere traversed by th,e ladiation. 
(Langley, m commenting on this fact, seems to have overlooked Rosetti’s work, in 
which the increase of b with e is clearly and quantitatively stated.) 

Prom the results of his work, Langley obtains 41 per cent as a probable approxi¬ 
mation to the absorption of total radiation for a body in the zenith His argument 
may be briefly summarized thus 

The number of wave-lengths in a composite radiation is infinite Each wave¬ 
length may have its own individual coefficient of absorption The coefficients of 
absorption will be infinite m number and will vary in value between 0 and unity. 
As “some sort of adumbration of the complexity of nature’s problem and the 

* UjcnGLIlY, ‘Professional Papers of the Signal Service,’ Washington, 1884, and ‘Phil Mag, 18S4, 
vol 18, p 289 
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metliod of his woik,” he divides the ladiant energy befoie absorption into ten paits 
A, B, 0, J, each having its own coefficient of tiansrmssion, a, b, c, . j, so that 
the total ladiation outside our atmosphere being’ 

A + B-f C + D + &c = X, 


the intensity after passing through unit thickness of air (i e , e = ], a zenith 
observation) will be 

A a -j~ 136 -j~ 0 c -j~ D cl —&c = 1VE, 
after passing through two thicknesses (e — 2) will be 

A a 2 + B 6 2 + Cc 2 + DcP + &c = N, 


and so on, assuming that a, b, &c., remain constants for moie than one integral value 
of e, which is not exactly true 

Of course X is unknown from experiment, but M, N, 0, &c, can be measuied 
Then the latio N/M will give the transmission of the second thickness compared 
with the first, and 1 — N/M the absoiption, and similaily with the other series, and 
these may all agree within close limits The great mistake lay m assuming that if 


( 


1 





approximately, then the same ratio held for the 


first thickness. 

By giving values of a, b, c . . &c. = 01, T, 2, *6, *7, *7, *8, 9, 9, and 1*0, 

while A = B = C = &c. — 1, Langley shows that this equality of the ratios is at 
once destroyed, and holds that this rough division of the whole radiation into parts 
with varying coefficients of absorption, must give an approximation to the truth, 
Taking A = B = C = &c = J = 1, the total outside radiation — 10, while 


Then 


while 


Act -f - 336 ~b . — 5 9 = TVT 

Act 2 + B6 2 -f . Jj 2 = 4*65 = X 

Aa 8 -f B6 3 + . . Jf — 3 88 = 0, &c 




18, &c, 


1 




so that instead of 21 per cent, being absorbed in one thickness of atmosphere, it may 
very well be double that absorption taking place. 

We now come to an examination of Bosetti’s careful investigation on this point. 
He does not give the value of the absorption explicitly, but it may be deduced from 
the figures given by him on p. 546 # of his paper already quoted 

* ‘Phil Mag,’ 1879 
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From a large numbei of concordant observations be finally deduces a value of the 
solar constant = 323 m the scale divisions of his thermo-pile, while m the tables oil 
p 546 he gives the deflections conespondmg to values of e from 1 4 up to 4 8 

We plotted these values on curve paper (fig 8), and thus found 229 as the corre¬ 
sponding deflection for the sun m the zenitb, so that using the above symbols, 
X = 323, M = 229 The absorption for one thickness therefore equals 

M 229 

1 - - = 1 - —- = 1 - 71 = 29. 


So that 29 per cent of the total outside radiation is absoibed, and 71 pei cent 
reaches the earth, with the sun m the zenith. 

The ratios corresponding to other values of e were similarly calculated, and the 
results plotted down, giving the curve (fig 8), the abscissae of which aie zenith 
distances and the ordinates peicentage absorptions 

The 29 per cent thus deduced fiom Kosetti’s lesults, it will be seen, is consider¬ 
ably greater than the old estimate, which we know to be incoriect, and less than the 
41 per cent of Langley, which is indeed a difference to be, a prion , expected for 
the following reason 

Fuy 8 



We know that by far the greater proportion of the energy (as properly measured 
by its heating effect) m the solar radiation is confined within narrow hmits of wave¬ 
length, and that for these wave-lengths atmospheric absorption is less than for the 
waves of higher refrangibllity The larger transmission coefficients in Langley's 
calculations should therefore have more weight given to them, and it would be 
possible to draw up another series with assumed coefficients, by which the 29 per cent, 
could be reproduced, with the 21 per cent., 19 per cent, &c , following. 
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The difference then between Rosetti’s and Langley’s figures is m a direction 
which might be expected, and the results deduced from the work of the foimer may 
be assumed provisionally as an approximation to the truth 

Climatic conditions in Ireland are such as to entirely prevent a good series of 
observations on this point, a perfectly clear sky from morning to night, with a fairly 
constant hygrometic state of the atmosphere, is extiemely raie 

Rosetti, working under the unclouded skies of Northern Italy, was able to make 
a large number of observations at all hours of the day, with veiy consistent and 
apparently reliable results 

We have, therefore, determined to use the correcting factors for atmosphenc 
absorption which have been deduced from his figures, so that whatever doubt may be 
thiown on the accuracy of his final result will affect ours in a certain proportion 
It is worth noting that Young 4 gives 30 per cent as the absoiption in the zenith, 
but without indicating the means by which he arrives at this figure. 

The Solar Radiation. 

The general method of making the final experiments has already been described 
The necessity for making observations with the sun shining (1) on the upper circuit 
of the radio-micrometer, (2) on the lower circuit, arises from the unavoidable differ¬ 
ence in the constants of the two circuits. No special care had been taken in the 
construction of the instrument to make the receiving surfaces of equal size, and even 
if this had been possible, the electrical constants must have differed somewhat. The 
only way of correcting for these differences is to take independent observations m the 
manner indicated, and to take the mean of the results. 

A considerable difference between the figures obtained in the two positions was 
to he anticipated, and it will be seen that experiment confirms the anticipation. 

As we have already pointed out, when a balancing temperature has been obtained, 
the ratio of the radiation from the sun to that from the platinum is obtained by 
multiplying together four factors They are . 

(1) The ratio of the apparent area of the sun to that of the platinum, as seen from 
the receiving surface of the radio-micrometer. The former is obtained from the value 
of the sun’s semi-diameter, as given by the ‘ Nautical Almanac’ for the day of the 
observation. The latter is a constant, the same “ stop ” being always used m every 
position. The angle subtended by a diameter of the stop was 4°702,t if 
cr = angular diameter of the sun at the time of observation, we therefore have — 

area of platinum _ /4 7G2y 

area of sun \ cr J 

* “ The Sun,” ‘ Intern at. Soi. Series, 5 p 262 
f A new sfcop was used after Sept 8th., see p 391 
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(2) The ratio of the incident ladiation on the glass mirror of the heliostat to the 
reflected. This was given by the use of Fresnel’s formula 

It __ L sm 3 (1 — T tan 3 (t — r) 

It ~ 2 sm 3 (1 + 0 ) ' 2 tan 8 (1 + >) ’ 

wheie 


Fj = intensity of incident radiation, 

R r = „ „ reflected ,, 

1 = angle of incidence, 

r = „ „ lefraction, which was obtained by putting /x = 1 5 m the 

ordinary foimula, sm 1 = (i sm r. 

The values thus obtained for different angles of incidence weie plotted down and a 
smooth cuive drawn to give the value at any incidence (fig. 9) In the figure, a , b, 

Fig: 9 



and c, are points expeiimentally determined by photometric measuiement as a rough 
check on the accuracy of the calculations (It may be noted here that the table 
given by Jam in* is erroneous as referring to common light, it is correct for light 
polarized m the plane of incidence We mention this as anyone who took the 
accuracy of Jamin’s figures for granted would imagine that our curve was wrong) 

* £ Gouts de Physique,’ 4tli edition, vol 3, p 618 

3 T> 
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Sir J Conroy"* has shown that the curve drawn from Fresnel’s foimula is verified 
by experiment to within J per cent at the angles of incidence generally used in our 
observations. 

The angle of incidence is obtained at each experiment by finding the distance 
between the end of a certain steel rod m the heliosfcat and a collar which slides along 
it, the angle corresponding to any distance could be found by means of a curve, 
which it is unnecessary to give here 

(3) The ratio of the radiation outside our atmosphere to the amount which reaches 
the eaith This is obtained by calculating the altitude from the known decimation, 
hour angle, and latitude, and taking the percentage of absorption from the curve 
(fig. 8) which we have already discussed 

(4) The ratio of the emissivity of bright platinum to that of a lamp-blacked 
surface, which, as already mentioned, we take as 35:100 

To take a typical case — 

Date, Sept 4th, 1893. O Declination = 7° 1 N. O \ diameter = 15 / 9 

Time, 10 11 54 m , local. Therefore O altitude = 41° 8. 

Balancing temperature = 1514° absolute. 

By curve (fig 8) absorption = 36 per cent. 

Therefore transmission =64 per cent. 

Diameter of © = 31' 8 = 0°*53. 

Therefore 

Area of platinum _ / 4 702 \ 3 _^ 

Aiea of sun \ 53 / 


Angle of incidence on glass = 61°. 

Therefore amount of heat reflected = 9*5 per cent 
Batio of emissivity of platinum and lamp black = 
Therefore the radiation from the sun is 


100 100 35 „ 

78 ’ 71 X 64 X 9 5 X 100 “ 453 * X 


that of the platinum at a temperature of 1514° absolute. 

The temperature of the sun is therefore 

1514 X VIEW! = 1514 X 4*614 = 6985° absolute, 
according to this single observation. 


It was not only necessary to take observations with the sun shining (A) into the 
lower circuit and (B) into the upper circuit, hut, on account of possible differences m 
the state of the surfaces, hack aud front, of the copper foil receivers, it was essential 

* ‘ Phil. Trans f 1889, (A), yol. 180, p 245, 
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to turn the whole radio-micrometer through an angle of 180°, so that the heat from 
the platinum should now fall on that side of the receiving surfaces on which previously 
the sun had shone. The different positions aie distinguished as follows •— 

Position (1A) = platinum heating upper circuit, and behind the small mnror fixed 

to the fibre of the radio-mi crometei 
,, (lB) = platinum heating lower circuit, and again behmd mirror. 

„ (2A) = instrument rotated through 180°, platinum m uppei circuit, m front 

of mirror. 

„ (2B) — platinum m lower circuit, again in front of mirror. 

The difference between positions 1A and 2A, and between IB and 2B, we should, 
d prion, expect to be small, and the experiments show that this is so, while, as we 
have already mentioned, the laiger differences between the A and B positions were 
also to be anticipated from unavoidable dissimilarities m the two parts of the 
combined circuit 

One further point remains to be noticed, viz, that the geometrical mean of the 
mean temperatures of the A and B positions is not exactly the mean temperature to 
be deduced from the obseivations, on account of the curvature of the ladiation curve. 

To show what difference exists between the geometrical and the true mean, we may 
take the following numerical example : 

Mean balancing temperature in position A = 1600° absolute 
,, „ „ B = 1300° 

Mean balancing temperature = 1443° 


Now, to a temperature of 1600°, corresponds a radiation of 312 in our arbitrary units, 
to a temperature of 1300°, a radiation of 136 ; mean radiation = ^ (312 -{- 136) = 224. 
But to a radiation of 224, corresponds a temperature of 1472°, which is 29° higher 


than the geometrical mean, and the value of /\J \= 45 approxi¬ 
mately. That is to say, we must add 29 X 4 5 = 130 to the mean temperature. A 
correction of about 100° is therefore to be made on the final mean of all the observa¬ 
tions, the sepai ate details of which now follow. Each day’s results are given by 
themselves, with data sufficiently full to allow of any single observation being 
calculated out. 

The date, height of barometer, and notes on the weather are given first, hygro- 
metrical readings are not given, as no useful deductions can be made from them, as 
Rosetti points out in his paper. 


In the 1st column, the position is noted. 

„ 2nd „ the local time of the observation. 

3 D 2 
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In the 3rd column, the leadings on the meldometer scale at the moment of balance. 

„ 4th „ the absolute temperature corresponding to this reading. 

, 5th ,, the sun’s altitude. 

„ 6th ,, the peicentage of transmission of the total solar heat through 

the earth’s atmosphere 

, 7th „ the angle of incidence of the sunlight on the mirror of the 

heliostat 

„ 8th the percentage reflection of the heat m the incident beam. 

„ 9th „ the absolute temperature of the sun as calculated from each 

single observation. 


Date September 3rd, 1893 

Weather Passing clouds Sky, no perceptible haze Barometer, 30 2 m 


1 


Balance 






1 

Position 

Local 



Sun’s 

Per cent 

Angle of 

Pei cent 

Sun’s abs 

time 

Reading 

Temp albs 

altitude 

trans 

incidence 

i effected 

temp 



b m 


O 

0 


O 


O 

1A 

10 3 

10 6 

72 4 

70 5 

1474 1 
1447 I 

> 

38 0 

62 5 

57 0 

76 

7176 

7044 


10 21 

10 23 

74 3 

73 8 

1513 
1503 J 

> 

39 6 

63 0 

5S8 

80 

7367 

7318 


10 40 

7 61 

1543 I 






7242 


10 43 

76 2 

1544 


413 

63 8 

60 0 

89 

7247 


10 44 

76 5 

1547 J 






7261 


I 






Mean 

7236 

IB 

10 29 

56 6 

1223 *1 






5813 

, 

10 30 

10 32 

56 2 

56 6 

1214 

1223 

> 

40 2 

63 5 

59 4 

85 

5770 

5813 


10 33 

56 4 

1218 ^ 






5789 


10 51 

58 2 

1246 ' 






5826 


10 52 

58 6 

1250 

} 

42 l 

64 0 

60 5 

89 

5845 


10 53 

58 5 

1249 

I 





5841 


0 52 

0 54 

65 0 

64 2 

1361 ' 
1346 


43 6 

64 5 

66 5 

13 2 

5771 

5708 








Mean 

5797 


Note —New platinum strip put in after these observations were made Balance readings bere refer 
to Calibration-line 2. 
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Date Septembei 4th, 1893. 

Weather Hazy clouds, with intervals of light blue sky , Wind S S E , moderate. 


Position 

Local 

time 

Bal 

Reading 

ance 

Temp abs 

Sun’s 

altitude 

Per cent 
tians 

Angle of 
incidence 

Per cent 
j eflected 

Sun’s abs 
temp 


h 

Ill 


O 

O 


o 


O 

1A 

10 

54 

67 6 

1514 

41 8 

64 0 

610 

9 4 

7003 


10 

56 

67 2 

1508 

41 8 

64 0 

610 

94 

6975 


10 

57 

69 0 

1539 

41 8 

64 0 

610 

94 

7119 


11 

35 

712 

1581 

43 0 

64 3 

636 

11 0 

7022 


11 

36 

712 

1581 

43 0 

64 3 

63 6 

110 

7022 


11 

37 

72 0 

1594 

43 0 

64 3 

63 6 

11 0 

7053 





' 




Mean 

7032 

IB 

11 

10 

53 2 

1254 

42 5 

610 

62 2 

10 1 

5697 


11 

27 

53 3 

1256 

42 5 

64 0 

62*2 

10 1 

5706 


11 

28 

53 3 

1256 

42 5 

64 0 

62 2 

10 1 

5706 


11 

43 

54 0 

1268 

43 2 

64 3 

63 S 

11 0 

5632 


11 

51 

54 0 

1268 

43 2 

64 3 

63 8 

110 

5632 


11 

53 

54 2 

1273 

43 2 

64 3 

63 8 

11 0 

5654 









Mean 

5671 


Note — Balance leadings lefei to Calibiation-lme 3 
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Date September 7th, 1893. 

Weather* Passing clouds, with intervals of clear blue sky, Wind W, moderate 
Barometer, 29’7 in 


Position 

Local 

time 

Balance 

Sun’s 

altitude 

Per cent 
trans 

Angle of 
incidence 

Per cent 
reflected 

Sun’s abs 
temp 

Reading' 

Temp abs 


h 

m 


O 

O 


O 


O 

1A 

10 

54 

67 9 

15 L9 

40 6 

63 6 

61 6 

10 0 

6930 


10 

56 

68 2 

1525 

40 6 

63 6 

616 

10 0 

6957 


10 

57 

68 5 

1531 

40 6 

63 6 

61 6 

10 0 

6984 









Mean 

6957 

IB 

11 

15 

53 7 

1263 

414 

64 0 

62 6 

10 5 

5683 


11 

17 

54 2 

1273 

414 

64 0 

62 6 

10 5 

5728 


11 

18 

54 2 

1273 

414 

64 0 

62 6 

10 5 

5728 







1 


Mean 

5713 

1 

2A 

11 

53 

75 8 

1663 

42 2 

1 

64 2 

65 4 

12 4 

7173 


11 

54 

78 0 

1703 

42 2 

64 2 

65 4 

12 4 

7345 


0 

5 

80 0 

1741 

42 2 

64 2 

66 0 

130 

7370 


1 

15 

812 

1762 

39 6 

63 0 

67 5 

14 2 

7381 


1 

26 

82 g 

17 78 

39 6 

63 0 

67 5 

14 2 

7448 








1 

Mean 

7343 

2B 

0 

42 

62 5 

1423 

41*4 

64 0 

I 

1 67 0 

140 

5959 


0 

44 

62 3 

1420 

414 

64 0 

670 

14 0 

5946 


0 

45 

63 0 

1421 

414 

64-0 

67 0 

14 0 

5992 


1 

58 

59 5 

1368 

36 3 

61 9 

66 6 

13 6 

5818 


2 

0 

59 7 

1371 

36 3 

61 9 

66 6 

13 6 

5831 


2 

1 

59 0 

135 9 

36 3 

619 

66 6 

13 6 

5780 









Mean , 

5884 
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Date September 8th, 1893 

Weather Generally so cloudy that very few observations weie possible. 
Barometei, 29 *5 m 


Position 

Local 

time 

Bal 

Reading 

Eince 

Temp abs 

Snn’s 

altitude 

Pei cent 
tians 

Angle of 
incidence 

Pei cent 
leflected 

Son’s abs 
temp 


h 

m 


O 

0 


o 


O 

2B 

11 

44 

60 0 

1378 

418 

63 9 

65 0 

12 0 

5982 


11 

45 

60 0 

1378 

418 

63 9 

65 0 

12 0 

5982 


11 

46 

60 5 

1386 

418 

63 9 

65 0 

12 0 

6016 









Mean 

5993 


Note —After the above observations had been made, the apertme tlnongb which the radiations from 
the platinum passed into the ladio-miciometer was enlarged, as m some cases the balancing tem- 
peiature became inconveniently high The dimensions of the new aperture were — 

Diameter = 5 57 millims Angle subtended — 5° 301 
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Date September 10, 1893 

Weather Cold N E wind, with veiy slight haze Barometer, 29 9 m 


1 

Position 

Local 

time 

Bal 

Reading 

ance 

Temp abs 

Sun’s 

altitude 

Pei cent 
tians 

Angle of 
incidence 

Pei cent 
leflected 

Sun’s abs 
temp 


h 

m 


0 

o 


O 


0 

2A 

0 

8 

71 2 

1578 

41 1 

63 9 

66 3 

13 3 

7096 


0 

12 

715 

1583 

411 

63 9 

66 3 

13 3 

7119 


0 

13 

71 6 

1585 

41 1 

63 9 

66 3 

13 3 

7127 


0 

33 

71 6 

1585 

40 0 

63 4 

67 2 

141 

7018 


0 

47 

718 

1590 

40 0 

63 4 

67 2 

141 

7060 


0 

48 

715 

1583 

40 0 

63 4 

67 2 

141 

7029 


1 

5 

75 0 

1646 

39 3 

63 0 

68 0 

15 0 

7208 


1 

7 

74 0 

1629 

39 3 

63 0 

68 0 

15 0 

7133 


1 

10 

73 0 

1612 

39 3 

63 0 

68 0 

15 0 

7058 


1 

15 

74 0 

1629 

39 3 

63 0 

68 0 

15 0 

7133 









Mean 

7100 

2B 

0 

20 

53 2 

1254 

410 

63 8 

66 5 

13 5 

5620 


0 

21 

52 6 

1243 

41 0 

63 8 

60 5 

13 5 

5571 


0 

22 

52 8 

1245 

410 

63 8 

66 5 

13 5 

5580 


0 

55 

54 7 

1283 

39 5 

63 1 

67 2 

141 

5704 


0 

58 

55 8 

1303 

39 5 

63 1 

67 2 

141 

5792 


0 

59 

55 0 

1289 

39 5 

63 1 

67 2 

141 

5731 


1 

22 

54 4 

1276 

38 4 

62 7 

67 6 

14 5 

5642 


1 

23 

54 2 

1273 

38 4 

62’7 

67 6 

14 5 

5629 




[ 





Mean 

5659 

IB 

1 

46 

55 5 

1297 

36 2 

61 9 

67 0 

14 5 

5754 


1 

48 

55 0 

1289 

36 2 

619' | 

67 6 

14 5 

5719 

: 

1 

49 

55 0 

1289 

36 2 

619 

67 6 

14 5 

5719 









Moan , 

5731 

1A 

1 

53 

712 

1578 

35 5 

i 

614 

67 6 

14 5 

7014 


1 

54 

710 

1576 

35 5 

614 

67 6 

14-5 

7005 


1 

56 

710 

1576 

35 5 

614 

i 

67 6 

j 14 5 

7005 









j 

Mean . 

1 

7008 
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Means of Daily Means 


Position 1A . . 

. 7236° 

. 7 observations 


7032° 

. . 6 „ 


6957° . 

. 3 „ 


7008° . 

• 3 ,, 

Mean . 

7058° 


Position 2A 

7343° . 

. 5 observations 


7100° 

. io 

Mean . . 

. 7222° 



Mean of lA and 2A = 7140°. 


Therefore 


Position IB . . 

. 5797° . . 

. 9 observations. 


5671° . 

6 „ 


5713° . . 

3 

Mean 

. 5727° 


Position 2B . 

. 5884° 

9 observations 


5993° . . 

6 


5659° 

• 3 ,, 

Mean 

5639° 


Mean 

of lB and 2B = 

5683. 

$5 

lA and 2A = 

7140. 


Mean result = a/5683 X 7140 = 6370° absolute. 


To this 100° must be added for the reason on page 387. 

As there must necessarily be errors of observation, and as results on different days 
give values differing by as much as 300°, chiefly owing, no doubt, to a change 
in atmospheric conditions, it has been considered unnecessary to go into certain 
refinements in the calculation such as usmg the method of least squares. The 
daily means have also been given equal weights, in spite of differences in the number 
of observations. 

The geometrical instead of the arithmetical mean of the calculated temperature in 
the A and B positions, is taken for the following reason : 

MDCCCXOIV,—A. E 
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Let 

IL = radiation due to sun falling on unit area of receiving surface; 

B 7j1 and Boa = respective radiations due to platinum, also on unit area, when 
giving heat—(1) to the upper surface ; (2) to the lowei Rj will, of couise, 
he the same in the two positions ; 
a 1 = effective area of upper surface , 
a 2 = „ „ lower „ 

using the word “ effective ” to cover any slight difference of absorptive power, &c 
Then, if we suppose, First , the radiation due to the sun falling on the upper suiface, 
the lower being sheltered from the platinum, we should have a deflection 6 lt and as 
deflections may be taken proportional to received radiation, then 

a Y R s = 

where m is a constant. 

Secondly, let the radiation from the platinum fall on the lower circuit, the sun being 
now cut off from the upper , we shall have 

a 2 R ft = md 2 . 

i 

But if both effects are allowed to be produced together, at the moment of balance 
6 1 and B 2 will he equal and opposite, and therefore 

oq Bj — a .2 R A « 

Similarly, with the sun and platinum reversed as regards the upper and lowei 
surfaces, while B* remains the same, R 7 becomes R A , and we have 

a% B,s — cq B a , 

which gives immediately 

P _ hgi hpa 

- n '* — p > 

-Lt, 

or 

R* = \/B a B a , 

from which the reason for taking the geometrical mean of the corresponding tempera 
tures follows directly. 

The final result, therefore, arrived at, is only given to the nearest 100 , it is 

6200 ° C 

In conclusion, we may point out that this method would probably give excellent 
results, if a series of observations were undertaken to settle the question of how, or if, the 
* solat temperature varies during a sun-spot cycle. The instrument should, of course, be 
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used in or near the tropics, "where atmospheric conditions can he trusted to remain 
moie constant than m this country. Any error m the absolute value obtained might 
probably be considered constant, so that comparative values from year to year might 
be trusted to indicate aDy change 

Note, added Apeil 13th, 1894 

It has been mentioned m the paper that Rosetti’s determination of the amount of 
the (terrestrial) atmospheric absorption has been used in the calculations of the 
effective solar temperature It may be well, however, to give the result obtamed by 
using other estimates of this quantity, which (after the law connecting radiation and 
temperatuie) is the most important factor in the final value 

Taking Langley’s estimate for zenith absoiption, 41 per cent, instead of Rosetti’s, 
29 per cent, the respective tiansmission coefficients being therefore 59 per cent, and 
71 per cent, the temperature would be multiplied by (71/59) appioximately, 
i e., instead of 6200°, we should obtain 

6200 X 4/(71/59) = 6200 X 1 054 = 6535° C. 

But a later, and still higher, estimation of the zenith absorption has been made. 
Angstrom (‘Wied. Ann.,’ 1890, vol xxxix , p 309) has shown that the effect of the 
carbonic acid gas m the atmosphere is much more important than bad hitherto been 
supposed, and obtains 64 per cent, as against Rosetti’s 30 per cent, and Langley’s 
41 per cent This gives 36 per cent as the transmission coefficient, and, taking this 
value, the temperature becomes^ 

6200 X 4/(71/36) = 6200 X J/(2) approximately = 6200 X 1*189 = 7370°. 

And, to make the case general, if any later investigation shows the zenith trans¬ 
mission coefficient to be X per cent, the effective temperature becomes 

6200 X 4/(71/X). 

It may also be of interest to see what effect is produced if absorption in the atmos¬ 
phere of the sun itself is taken into account. Fust, considering the falling-off m 
radiation from the central to the peripheral parts of the sun’s disc, from Wilson and 
Rambaut’s paper “On the Absorption of Heat m the Sun’s Atmosphere” (‘Proc. 
R.I.A1892, 3rd series, vol. 2, p. 299), we may deduce that, if the absorption were 

* The ratio of the zenith-absorptions is practically equal to that of those with a greater thickness of 
atmosphere, at least down to a zenith-distance of 50° 

3 E 2 
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everywhere equal to that at the centre, the radiation would be increased, by 4/3, and 
the temperature would become approximately 

7370 X i/( 4/3) = 7370 X 1 074 = 7900°. 

Secondly, assuming Wilson and Rambaut’s result for the toted loss due to absorp¬ 
tion in the solar atmosphere—viz., that about one-third of the radiation is cut off— 
the radiation would be multiplied by 3/2 if the sun’s atmosphere were removed, and 
our estimate of the temperature would have to be multiplied by ^(3/2), so that (again 
taking the highest value given above as being probably nearest the truth) we get 
finally 

7900 X y(3/2) = 7900 X 1*107 = 8740°. 

We may therefore summarize as follows — 

Effective temperature of the sun, taking 

(1) Rosetti’s estimate of loss in the earth’s atmosphere . = 6200° C. 

(2) Langley’s estimate . . . = 6500° C 

(3) Angstrom’s estimate . . = 7400° C. 

And finally, considering the probable effect of the sun’s own atmosphere, allowing for 
it by the figures given in Wilson and Rambaut’s paper already quoted, and using 
the highest value just obtained, the effective temperature comes out as approximately 
8700° C. 


Note, added July 24th, 1894. 

Some investigations by the authors in connection with the temperature of the 
carbon of the electric arc, which are now in progress, lead to the conclusion that the 
simple fourth-power law of radiation used above is only an approximation to the 
truth, closer in the case of bare platinum than m that of blackened, so that the 
assumption made in the paper that both follow the same law is not strictly correct. 
The new work will shortly be published, and will probably result m raising by a few 
hundred degrees the value obtained above. It may be noticed, meanwhile, that the 
experimental figures given in this paper are sufficient to serve as a basis—whatever 
law of radiation may be used—from which the solar temperature may be calculated 
with an accuracy increasing with a growth of more accurate knowledge as to the law 
of radiation, and the amount of the atmospheric absorption. 
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